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Introduction

The main goal of this book is to present the basic results on asymmetric normed
spaces. Since the basic topological tools come from quasi-metric spaces and quasi-
uniform spaces, the first chapter contains a thorough presentation of some funda-
mental results from the theory of these spaces. The focus is on those which are
most used in functional analysis — completeness, compactness and Baire category.
For a good presentation of the general theory of quasi-uniform and quasi-metric
spaces, a well-established and thickly developed branch of general topology, one
can consult the classical monograph by Fletcher and Lindgren [80] and some sub-
sequent survey papers by Kiinzi (see the bibliography at the end of the book). The
survey paper [45] may be viewed as a skeleton of this book.

A quasi-metric is a function p on X x X satisfying all the axioms of a metric
with the exception of the symmetry: it is possible that p(y,x) # p(x,y) for some
z,y € X. In this case p(z,y) = p(y,x) is another quasi-metric on X, called the
conjugate of p, and p® = pV p is a metric on X. Asymmetric metric spaces are
called quasi-metric spaces. The term quasi-metric was proposed as early as 1931 by
Wilson [239], see also [1]. Quasi-metric spaces were considered also by Niemytzki
[168] in connection with the axioms defining a metric space and metrizability. In
[27], [186] they are called oriented metric spaces and in [187] spaces with weak
metric.

This apparently innocent modification of the axioms of a metric space drasti-
cally changes the whole theory, mainly with respect to completeness, compactness
and total boundedness. There are a lot of completeness notions in quasi-metric
and quasi-uniform spaces, all agreeing with the usual notion of completeness in
the case of metric or uniform spaces, each of them having its advantages and
weaknesses.

Also, concerning compactness, the situation is totally different in quasi-metric
spaces — for instance, sequential compactness does not agree with compactness,
in contrast to the case of metric spaces. In spite of these peculiarities there are
a lot of positive results relating compactness with various kinds of completeness
and total boundedness. Baire category also needs a special treatment, including
some bitopological results.

Quasi-uniform spaces form a natural extension of both quasi-metric spaces
and uniform spaces. A quasi-uniformity is a family U of subsets of X x X, called

vii



viii Introduction

entourages, satisfying all the axioms of a uniformity excepting symmetry: one does
not suppose that U has a base formed of symmetric entourages. Again, UY~! =
{U=1: U € U} is another quasi-uniformity on X, called the conjugate of U, and
U* =UVU! is a uniformity. The notions of completeness can be transposed from
quasi-metric spaces to quasi-uniform spaces by replacing sequences with nets or
filters. Again the focus is on the relations between compactness, completeness and
total boundedness within this framework.

On a quasi-metric space (X, p) there are two natural topologies generated
by the quasi-metric p and its conjugate p, respectively by the quasi-uniformity U
and its conjugate &/ !, making quasi-metric and quasi-uniform spaces bitopologi-
cal spaces. For this reason the first chapter of the book contains a quite detailed
introduction to bitopological spaces, including Urysohn and Tietze type theorems
for semi-continuous functions on bitopological spaces, compactness and Baire cat-
egory.

Following the advice of Einar Hille [105] that “a functional analyst is an
analyst, first and foremost, and not a degenerate species of a topologist”, after
this detour in topology we turn to functional analysis. Functional analysis in the
asymmetric case, meaning the study of asymmetric normed spaces, asymmetric
locally convex spaces and of operators acting between them, with emphasis on
linear functionals and dual spaces, is treated in the second chapter.

An asymmetric norm is a positive definite sublinear functional p on a real
vector space X. Since the possibility that p(z) = p(—z) for some x € X is not
excluded, p(z) = p(—x), = € X, is another asymmetric norm on X called the con-
jugate of p, and p° = pV p is a norm on X. The topological notion are considered
with respect to the attached metric p,(z,y) = p(y — z), x,y € X. Any asym-
metric norm can be obtained as the Minkowski gauge functional of an absorbing
convex subset of X. Asymmetric locally convex spaces are defined as vector spaces
equipped with a topology generated by a family of asymmetric seminorms.

Of great importance is the asymmetric norm u on R given by u(t) = ¢+, t €
R, with conjugate 4(t) =t~ and u® = |-|. The topology generated by wu is called the
upper topology of R, while that generated by its conjugate @, the lower topology.
If (T,7) is a topological space, then a real-valued function f on T is upper semi-
continuous as a function from 7T to (R, |- |) if and only if it is continuous from T
to (R,u). Similarly, f is (7,] - |)-lower semi-continuous if and only if it is (7,a)-
continuous.

The main differences with respect to the classical functional analysis (mean-
ing analysis over the fields R or C) come from the fact that the asymmetric norm p
does not generate a vector topology on X: the addition is continuous with respect
to the product topology on X, but the multiplication by scalars is continuous only
when restricted to (0;00) x X. Also, for each fixed z, the function f : R — X
given by f(t) = tx, t € R, is continuous. The dual space of an asymmetric normed
space (X, p), denoted by X;';7 formed by all linear and | - |-upper semi-continuous
functions, or, equivalently, linear continuous functionals from (X, p) to (R, u), is
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not a linear space but merely a cone contained in the dual space X* = (X, p®)*
of the associated normed space (X, p®). The situation is similar for the set of all
continuous linear operators between two asymmetric normed spaces, as well as for
asymmetric locally convex spaces.

In spite of these differences, many results from classical functional analysis
have their counterparts in the asymmetric case, by taking care of the interplay
between the asymmetric norm p and its conjugate p. Among the positive results
we mention: Hahn-Banach type theorems and separation results for convex sets,
Krein-Milman type theorems, analogs of the fundamental principles — open map-
ping and closed graph theorems — an analog of the Schauder theorem on the com-
pactness of a conjugate mapping. Applications are given to best approximation
problems and, as relevant examples, one considers normed lattices equipped with
asymmetric norms and spaces of semi-Lipschitz functions on quasi-metric spaces.

It is difficult to localize the first moment when asymmetric norms were used,
but it goes back as early as 1968 in a paper by Duffin and Karlovitz (1968) [70],
who proposed the term asymmetric norm. Krein and Nudelman (1973) [129] used
also asymmetric norms in their study of some extremal problems related to the
Markov moment problem. Remark that the relevance of sublinear functionals for
some problems of convex analysis and of mathematical analysis was emphasized
also by H. Konig in the 1970s. A systematic study of the properties of asymmetric
normed spaces started with the papers of S. Romaguera, from the Polytechnic
University of Valencia, and his collaborators from the same university and from
other universities in Spain: Alegre, Ferrer, Garcia-Raffi, Sdnchez Pérez, Sanchez
A/lvalrez7 Sanchis, Valero (see the bibliography). Besides its intrinsic interest, their
study was motivated also by applications in Computer Science, namely to the
complexity analysis of programs, results obtained in cooperation with Professor
Schellekens from the National University of Ireland.

Containing very recent results, some of them appearing for the first time in
print, in the focus of current research, on quasi-metric, quasi-uniform, asymmetric
normed and asymmetric locally convex spaces, the book can be used as a reference
by researchers in this domain. Due to the detailed exposition of the subject, the
book can be also used as an introductory text for newcomers.

Acknowledgement. The author expresses his gratitude to the staff of Birkh&user-
Springer, particularly to the Editors Anna Métzener and Sylvia Lotrovsky, for the
professional work and excellent cooperation during the publication process, and
to Ute McCrory from Springer DE for support.

I want to mention also that this research was supported by

Grant CNCSIS 2261, ID 543.

Notation. We present here, for the convenience of the reader, some symbols that
are used throughout the text, which could differ from the standard ones. Other
notations are standard or explained in the text, some of them being included in
the index at the end of the book.
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N =1{1,2,...} — the set of natural numbers (positive integers);

[a; ], (a;b), (a;b], [a;b) — intervals;

(a,b) — an ordered pair;

Bz, 7] ={y € X : p(z,y) <7} —aclosed ball in a quasi-metric space (X, p);
B,(z,7) ={y € X : p(z,y) < r} — an open ball;

pp(z,y) = ply — x) — the quasi-metric associated to an asymmetric norm p;
B, = {z € X : p(x) < 1} — the closed unit ball of an asymmetric normed
space (X, p);

B, ={z € X : p(z) < 1} — the open unit ball;

o S, ={z € X :p(x) =1} - the unit sphere;
e 1 is the standard asymmetric norm u(t) = ¢ on R.

Cluj-Napoca, July 2012 Stefan Cobzas



Chapter 1

Quasi-metric and
Quasi-uniform Spaces

The first chapter of the book is concerned with the topological properties of quasi-
metric, quasi-uniform, asymmetric normed and asymmetric locally convex spaces.
A quasi-metric on a set X is a positive function p on X x X satisfying all the
axioms of a metric excepting symmetry: it is possible that p(y,z) # p(z,y) for
some x,y € X. Similarly, a quasi-uniformity is a family U of subsets of X x X
satisfying all the requirements of a uniformity excepting symmetry: U € U does
not imply that U~ = {(y,z) : (z,y) € U} belongs to U. The lack of symmetry in
the definition of quasi-metric spaces and of quasi-uniform spaces causes a lot of
troubles, mainly concerning completeness, compactness and total boundedness in
such spaces. There are several notions of completeness in quasi-metric and quasi-
uniform spaces, all agreeing with the usual notion of completeness in the case of
metric or uniform spaces, each of them having its advantages and weaknesses. Also,
countable compactness, sequential compactness and compactness do not agree in
quasi-metric spaces, in contrast to the metric case. In spite of these differences,
there are a lot of positive results relating compactness, completeness and total
boundedness in quasi-metric and in quasi-uniform spaces which are presented in
this chapter. A quasi-metric p and its conjugate p(z,y) = p(y, ), z,y € X, gener-
ate in the usual way two topologies 7, and 75, that makes X a bitopological space,
with a similar situation for quasi-uniform spaces. For this reason we have included
in this chapter a quite detailed study of bitopological spaces including pairwise
separation properties, Urysohn and Tietze type theorems for semi-continuous func-
tions and Baire category.

S. Cobzas, Functional Analysis in Asymmetric Normed Spaces, Frontiers in Mathematics, 1
DOI 10.1007/978-3-0348-0478-3_1, © Springer Basel 2013



2 Chapter 1. Quasi-metric and Quasi-uniform Spaces

1.1 Topological properties of quasi-metric
and quasi-uniform spaces

In this section we shall present the basic topological properties of quasi-metric and
quasi-uniform spaces, with emphasis on asymmetric normed spaces and asymmet-
ric locally convex spaces. Since quasi-metric and quasi-uniform spaces are par-
ticular cases of bitopological spaces, a quite detailed presentation of bitopological
spaces is also given, including compactness, normality, regularity, a Tikhonov type
theorem on the existence of semi-continuous functions and Tietze-Urysohn type
theorems on the extension of semi-continuous functions.

1.1.1 Quasi-metric spaces and asymmetric normed spaces

A quasi-semimetric on a set X is a mapping p : X X X — [0;00) satisfying the
following conditions:

(QM1)  p(z,y) >0, and p(z,z)=0;
QM2)  p(x,2) < p(z,y) + p(y, 2) ,

for all z,y, z € X. If, further,

(QM3)  plz,y) = ply,2) =0=z =1y,

for all 2,y € X, then p is called a quasi-metric. The pair (X, p) is called a quasi-
semaimetric space, respectively a quasi-metric space. The conjugate of the quasi-
semimetric p is the quasi-semimetric p(z,y) = p(y,z), z,y € X. The mapping
p*(z,y) = max{p(z,y), p(x,y)}, =,y € X, is a semimetric on X which is a metric
if and only if p is a quasi-metric. Sometimes one works with extended quasi-
semimetrics, meaning that the quasi-semimetric p can take the value 4oo for
some x,y € X. The following inequalities hold for these quasi-semimetrics for all
z,y € X:

p(z,y) < p°(z,y) and pz,y) < p°(z,y) . (1.1.1)

An asymmetric norm on a real vector space X is a functional p : X — [0, 00)
satisfying the conditions

for all z,y € X and a > 0.

If p satisfies only the conditions (AN2) and (AN3), then it is called an asym-
metric seminorm. The pair (X, p) is called an asymmetric normed (respectively
seminormed) space. Again, in some instances, the value +o0o will be allowed for
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p in which case we shall call it an extended asymmetric norm (or seminorm). An
asymmetric seminorm p defines a quasi-semimetric p, on X through the formula

pp(@,y) =ply—2), 2,y € X . (1.1.2)

Defining the conjugate asymmetric seminorm p and the seminorm p* by

P(e) =p(~z) and p*(z) = max{p(z), p(~2)} , (1.13)
for x € X, the inequalities (1.1.1) become
p(x) <p*(r) and p(z) <p°(z), (1.1.4)

for all z € X. Obviously, p® is a norm when p is an asymmetric norm and (X, p®)

is a normed space.

1 1

The conjugates of p and p are denoted also by p~
we shall use occasionally.

If (X, p) is a quasi-semimetric space, then for z € X and r > 0 we define the
balls in X by the formulae

and p~", a notation that

By(z,r) ={y € X : p(z,y) < r} — the open ball, and
Bylz,r) ={y € X : p(z,y) <r} — the closed ball.

In the case of an asymmetric seminormed space (X, p) the balls are given by
By(z,r) ={y € X : p(y—x) < r}, respectively Bylz,r] ={y € X : ply—z) <r}.

The closed unit ball of X is B, = B,[0,1] and the open unit ball is B}, =
B,(0,1). In this case the following formulae hold true:

Bylz,r] =x+rB, and By(x,r)=2x+7B,, (1.1.5)

that is, any of the unit balls of X completely determines its quasi-metric structure.
If necessary, these balls will be denoted by B x and Bz/z, x» respectively.

The conjugate p of p is defined by p(x) = p(—x), z € X, and the associate
seminorm is p*(z) = max{p(z),p(z)}, x € X. The seminorm p is an asymmetric
norm if and only if p°® is a norm on X. Sometimes an asymmetric norm will be
denoted by the symbol || - |, a notation proposed by Krein and Nudelman, [129,
Ch. IX, §5], in their book on the theory of moments.

Remark 1.1.1. Since the terms “quasi-norm”, “quasi-normed space” and “quasi-
Banach space” are already “registered trademarks” (see, for instance, the survey
by Kalton [106]), we can not use these terms to designate an asymmetric norm,
an asymmetric normed space or an asymmetric biBanach space. A quasi-normed
space is a vector space X equipped with a functional || - || : X — [0; 00), satisfying
all the axioms of a norm, excepting the triangle inequality which is replaced by

[z +yll < CUlzll + [lyl), =y € X,
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for some constant C' > 1. It is obvious that for C = 1 the functional || - || is a
norm. The reverse situation is also encountered: in [232] a quasi-metric space is
a metric space (X, p) in which the triangle inequality is replaced by p(z,z) <
C(p(x,y) + p(y, ), for some C > 0.

Note also that the alternative terms “quasi-pseudometric” is used by many
topologists instead of “quasi-semimetric”. We have preferred the term semimetric
to be in concordance with the notion of seminorm — in this way an asymmetric
seminorm induces a quasi-semimetric.

1.1.2 The topology of a quasi-semimetric space

The topology 7(p) of a quasi-semimetric space (X, p) can be defined starting from
the family V,(z) of neighborhoods of an arbitrary point z € X:

VeV,(x) <= 3r>0suchthat B,(z,r) CV
<= 3’ > 0such that B,[z,r'] C V.

To see the equivalence in the above definition, we can take, for instance,
r=r/2.

A set G C X is 7(p)-open if and only if for every x € G there exists r = r; > 0
such that B,(z,r) C G. Sometimes we shall say that V' is a p-neighborhood of x
or that the set G is p-open.

The convergence of a sequence (z,,) to x with respect to 7(p), called p-
convergence and denoted by x, 2 2, can be characterized in the following way:

B2 = plz,z,)—0. (1.1.6)

Also .
t, Br = plx,x,) =0 = plrn,,z)—0. (1.1.7)

The following proposition contains some simple properties of convergent se-
quences.

Proposition 1.1.2. Let (x,) be a sequence in a quasi-semimetric space (X, p).

1. If (z) is T,-convergent to x and T;-convergent to y, then p(x,y) = 0.

2. If (xy) is T,-convergent to x and p(y,x) = 0, then (z,) is also T,-convergent
to y.

Proof. 1. Letting n — oo in the inequality p(z,y) < p(x, x,)+p(zn,y), one obtains
p(z,y) = 0.

2. Follows from the relations p(y, x,) < p(y,z) + p(z,z,) = p(z,z,) — 0 as
n — 00. O



1.1. Topological properties of quasi-metric and quasi-uniform spaces 5

Using the conjugate quasi-semimetric p one obtains another topology 7(p). A
third one is the topology 7(p°) generated by the semimetric p®. Sometimes, (see,
for instance, Menucci [151] and Collins and Zimmer [50]) the balls with respect
to p are called forward balls and the topology 7(p) is called the forward topology,
while the balls with respect to p are called backward balls and the topology 7(p)
the backward topology. We shall use sometimes the alternative notation 7,, 75, 7ps
to designate these topologies.

As a space with two topologies, 7, and 75, a quasi-semimetric space can be
viewed as a bitopological space in the sense of Kelly [111] (see also the book [72])
and so, all the results valid for bitopological spaces apply to a quasi-semimetric
space. A bitopological space is simply a set T endowed with two topologies 7 and
v. A bitopological space is denoted by (T, 7,v).

The following example is very important in what follows.

Example 1.1.3. On the field R of real numbers consider the asymmetric norm
u(a) = at := max{a,0}. Then, for o € R, i(a) = o~ := max{—a,0} and
u®*(a) = |af. The topology 7(u) generated by w is called the upper topology of
R, while the topology 7(u) generated by @ is called the lower topology of R. A
basis of open 7(u)-neighborhoods of a point o € R is formed of the intervals
(—oo;a+¢), e > 0. A basis of open 7(@)-neighborhoods is formed of the intervals
(a0 —g500), e > 0.

In this space the addition is continuous from (R x R, 7, X 7,) to (R, 7,), but
the multiplication need not be continuous at every point (a, 8) € R x R.

The continuity property can be directly verified. To see the last assertion,
let V = (—o0;af + ¢€), be a 7,-neighborhood of af, for some £ > 0. Since the
Tu-neighborhoods of o and 8 contain —n, for n € N sufficiently large, it follows
that n? = (—n)(—n) does not belong to V, for n large enough.

Remark 1.1.4 (communicated by M.D. Mabula). In the asymmetric normed space
(R, u) the sequence a,, = (—1)", n € N, is u-convergent to 1 and @-convergent to
—1, but it is not convergent in (R, |- ).

For a sequence (z,) in a quasi-semimetric space (X, p), denote by L((zy,))
the set of all p-limits of the sequence (z,,), that is

Ly((zn)) ={zeX: liyrln,o(x,xn) = 0}. (1.1.8)

The following proposition gives a characterization of this set in (R, ).

Proposition 1.1.5 ([51]). Let (o) be a sequence of real numbers. Then

[lim sup,, a5 00) if limsup,, an € R,
s (1.1.9)
R if limsup,, a, = —o0.

Lu((an)) = {

If limsup,, a, = 00, then the sequence (o) is not u-convergent.
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Similarly,

(—o0; liminf,, a,] if liminf, o, € R,

Lu((om)) = { (1.1.10)

R if limsup,, a;, = oo.

If limsup,, a, = —00, then the sequence (ay,) s not G-convergent.

Another important topological example is the so-called Sorgenfrey topology

on R.

Example 1.1.6 (The Sorgenfrey line). For z,y € R define a quasi-metric p by
p(z,y) =y —x, if <y and p(x,y) =1if z > y. A basis of open 7,-open neigh-
borhoods of a point 2 € R is formed by the family [z;x+¢), 0 < e < 1. The family
of intervals (z —e; ], 0 < e < 1, forms a basis of open 7;-open neighborhoods of
x. Obviously, the topologies 7, and 7; are Hausdorff and p*(z,y) = 1 for = # y,
so that 7(p®) is the discrete topology of R.

We shall present, for the convenience of the reader, the separation axioms.

A topological space (T, 7) is called

Ty if for any pair s,t of distinct points in 7', at least one of them has a
neighborhood not containing the other;

T; if for any pair s, t of distinct points in 7', each of them has a neighborhood
not containing the other (this is equivalent to the fact that the set {¢} is closed
for every t € T');

Hausdorff or T if for any pair s,t of distinct points in 7', there exist neigh-
borhoods U of s and V of ¢t such that UNV = (;

reqular if for each t € T and each closed subset S of T, not containing t,
there are disjoint open subsets U, V of T such that t € U and S C V. In other
words a point and a closed set not containing it can be separated by open
sets. This is equivalent to the fact that every point in 7" has a neighborhood
base formed of closed sets. If T is regular and 77, then it is called a T3 space.
completely reqular, or Tikhonov, or T3;7 if for every t € T and every closed
subset S of T not containing ¢ there is a continuous function f : 7" — [0;1]
such that f(t) =1 and f(s) =0 for each s € S.

normal if any pair S1, Sy of disjoint closed sets can be separated by open sets,
that is there exist two disjoint open sets G; D S1 and G2 D S3. A normal T
space is called a T} space.

In general, we shall say that a bitopological space (T, 7,v) has a property P

if both the topologies 7 and v have the property P.

Now we introduce, following Kelly [111], some separation properties specific

to a bitopological space (T, 7, v).

The bitopological space (T, 7, v) is called pairwise Hausdorff if for each pair of

distinct points s,t € T there exists a 7-neighborhood U of s and a v-neighborhood
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V of t such that UNV = (). It is obvious that if T' is pairwise Hausdorff, then both
of the topologies 7 and v are T7.

Remark 1.1.7. Taking into account the symmetry (z #y <= y # x) it follows
that a bitopological space (T, 7,v) is pairwise Hausdorff if and only if for every
pair of distinct points z,y from X the following condition holds:

QAWer, Wev,zecUAyeVAUNV =0)

(1.1.11)
ANFULer, V1 ev,yelUy AxzeViy ANUNVL=0) .

The topology 7 is called regular with respect to v if every t € T has a 7-
neighborhood base formed of v-closed sets or, equivalently, if for every ¢t € T' and
every T-closed subset S of T not containing ¢, there exist a 7-open set U and a
v-open set V such that t € U, SCVand UNV = (.

One says that the bitopological space (T, T, v) is pairwise regular if T is regular
with respect to v and v is regular with respect to 7.

The bitopological space (T, 7,v) is called pairwise normal if given a 7-closed
subset A of T and a v-closed subset B of T' with A N B = (), there exist a v-
open subset U of T and a 7-open subset V of T such that A C U, B C V, and
U NV = (). Equivalently, the bitopological space (T, T,v) is pairwise normal if
given an 7-closed set C' and a v-open set D with C' C D there exist a v-open set
G and a 7-closed set F' such that

CcGCFcCD, (1.1.12)
or, equivalently, there exists a v-open set G such that
CcGcG cD, (1.1.13)

where G denotes the closure of G with respect to 7. A bitopological space (T,7,v)
is called quasi-semimetrizable if there exists a quasi-semimetric p on T such that
T =1, and v = 75. If p is a semimetric, then 7 = v.

The following topological properties are true for quasi-semimetric spaces. We
use the abbreviation Isc for lower semicontinuous and usc for upper semicontinu-
ous.

Proposition 1.1.8. If (X, p) is a quasi-semimetric space, then

1. Any ball B,(z,r) is T(p)-open and a ball Bylx,r] is T(p)-closed. The ball
B[z, r] need not be 7(p)-closed.

Also, the following inclusions hold:
Bys(x,1) C By(x,7) and Bps(x,7) C Bs(x,7)

with similar inclusions for the closed balls.

2. The topology T(p®) is finer than the topologies T(p) and 7(p). This means
that:
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e any 7(p)-open (closed) set is T(p®)-open (closed); similar results hold
for the topology 7(p);
o the identity mappings from (X, 7(p%)) to (X, 7(p)) and to (X, 7(p)) are
continuous;
e a sequence (xy) in X is T(p®)-convergent to x € X if and only if it is
7(p)-convergent and T(p)-convergent to x.
3. If p is a quasi-metric, then the topologies 7(p) and 7(p) are Ty, but not
necessarily Th (and so nor T, in contrast to the case of metric spaces).
The topology T(p) is Th if and only if p(x,y) > 0 whenever x # y. In this
case, T7(p) is also Ty and, as a bitopological space, X is pairwise Hausdorff.

4. For every fized x € X, the mapping p(x,-) : X — (R,|-|) is 7,-usc and 75-Isc.
For every fized y € X, the mapping p(-,y) : X — (R, |-]) is 7,-Isc and T5-usc.

5. ([145]) The mapping p(z,-) : X — (R, |-|) is T,-continuous at x € X, if and
only if T,-cl(B,(x,7)) C B,[z,r] for all v > 0.

Similar results hold for an asymmetric seminorm p, its conjugate p and the
associated seminorm p°.

Proof. 1.Fory € B,(z,r) we have B,(x,1") C B,(x,r), where v’ := r—p(z,y) > 0.
Also, if y € B[z, 7] and 1" := p(x,y) —r > 0, then Bs(z,r’") N B,lz,r] = 0, or,
equivalently, Bs(z,7") C X \ B,[z,r]. Indeed, if z € B(x, ") N B,[z, ], then

p(x,y) < p(x,2) + p(z,y) = p(x, 2) + ply, 2) <7 +7" = p(z,y) ,

a contradiction.

The inclusions from 1 follows from the inequalities (1.1.1) and, in their turn,
they imply the assertions from the second point of the proposition.

The assertions from 2 are obvious.

3. If z, y are distinct points in the quasi-metric space (X, p), then max{p(z, y),
p(y,z)} > 0. If p(z,y) > 0, then y ¢ B,(x,r), where r = p(x,y). Similarly, if
p(y,xz) > 0, then = ¢ B,(y,r"), where r’ = p(y, ). Consequently, 7(p) is Ty and
7(p) as well.

Suppose that p(z,y) > 0 for every x # y. Then y ¢ B,(z, p(x,y)). Since
p(y,z) > 0 too, z ¢ B,(y, p(y,x)), showing that the topology 7, is T. Similarly
To is Tl.

Also, B,(z,r) N Bs(y,r) = 0, where r > 0 is given by 2r := p(z,y) > 0.
Indeed, if z € B,(z,r) N Bs(y,r), then

p(z,y) < p(w,2) +p(2,y) <r+7r=p(,9),

a contradiction which shows that the bitopological space (X,7,,7;) is pairwise
Hausdorft.

It is easy to check that if 7, is T%, then p(z,y) > 0 for every pair of distinct
elements z,y € X.
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4. To prove that p(z,-) is 7,-usc and 75-lsc, we have to show that the set
{y € X : p(z,y) < a} is T,-open and {y € X : p(x,y) > a} is 75-open, for every
a € R, properties that are easy to check.

Indeed, for y € X such that p(z,y) < a, let r :=a — p(x,y) >0.If z € X is
such that p(y, z) < r, then

p(x,2) < p(z,y) + py,2) < plz,y) +7=q,

showing that B,(y,7) C {y € X : p(z,y) < a} .
Similarly, for y € X with p(z,y) > « take r := p(z,y) —a > 0. Ifz € X
satisfies p(z,y) = p(y, z) < r, then

p(x,y) < p(z,2) + p(z,y) < p(z,2) + 7,

so that p(z, z) > p(z,y) — r = a. Consequently, B;(y,r) C {y € X : p(z,y) > a}.

5. Suppose that p(z,-) is continuous on X. If y € 7,-cl(B,(x,)), then there
exists a sequence (yn) in B,(x,r) such that y, 2y y as n — oo. The continuity of
p(z,-) implies p(x,y) = lim, o0 p(z,yn) < 7, that is y € B,lx, 7].

To prove the converse, suppose that there exists € X such that p(z,-) is
discontinuous at some y € X. Then there exist » > 0 and a sequence (y,) in X
such that y, £ y and p(x,y,) € (=00, p(x,y) — ) U (p(z,y) + 7, 00) for all n € N.
If there exists an infinity of n € N such that p(x,y,) > p(x,y) + r, then, by the
Tp-usc of the function p(z,-), p(x,y) +r < limsup, p(z,y.) < p(z,y), leading to
the contradiction r < 0.

Consequently p(z,y,) < p(x,y) — r, that is y, € B,(x,p(z,y) —r) for all
n € N excepting a finitely many. By hypothesis, y € B,[z, p(x,y) — 7|, that is
p(x,y) < p(z,y) — r, leading again to the contradiction r < 0. O

One can define other pairwise separation axioms. Call a bitopological space
(T, 7,v) pairwise Tp if for any pair x,y of distinct points in T either there exists
a 7-open set U such that € U and y ¢ U or there exists V € v such that y € V
and z ¢ V. Again, by symmetry, it follows that the space (T, 7, v) is pairwise Tj if
and only if

(U er,zeU ANye¢U)V AVer,yeV AN axgV)

1.1.14
A[(3U1€T,y€U1/\l‘¢U1)\/(HV1€Z/,1‘€V1/\y¢‘/1)}. ( )

Taking into account the mutual distributivity of the operators A and V it
follows that this condition is equivalent to

Wer,zelU ANy¢gU

I( ) JUier,yelUs AN x¢U)
(U eT,zeU AN y¢U)
[( )
[( )

( )
@Viev,zeVi A yg W)
QUL eT, yeUs A x¢ Uy
@Viev,zeVi Ay¢W)l.

1.1.15
VernyeV AxgV ( )

A\
A\
AN
WVernyeV AxgV) A
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Similar conditions hold for the notion of pairwise T7. A bitopological space
(T, 7,v) is called pairwise T if for any pair x, y of distinct points in T the following
condition holds:

[(HUer,erqufU))A(HVEVWGVAI@/)] (1.1.16)

AN@EULer,yelUr ANx¢lU) N (FViev,zeVi AygW)].

In the case of a quasi-semimetric space the following proposition holds.

Proposition 1.1.9. Let (X, p) be a quasi-semimetric space. If the associated bitopo-
logical space (X, 7,,75) is pairwise Ty, then p(x,y) > 0 for any pair of distinct
points x,y € X.

Proof. Suppose that there exists z,y € X with z # y and p(z,y) = 0. Then
y € By(x,r) and @ € B;(z,r) for every r > 0, so that the condition (1.1.14) does
not hold. 0

Taking into account Proposition 1.1.8.3, one obtains the following corollary.

Corollary 1.1.10. For a quasi-semimetric space (X, p) the following are equivalent.

1. The bitopological space (X, 7,,75) is pairwise Tp.
2. The bitopological space (X, T,,T5) is pairwise T}.
3. The bitopological space (X, T,,T5) is pairwise Hausdorff.
Better continuity properties of the distance function holds in the class of

the so-called balanced quasi-metric spaces. Following Doitchinov [63], a T7 quasi-
metric space (X, p) is called balanced if the following condition holds:

[grrrllp(vm,un) =0 A Vn, p(u,un) <r A VYm, p(vm,v) <s] = plu,v) <r+s,
7 (1.1.17)
for all sequences (u,), (vy,) in X and all u,v € X.
A pair (X, p) where p is a balanced quasi-metric is called a balanced quasi-
metric space or a B-quasi-metric space.
In the following proposition we collect some consequences of this definition.

Proposition 1.1.11 ([63]). Let (X, p) be a B-quasi-metric space.

1. The following assertions hold for all sequences (xm,), (yn) in X and all

z,y € X.
(i) [limp p(z,20) =0 A V0, p(y,zn) < 7] = p(y,z) <73 (1.118)
(i)  [limp p(@n, ) =0 A Vn, p(zn,y) <1] = p(z,y) <7;
(i) [limp p(z,20) =0 A limp p(y, 2n) =0] =z =y; (1.1.19)
(i) [imy, p(zn,z) =0 A lim, p(z,,y) =0] =z =y ;
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limy, p(@p,2) =0 A limy, p(y,Ym) =0 AVm,n, p(2n,ym) <7] = p(z,y) <r;
(1.1.20)

(1) [limyp(zn,2) =0 Aliny, p(y,Ym) =0] = 1limy, » p(@m,yn) = p(z,y);
(i)  limp p(zn,2) =0 = lim, p(2s,y) = p(2,y);
(i)  limy, p(z,zn) =0 = lim, p(y, zn) = p(y, ) . (1.1.21)
2. The topologies T(p) and 7(p) are To (Hausdorff). For every fixred y € X the
function p(-,y) is 7(p) continuous on X and p(y,-) is 7(p)-continuous on X.

Proof. 1. To prove (1.1.18).(i) and (ii), take in (1.1.17) uy = Tp, Um = &, u =
y, v = x, respectively, u,, = x, v, = x,, u = x, v = y (with m,n having
interchanged roles).

To prove (1.1.19).(i) let € > 0. Since p(y,x,) — 0, there exists n. € N such
that p(y, z,) < ¢ for all n > n.. Since p(z,z,) — 0, an application of (1.1.18).(i)
yields p(y,x) < e. Since € > 0 was arbitrarily chosen, this implies p(y,z) = 0 and
so ¢ =y (in the definition of a balanced qm space we have required that the
topology 7(p) is T1). The assertion (ii) follows similarly.

The proof of (1.1.20). By (1.1.18).(ii) lim,, p(xn, z) = 0 and ¥n, p(xn, ym) <
r, imply p(z, ym) < r, for every m € N. Since lim,, p(y, ym) = 0, an application of
(1.1.18).(i) yields p(x,y) <.

To prove (1.1.21).(i) let € > 0. Observe first that the inequality

P(@msYn) < p(@m,x) + p(x,y) + p(Y, Yn)

and the hypotheses imply the existence of ky € N such that

p(@m,yn) < plz,y) +€,

for all m,n > kg. The proof will be complete if we prove the existence of [ € N
such that

p(x’nﬂy’n) > p(l’,y) - &,
for all m,n > .
If contrary, then there exists the subsequences (,,) of () and (yn;) of
(yn) such that
:O(xm17yn]> S p(x7 y) —&,
for all 4, j € N. Since lim; p(zm,,z) = 0 = lim; p(y, yn, ), an application of (1.1.20)
yields the contradiction p(z,y) < p(z,y) —e.
The assertions from (ii) and (iii) follow from (i).
2. The fact that the topologies 7(p) and 7(p) are Ty follows from (1.1.19).(i)
and (ii), respectively.
The 7(p)-continuity of the function p(-,y) follows from (1.1.21).(ii) and the
7(p)-continuity of the function p(y, -) follows from (1.1.21).(iii). O
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As it is well known the distance function to a subset plays a key role in the
study of metric spaces. As we shall see, the same is true in the asymmetric case
where, due to the asymmetry, we have two kinds of distance functions.

Let (X, p) be a quasi-semimetric space. For a nonempty subset A of X and
r € X put

plx, A) = inf{p(x,y) :y € A} and p(4,z) =inf{p(y,x):ye A}. (1.1.22)

It is obvious that p(A, x) = p(x, A). A sequence (y,,) in A such that lim,, p(z, y,) =
p(z, A) is called a minimizing sequence for p(x, A), with a similar definition for
minimizing sequences for p(A4, z). Since A # (), minimizing sequences always exist.

In the following proposition we collect the basic properties of the distance
functions.

Proposition 1.1.12. Let (X, p) be a quasi-semimetric space, A a nonempty subset
of X and x,x' € X. The following are true.

L p(z,A) < p(z,2) + p(a’, A) and p(A,z) < p(A,2") + p(a’, x).
2. p(z,A) =0 <= zeT1,<cl(A) and p(A,z) =0 < z € 15-cl(A).

3. The function p(-,A) : X = R is 7,-Isc and 15-usc, and the function p(A,-) :
X — R is 7,-usc and 75-Isc.

Proof. 1. For any y € A,
pla, A) < p(a,y) < pla,2”) + pla', )

Taking the infimum with respect to y € A one obtains p(z, A) < p(z,z’') +
p(a’, A). The second inequality from 1 can be proved similarly.

2. The proof of the first assertion follows from the equivalences
plr,;A) =0 <= F(y,) in A, lim p(x,y,) =0
n—oo
= Iyn)in A, yp B x = zcTp-cl(A).

The second equivalence from 2 can be proved similarly.

3. Suppose that for some o € R, p(z, A) > a. Taking r := p(z, A) —a > 0,
it follows that

p(l‘,A) < p(l‘,l‘/) + p(‘rlvA) < p(fE,A) — o+ p(I/,A) )

for every 2’ € X with p(x,2’) < r. Consequently, p(z', A) > « for every a’ €
B,(z,r), proving the 7,-lsc of the mapping p(-, A) at z.
Similarly, if p(z, A) < a,

p(', A) < p(z',z) + p(z, A) ,
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implies p(2’, A) < « for every o’ € X with p(a’, ) < r, where r := a—p(x, A) > 0.
So p(a’, A) < « for every ' € B;(x,r), proving the 75-usc of the mapping p(-, A)
at x.

The case of the distance function p(A,-) can be treated similarly. 0

Based on the properties of the distance mapping we can prove further bitopo-
logical properties of quasi-semimetric spaces.

Proposition 1.1.13 (Kelly [111]). Let (X, p) be a quasi-semimetric space.

1. The topology of a quasi-metric space is pairwise regular and pairwise normal.

2. If 7, C 75, then the topology 75 is semimetrizable.

3. If the mapping p(z,-) : X — (R,|-|) is 7,-continuous for every x € X, then
the topology T, is reqular.
If p(z,-) : X = (R,| - |) is 75-continuous for every x € X, then the topology
Tp 18 semi-metrizable.

Similar results hold for an asymmetric seminormed space (X, p).

Proof. 1.Since {B,[z,r] : r > 0} is a 7(p)-neighborhood base of the point « formed
of 7(p)-closed sets and {Bj[z,r]| : r > 0} is a 7(p)-neighborhood base of the point
x formed of 7(p)-closed sets, it follows that the bitopological space (X, 7(p), 7(p))
is pairwise regular.

To prove the normality of X, let A, B C X, , such that A is 7(p)-closed, B
is 7(p)-closed and AN B = (.

By the assertions 3 and 4 of Proposition 1.1.12,

A={reX:p(x,A) =0} and B={reX:px,B)=0}.
Let
U={zxeX:plx,A) <p(z,B)} and V={xeX:px,B)<p(z A)}.

It is obvious that U NV = (. By Proposition 1.1.12 the mapping p(-, A) is
7(p)-usc, so that the set U is 7(p)-open. By the same proposition, the mapping
p(A,+) is 7(p)-usc, so that the set V is 7(p)-open.

If z € A, then = ¢ B, so that p(x,A) = 0 < p(x, B), showing that A C U.
Similarly, B C V.

2. The semimetric topology 7,s is the smallest topology finer than 7, and 7p,
so that 7p = 7ps.

3. If the mapping p(z, ) : X — (R,]|-]) is 7(p)-continuous, then the balls
Bylz,r] ={y € X : p(z,y) < r} are 7(p)-closed for every r > 0. Since they form a
7(p)-neighborhood base of the point z, it follows that the topology 7(p) is regular.

Suppose now that the mapping p(z,-) : X — (R,|-|) is 7(p)-continuous for
every € X. The 7(p)-continuity of p(z,-) implies that the spheres B,(z,r) =



14 Chapter 1. Quasi-metric and Quasi-uniform Spaces

{y € X : p(x,y) < r} are 7(p)-open for every r > 0, showing that the topology
7(p) is finer than 7(p).

The topology 7° generated by the semimetric p* = max{p, p} is the smallest
topology finer that both 7(p) and 7(5), that is 7° = 7(p) V 7(p) = 7(p), implying
the semimetrizability of 7(p). O

Remark 1.1.14. 1. The properties from the assertions 3, 4, 5 of Proposition 1.1.8
are taken from Kelly [111].

2. The lower and upper continuity properties from the assertion 4 of Propo-
sition 1.1.8 are equivalent to the fact that the mapping p(x,-) : X — R is (7,, 7u)-
continuous, respectively (75, 7z )-continuous. Similar equivalences hold for the semi-
continuity properties of the mapping p(-, y).

3. The quasi-metric space (R,u) from Example 1.1.3 is not 77 because, for
instance, any neighborhood of 1 contains 0.

1.1.3 More on bitopological spaces

Kelly [111] proved several basic results on bitopological spaces including extensions
of the classical theorems of Uryson and Tietze to semi-continuous functions defined
on bitopological spaces. The Urysohn type theorem proved in [111] is the following.

Theorem 1.1.15. Let (T, 7,v) be a pairwise normal bitopological space, A C T 7-
closed and B C T v-closed with AN B = (). Then there exists a T-lsc and v-usc
function f: T — [0;1] such that

Vte A, f(t)=0 and Vte B, f(t)=1. (1.1.23)

Proof. The proof follows the line of the proof of the classical Urysohn theorem as
given, for instance, in Pedersen [172]. Put A9 = A and C; = T\ B. Then A is
T-closed, C is v-open and Ay C Cy. By (1.1.12) there exists a 7-closed set A; /5
and a v-open set (' /o such that

Ap CCl/Q CA1/2 cCy.

Applying the same condition to the pairs Ay C Cy /5 and A; /5 C C1, we affirm
the existence of two 7-closed sets A4, A3/4 and of two v-open sets C /4, G'3 4 such
that

Ay C 01/4 C A1/4 C 01/2 C A1/2 C 03/4 C A3/4 cCy.

Continuing in this manner, for any dyadic rational number p € {i-27%:1 =
1,2,...,2¥ — 1}, k € N, one finds a 7-closed set Ay and a v-open set Cp. Putting,
for convenience, A, = 0 forp < 0,4, =T forp>1, Cp, =0 forp<0and C, =T
for p > 1, it follows that these sets satisfy the relations

Cp, C Cqy C Ay C A, for all dyadic rational numbers p < ¢ <r, and
A, C ¢, for all dyadic rational numbers p < ¢ .
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Define the function f: T — R by
f(t)=mf{p:tcCy}, teT.
It follows that

f@t)=inf{p:te€ A}, 0<f(t)<1, VteT,
ft)y=0, te A, and f(t)=1, te B=T\C:.

To prove that f is v-usc we have to show that for every number o, 0 < o < 1,
the set f~1([0;)) is v-open. Let 0 < a < 1 and ¢ € T such that f(t) < a. Using
the definition of f in terms of the v-open sets C), it follows that there exists a
dyadic number p such that p < o and t € Cp, that is

f)<a <= I, p<a, teCy < t€UpcaCp.

Consequently, f~!([0;@)) = Up<aC, showing that the set f~1([0;«)) is v-
open.

To show that f is also 7-lsc we shall use the expression of f in terms of
the 7-closed sets A,, f(t) = inf{p : ¢t € A,}. We have to show that for every
B, 0 < B <1,theset f~1((3,1]) is T-open. Let t € T such that f(t) > 8. Ift € A,
for every p > 3, then, by the definition of f, f(¢) < p. Consequently, f(t) < p for
every p > f3, implying f(¢) < 8. This shows that

f@)>p <= Ip>p,teT\A) < tcUpp(T\4,).
It follows that the set f~((8,1]) = Upss(T \ A,) is T-open. O

The following theorem extends to bitopological spaces a result of Katétov
[107, 108] asserting that a topological space T is normal if and only if for any pair
of functions f,g : T — R such that f is usc, g is Isc and f < g, there exists a
continuous function h : " — R such that f < h < g. The proof given here follows
the ideas suggested in Engelking [73, Exercise 2.7.2] for normal spaces.

Theorem 1.1.16 (Lane [144]). A bitopological space (T, T,v) is pairwise normal if
and only if for every pair f,g: T — R of functions such that f is v-usc, g is T-lsc,
and f < g, there exists a T-lsc and v-usc function h : T — R such that g < f < h.

The following lemma extends to pairwise normal spaces a separation result
valid in normal spaces.

Lemma 1.1.17. Let (T, 7,v) be a pairwise normal bitopological space. Let A,B C T
such that A is 7-F,, B is v-F, and

A"NB=0=A4nB". (1.1.24)

Then there exist a v-open set U D A and a T-open set V. O B such that
unv =40.
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The sets U and V' satisfy also the relations
AcUcU cT\B and BcVcV' CcT\A. (1.1.25)

Proof. Let A = U2 A, and B = U2 Bn7 with A,, 7-closed and B,, v-closed.
Applying (1.1.13) to the sets Ay C T \ B”, there exists a v-open set U; such that

A cU cU,cT\B’

By the same condition (with 7 and v interchanged), there exists a T-open set
V7 such that
BicVicVcT\(A"uUy).

Continuing in this manner, we find inductively the v-open sets U,, and the
T-open sets V,, such that

A,UUU---UU, ,CcU,cU, cT\(B"UV U---UV,_)),
Bnuvfu---Uv;_lcVncUZcT\(ATUUIU---UUn),

for all n € N, where Uy = Vp = 0.

It follows that the set U = U2, U, is v-open, V = U2, V,, is 7-open, A C
U BCVandUNV =0.

Since V is 7-open and U NV = 0, it follows that U NV = 0, so that
U'NB=290,ie,U c T\ B. The second set of inclusions in (1.1.25) follows
similarly. O

Proof of Theorem 1.1.16. Suppose first that f,g: T — [0;1]. For r € Q N [0, 1] let
A= g1 ([0:7)) (Ao = 0), B, = f~([0:]) amd Cp = T\ £=1((0:]) = £=3((r: 1))
Since g is 7-Isc the set g~1([0;77]) is 7-closed, so that the set A, = U{g L([o;7")
€ Q, 0<r <r}is7-F,. Since f is v-usc, the set f=1([r';1]) is v-closed, so
that C. = U{f~}([r";1]) : 7" € Q, r <7/ <1} is v-F, and B, =T\ C, is v-Gs. It
is easy to check that

AlNC,=0=A,.NC, . (1.1.26)

Indeed, if (¢; : ¢ € I) is a net in A, that is 7-convergent to ¢ € T, then, by
the 7-lsc of the function g, g(¢t) < liminf; g(¢;) < r, because g(t;) < r, i € I. It
follows that ¢ ¢ C,.. Similarly, using the v-usc of the function f one obtains that
t¢ Aforevery t € C..

As in the proof of the bitopological Urysohn theorem (Theorem 1.1.15), we
shall work with the set Ay = {i-27%:i=0,1,2,...,2%, k € N} of dyadic rational
numbers in [0;1] (including 0 and 1).

The equalities (1.1.26) show that the sets A; and Cy satisfy the hypotheses
of Lemma 1.1.17, so that, by (1.1.25) there exists a v-open set Uy such that

A cU cU;CB. (1.1.27)
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Similarly, there exists a v-open set U, /, such that
Ayjs CUyys CUyjy CByja MUY
At the next step we find two v-open sets Uy 4, Us/4 such that
Ayyy CUyyy CUyyy € ByyyNUyys, and
AsysUUL )y C Uz CUgpy C By UL

Continuing in this manner, one obtains by induction, the v-open sets U,
satisfying (1.1.27) and

Ai—1)2-m UU i_1y.9-m+1 C Ugic1ya=m C Ug_1y.9-m C Bai—1).a-m NUzg=m+1

fori=1,2,...,27 1, m €N, where Uy = (). It follows that the inclusions
(i) A,cU.cU,CB,
(i) U,cU.cCUpy,

hold for all 7,7’ € Ay with r < 7',

Put, for convenience, U, = T for r > 1 and define the function h : T —
[0; 1] by

(1.1.28)

h(t) =inf{r:r € AU (1,00) such thatt € U,.}, t€T.

Since the sets U,. are v-open, reasoning as in the proof of the v-usc of the function
f in Theorem 1.1.15, one can show that the function A is v-usc.
By (1.1.28).(ii),
ht)=inf{reAy:tecU.},

and the sets U : are T-closed, so that, following again the ideas of the proof of the
7-Isc of the function f in Theorem 1.1.15, one can show that the function A is
T-1sc.

It remains to show that f < h < g. Let t € T. If r € Ay, 7 < f(t), then,
for every ' € Ay, 0 < 7' <17, t & f~Y([0,7"]) = B, and so t ¢ U,., implying
h(t) > r. That is h(t) > r for every r € Ay with r < f(¢), and so f(t) < h(t).

If » € Ay is such that g(t) < r, then t € ¢g71([0;7)) = A, C U,, and so
h(t) < r. Since h(t) < r for every r € Ap with g(t) < r, it follows that h(t) < g(¢).

The general case, when f,g: T — R, f is v-usc, g is 7-Isc and f < g, can be
reduced to the preceding one by composing with the functiony : R — (0; 1),

RS

YO a1y

,teR.

The function ¢ is a strictly increasing homeomorphism between R and (0; 1),
and its inverse 1! : (0;1) — R s strictly increasing and continuous. Consequently,
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applying the proved result to the functions f = ¢ o f and § = ¢ o G we confirm
the existence of a 7-Isc and v-usc function h : T — (0;1) such that f<h<jy.
But then, the function h = ¢t oh : T — R is 7-lsc, v-usc and f = ¢ Lo f <
h<y¢~log=g.

To prove the converse, suppose that A, B are two disjoint subsets of T" such
that A is v-closed and B is 7-closed. Then the characteristic function x4 of the
set A is v-usc and xp\p is 7-Isc. The inclusion A C T\ B implies xa < x1\5,
so that, by hypothesis, there exists a v-usc and 7-lsc function h : T — [0; 1] such
that x4 < h < x7\p. By the 7-lIsc of h, the set U = hil((;; 1]) is T-open and
A C U. By the v-usc of the function h, the set V = h=1([3;1]) is v-closed and
ACcUcCV CT\B. O

The proof of the following result follows that in topological spaces, see En-
gelking [73, Theorem 1.5.15].

Proposition 1.1.18 (Kelly [111]). A pairwise regular bitopological space (T,T,v)
satisfying the second countability axiom (i.e., both T and v satisfy this axiom) is
pairwise normal.

As it is well known, a relatively easy consequence of the Urysohn theorem
is the Tietze extension theorem, but the proof given for topological spaces can-
not be adapted to bitopological spaces. Kelly [111] proved a Tietze type theorem
asserting that any real-valued 7-usc and v-Isc function defined on 7-closed and
v-closed subset of a pairwise normal bitopological space T" admits a 7-usc and
v-1sc extension to the whole space T. Lane [144] showed by a counterexample that
the result is false in this form, and gave a proper formulation.

The example is the following.

Example 1.1.19. Let T be an uncountable set and A = {¢1,t2,...} be an infinite
countable subset of T. Let 7 be formed by the empty set and the complements
of finite or countable subsets of T', and let v be the discrete topology. Then the
bitopological space (T, 7,v) is pairwise normal, the function f : A = R, f(¢;) =
i, © € N, is 7-1sc and v-usc, but has no 7-Isc and v-usc extension to 7.

Indeed, if A, B are disjoint subsets of 1" such that A is 7-closed and B is
v-closed, then A is also v-open and T \ A is 7-open, so that (T, 7,v) is pairwise
normal. The set A = {t1,t2,...} is 7- and v-closed and the function f : A —
R, f(t;) =4, i € N, is 7-lsc and v-usc. Suppose that F : T — R is a 7-Isc and
v-usc extension of f. Then the sets A; = {t € T : F(t) <i}, i € N, are 7-closed.
Because A; # T, A; must be at most countable, implying that T = U;enA; is
countable, in contradiction to the hypothesis.

A general Tietze type theorem holds only for bounded semi-continuous func-
tions.

Theorem 1.1.20. Let (T,7,v) be a pairwise normal bitopological space and A a
T-closed and v-closed subset of T. Then every bounded, T-Isc and v-usc function
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f:A—= R admits a T-lsc and v-usc extension F : T — R such that
inf F(T) =inf f(A) and supF(T)=sup f(4) . (1.1.29)

Proof. Let
a=1inf f(A) and S =supf(4).

Define the functions g,h : T — R by g(t) = h(t) = f(¢t) for t € A, ¢(t) = «
and h(t) = g for t € T\ A. It is easily seen that g is v-usc, h is 7-1sc and g < h.
By Theorem 1.1.16 there exists a 7-Isc and v-usc function F' : T — R such that
g < F < h. It follows that F' is the desired extension of f. O

Lane [144] gave some sufficient conditions on the subset A of the bitopological
space T in order for any 7-Isc and v-usc real-valued function to have a 7-lsc and
v-usc extension to 7. In particular this is true for quasi-metric spaces.

Proposition 1.1.21. Let (X, p) be a quasi-semimetric space and A a nonempty 7,-
and T5-closed subset of X. Then any 7,-lsc and T5-usc function f : A — (R,|-|)
admits a T,-lsc and 7,-usc extension to the whole space X.

Proof. By Proposition 1.1.12, the function hi(z) = p(A4,z), = € X, is 7,-usc and
T5-1sc, while the function ho(z) = p(z, A), = € X, is 7,-Isc and 75-usc.

The function g = f/(1+ |f|) is 7p-1sc and 75-usc and —1 < g(z) < 1 for all
z € X. By Theorem 1.1.20 ¢ has a 7,-1sc and 75-usc extension G : X — [—1,1].
The function Gt = G V 0 is 7,-1sc, 75-usc and 0 < Gt < 1, while the function
G~ =—(GA0)is Tp-usc, Tp-lsc and 0 < G~ < 1.

The function G1 = G /(1 + hy) is 7,-Isc, 7,-usc and 0 < Gy (z) < 1, z € X,
while the function Go = G /(1 + hs) is 7,-usc, 75-Isc and 0 < Go(z) < 1, z € X.
Also, for every = € A,

Gi(z) =G (z) and Ga(z) =G ().

It follows that the function G = G1 — G is T,-lsc, T5-usc and —1 < G(z) <
1, z € X. Also, for every x € A,

G2) = Gi(x) - Gala) = G (2) - G~ (2) = G(a) = g(a)

that is G is a 7,-1sc and 75-usc extension of g. But then the function F = G/(1-|G|)
is 7,-lsc and 75-usc extension of the function f. O

Remark 1.1.22. The proof of Theorem 1.1.20, based on Theorem 1.1.16, is taken
from [144]. Another proof, based on the Urysohn theorem for bitopological spaces
(Theorem 1.1.15) is given in [78]. In [78] some conditions on the set A C T ensuring
the existence of a 7-usc and v-lsc extension F' of an arbitrary 7-usc and v-Isc F
on A are given too.
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A bitopological space (T, 7,v) is called pairwise perfectly normal if it is pair-
wise normal and every 7-closed (v-closed) subset of T' is v-G5 (7-G5).
The following characterization of pairwise perfectly normal bitopological

spaces extends a well-known result in topology, see, e.g., Engelking [73, Theorem
1.5.19].

Theorem 1.1.23 ([78], [144]). A bitopological space (T,T,v) is pairwise perfectly
normal if and only if for any pair A, B of subsets of T' such that A is T-closed, B
is v-closed and AN B = (), there exists a T-lsc and v-usc function f : T — [0;1]
such that A = f~1(0) and B = f~*(1).

Birsan studied in the paper [24] pairwise completely regular bitopological
spaces and extended to this setting Hausdorff’s embedding theorem. A bitopo-
logical space (X, 7,v) is called 7-completely reqular with respect to v if for every
x € X and every T-open neighborhood U of x there exits a 7-1sc and v-usc function
f:+ X —[0;1] such that fz) =1 and f(X \ U) = {0}. Equivalently, (X, 7,v) is
T-completely regular with respect to v if and only if for every 7-closed set Z and
every point € X \ Z there exists a 7-lsc and v-usc function f : X — [0;1] such
that f(z) =1 and f(Z) = {0}.

Consider the bitopological space (R, 7y, 75) from Example 1.1.3 and let I =
[0; 1] with the induced induced topologies.

By definition a bitopological cube is a product I of A copies of the bitopo-
logical space I, where A an arbitrary nonempty set. Any bitopological cube is
pairwise completely regular and pairwise compact.

A bitopological space (X, 7, v) is called weakly pairwise Hausdorff if for every
pair z,y of distinct points from X there exist a 7-open neighborhood U of one of
these points and a v-open neighborhood V of the other one with U NV = . The
space (R, 7, 7a) is weakly pairwise Hausdorff but not pairwise Hausdorff.

Theorem 1.1.24 ([24]). A weakly pairwise Hausdorff bitopological space is pair-
wise completely regular if and only if it is bi-homeomorphic to a subspace of a
bitopological cube.

A mapping f : (X,71,72) — (Y,v1,12) between two bitopological spaces
is called bi-continuous if it is both (71,4 )-continuous and (72, v3)-continuous. If
f is a bijection such that both f and f~! are bi-continuous, then f is called a
bi-homeomorphism.

The paper [25] is concerned with bitopological groups and [26] with some
properties relating quasi-uniform and bitopological spaces.

An important problem in topology is that of metrizability of topological
spaces. As we have seen, quasi-semimetric spaces are bitopological spaces, and so
the corresponding problem in this setting would be that of quasi-metrizability of
bitopological spaces. The following result is the analog of Urysohn metrizability
theorem and improves Proposition 1.1.18.
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Theorem 1.1.25 (Kelly [111]). If (T, 7,v) is a pairwise regular bitopological space
such that both T and v satisfy the second axiom of countability, then it is quasi-
semimetrizable. If further, T is pairwise Hausdorff, then it is quasi-metrizable.

Lane [144] proved a bitopological version of the Nagata-Smirnov metrizability
theorem.

1.1.4 Compactness in bitopological spaces

We shall briefly present some results on compactness in bitopological spaces ob-
tained by Birsan [23].
If A, B are two covers of a set X one says that B refines A (or that B is a
refinement of A) if
VBe B, dJAc A, BCA. (1.1.30)

Following [23], a bitopological space (X, 1,v) is called:

e T-compact with respect to v if every T-open cover of X admits a finite v-open
refinement that covers X;

e pairwise compact if it is 7-compact with respect to v and v-compact with
respect to 7.

It is obvious that a topological space (X, 7) is compact if and only if for
every open cover of X there exists a finite refinement of X which is an open cover
of X, so that the above definitions are natural extensions of the usual notion
of compactness. The bitopological compactness can be characterized in terms of
closed sets.

Proposition 1.1.26 ([23]). Let (X, 7,v) be a bitopological space. The following are
equivalent.

1. The space X s T-compact with respect to v.

2. If a family F;, i € 1, of T-closed sets has empty intersection, then there
exists a finite family H;, j € J, of v-closed sets having empty intersection
and such that for every j € J there exists i € I with H; D Fj.

Proof. 1 = 2. Let F;, i € I, be a family of 7-closed sets with empty intersection.
Then their complements G; = E(Fi), 1 € I, are T-open and cover X, so there exists
a finite refinement Z;, j € J, of {G;} with v-open sets that covers X. Putting
H; =0(Z;), j € J, it follows that each H; is v-closed, Nje s Hj = C (UjesZ;) = 0.
Also, for every j € J there exists ¢ € I such that Z; C G; <= H; D F}.

The implication 2 = 1 is proved similarly. g

Proposition 1.1.27 ([23]). If the bitopological space (X, T,v) is pairwise Hausdorff
and (X, ) is compact, then 7 C v.
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Proof. 1t is sufficient to show that every 7-closed subset of X is v-closed. Let
Z C X be 7-closed and y ¢ Z. Then for every z € Z there exists a 7-open set
U, containing z and a v-open set V, containing y such that U, NV, = (). By the
T-compactness of X, the 7-open cover U,, z € Z, of Z contains a finite subcover
U.,...,U,,. It follows that V = N}_,V,, is a v-open neighborhood of y and
VNnZcvn(Up_,U,) =0, sothat V C X\ Z. Consequently X \ Z is v-open
and Z is v-closed. g

This proposition has the following corollary.
Corollary 1.1.28. Let (X, 7,v) be a pairwise Hausdorff bitopological space.

1. If both the topologies T and v are compact, then T = v.
2. If the space X is T-compact with respect to v, then T C v.
3. If (X, 7,v) is pairwise compact, then T = v.
It is known that a subset of a topological space is compact if and only if it
is compact with respect to the induced topology, a result that does not hold in
bitopological spaces.

Call a subset Y of a bitopological space (X, 7,v) T-compact with respect to v
if it is 7]y -compact with respect to v|y as a bitopological subspace of X.

Proposition 1.1.29 ([23]). Let (X, 7,v) be a bitopological space and Y C X.
1. If every T-open cover of Y admits a finite refinement that is a v-open cover
of Y, then' Y is T-compact with respect to v.
2. If the set Y is v-open, then the converse is also true.
It is shown by an example [23, Example 8] that the second assertion from
the above proposition is not true for arbitrary subsets.

The preservation of compactness by continuous mappings takes the following
form.

Proposition 1.1.30 ([23]). Let (X,71,72) and (X,v1,v2) be bitopological spaces.
Suppose that X is 1 -compact with respect to To. If the mapping f : X — Y s
(71, v1)-continuous and (T2, v2)-open, then f(X) is v1-compact with respect to vs.

Proof. One shows that the hypotheses from Proposition 1.1.29.1 are fulfilled. O

In the same paper [23], Birsan extended to this setting Alexander’s subbase
theorem and Tikhonov’s theorem on the compactness of the product of compact
topological spaces.

Theorem 1.1.31 (Alexander’s subbase theorem, [23]). Let (X, 1,v) be a bitopolog-
ical space, A a subbase of the topology T and B a subbase of the topology v.

1. If every cover of X with sets in A admits a finite refinement with elements
from v that covers X, then X is T-compact with respect to v.
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2. If every cover of X with sets in A admits a finite refinement with elements
from B that covers X, then the bitopological space X is pairwise compact.

The bitopological product of a family (X;, 74, v;), ¢ € I, of bitopological spaces
is the bitopological space (X,7,v), where X = [[,c; Xi, 7 = [[;c; 7 and v =
[1;c; vi- The so-defined bitopological product has properties similar to that of the
usual topological product.

Proposition 1.1.32. Let (X;,7;,v;), © € I, be a family of bitopological spaces,
(X, 7,v) their bitopological product.

1. For each i € I the projection p; : X — X; s bi-continuous and bi-open, i.e.,
(1, 7)-continuous, (v,v;)-continuous and (7, 7;)-open and (v, v;)-open.

2. If (X, 1,v) is T-compact with respect to v (pairwise compact), then for each
i € I the bitopological space (X;,Ti,v;) is T;-compact with respect to v;
(respectively, pairwise compact).

Theorem 1.1.33 (Tikhonov compactness theorem, [23]). Let (X;,7;,v4), ¢ € I,
be a family of bitopological spaces. If each bitopological space X; is T;-compact
with respect to v; (pairwise compact), then their bitopological product (X, ,v) is
T-compact with respect to v (respectively, pairwise compact).

In spite of the good results holding for this notion of compactness, it has
a serious drawback — a finite set need not be compact — as it is shown by the
following example.

Example 1.1.34 ([23]). Consider a three point set X = {a, b, c} with the topologies
7={0,{a},{b,c}, X} and v = {0, {c},{a, b}, X }. Then the topologies T and v are
compact, but 7 is not compact with respect to v, nor v is compact with respect
to 7.

The paper [23] contains also examples of

e a pairwise compact, not pairwise normal, bitopological space (X, 7,v) with
T # v,

e a pairwise Hausdorff bitopological space (X, 7,v) which is 7-compact with
respect to v, but not pairwise normal;

e a pairwise normal, pairwise compact bitopological space (X, 7,v) which is
not pairwise regular.

There are also other notions of compactness in bitopological spaces, a good
analysis of various relations holding between them is done in the paper [52]. Note
that our terminology differs from that in [52]. For convenience we shall call a
bitopological space pairwise B-compact if it is pairwise compact in the sense con-
sidered by Birsan.

Let (X, 7,v) be a bitopological space. A cover A C TUv of X is called (7,v)-
open. If, in addition, A contains a nonempty set from 7 and a nonempty set from
v, then A is called pairwise open.
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The bitopological space (X, 7,v) is called:

pairwise S-compact provided that every pairwise open cover of X contains a
finite subcover (Swart [231]);

semi-compact provided that every (7,v)-open cover of X contains a finite
subcover (Datta [53, 54]);

pseudo-compact provided that every bi-continuous function f : (X, 7,v) —
(R, Ty, Ta) is bounded (Saegrove [213));

pairwise real-compact provided it is bi-homeomorphic to the intersection of
a [[,c; Tu-closed subset and a [, 7az-closed subset of a product of I copies
of (R, Ty, Ta) (Saegrove [213]);

bicompact provided it is both pseudo-compact and pairwise real-compact
(Saegrove [213]).

In the following theorem we collect some results from [52].

el

Theorem 1.1.35. Let (X, 7,nu) be a bitopological space.

1.

The bitopological space (X, T,v) is semi-compact if and only if it is compact
with respect to the topology TV v.

The bitopological space (X, T,v) is semi-compact if and only if it is pairwise
compact, T-compact and v-compact.

The bitopological space (X, T,v) is pairwise S-compact if and only if each
T-closed proper subset of X is v-compact and each v-closed proper subset of
X is T-compact.

If the bitopological space (X,T,v) is semi-compact or pairwise B-compact,
then it is pseudo-compact.

If the bitopological space (X, T,v) is pairwise Hausdorff and either semi-
compact, bicompact or pairwise B-compact, then T = v.

If the bitopological space (X, T,v) is either semi-compact, bicompact or pair-
wise B-compact, then both of the topologies T and v are compact.

Remark 1.1.36.

1. Any finite bitopological space is semi-compact and pairwise S-compact. Con-

sequently, Example 1.1.34 furnishes also an example of a semi-compact and
pairwise S-compact bitopological space which is not pairwise B-compact.

Example 3 in [52] gives a pairwise B-compact bitopological space which is
neither pairwise S-compact nor semi-compact.

Example 1 in [52] gives a pairwise S-compact bitopological space (X, T,v)
such that (X, v) is not compact.

Paracompactness is even a more delicate matter to be treated within the

framework of bitopological spaces. For some attempts and discussions see the
papers [29], [55], [124], [178] and [179].
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We mention also the following metrizability conditions.

Theorem 1.1.37. Let (T,7,v) be a bitopological space and (X,q) a quasi-metric
space.

1. If the bitopological space T is quasi-metrizable and 7 is locally (countably)
compact with respect to v, then (T,v) is metrizable. The same conclusion
holds if locally compact is replaced by paracompact.

2. If the topology T(p) is sequentially compact, then the topology T(p) is metriz-
able. The same is true if T(p) is compact.

3. If (X,p) is sequentially compact and Hausdorff, then the topology 7(p) is
metrizable.

Remark 1.1.38. Assertions 1 and 2 are taken from [178] while the third one is
from [227].

1.1.5 Topological properties of asymmetric seminormed spaces

In general the topology generated by an asymmetric norm is Ty but not 77. Indeed,
it is easy to check that the space (R, u) from Example 1.1.3 is T but —1 belongs to
every neighborhood of 1. A condition that the topology of an asymmetric normed
space be Hausdorff was found by Garcia-Raffi, Romaguera and Sénchez-Pérez [91],
in terms of a functional p® : X — [0;00) associated to an asymmetric seminorm
p defined on a real vector space X, a result that was extended to asymmetric
locally convex spaces in [41], see Subsection 1.1.7. The separation properties of an
asymmetric seminormed space will be presented in Proposition 1.1.40.
The functional p® is defined by the formula

p°(z) = inf{p(z") + p(z' —2): 2’ € X}, z € X. (1.1.31)

In the following proposition we present the properties of p°.

Proposition 1.1.39. The functional p° is a (symmetric) seminorm on X, p® < p,
and p°® is the greatest seminorm on X majorized by p.

Proof. First observe that, replacing ' by ' — z in (1.1.31), we get
pF(—2) = int{p(a') + (s’ +2) : &' € X}
= inf{p(z’ — 2) +p((' —2) + 2) : 2’ € X} =p°()

so that p°® is symmetric. The positive homogeneity of p®, p®(az) = ap®(z), = €
X,a >0, is obvious. For z,y € X and arbitrary z’,y’ € X we have

Pz +y) <pl’ +y)+pl" +y —z—y) <pl) +pl —z) +p@y) +py' —y)
so that, passing to infimum with respect to 2’,y" € X, we obtain the subadditivity
of p°,

PP +y) <p°(z) +p°(y) .
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Suppose now that there exists a seminorm ¢ on X such that ¢ < p, i.e.,
Vz € X, q(z) < p(z), and p®(x) < q(z) < p(z), for some z € X. Then, by the
definition of p°, there exists ' € X such that p°(z) < p(z') + p(a’ — x) < q(z),
leading to the contradiction

q(x) < q(@') + gz —2") = q(2’) + q(z’ —2) < p(a’) +p(z’ —2) <q(z). O

In the following proposition we collect the separation properties of an asym-
metric seminormed space.

Proposition 1.1.40 ([91]). Let (X,p) be an asymmetric seminormed space.

1. The topology 1, is Ty if and only if for every x € X, x # 0, p(z) > 0 or
p(—x) > 0, in other words, if and only if p is an asymmetric norm.

2. The topology T, is T1 if and only if p(x) > 0 for every x € X, x # 0.
3. The topology T, is Hausdorff if and only if p°(x) > 0 for every x # 0.

Proof. The assertion from 1 follows from Proposition 1.1.8.3.

2. If p®(x) > 0 whenever z # 0, then p°® is a norm on X, so that the topology
Tpe generated by p® is Hausdorff. The inequality p® < p implies that the topology
Tp is finer than 7,0, so it is Hausdorff, too.

Suppose p®(x) = 0 for some 2 # 0. By the definition (1.1.31) of p°, there
exists a sequence (x,,) in X such that lim, [p(x,) + p(z, — z)] = p®(z) = 0. This
implies lim,, p(x,,) = 0 and lim,, p(z, —2) = 0, showing that the sequence (x,,) has
two limits with respect to 7,. Consequently, the topology 7, is not Hausdorff. I

Remark 1.1.41. Tt is known that a Tp topological vector space (TVS) is Hausdorff
and completely regular (see [149, Theorem 2.2.14]), a result that is no longer true
in asymmetric normed spaces. An easy example illustrating this situation is that
of the space (R,u) from Example 1.1.3, which is Ty but not 7.

The following proposition shows that an asymmetric normed space is not
necessarily a topological vector space.

Proposition 1.1.42. If (X,p) is an asymmetric normed space, then the topology
Tp 18 translation invariant, so that the addition + : X x X — X is continuous.
Also any additive mapping between two asymmetric normed spaces (X, p), (Y, q)
is continuous if and only if it is continuous at 0 € X (or at an arbitrary point
X0 € X)

The scalar multiplication is not always continuous, so that an asymmetric
normed space need not be a topological vector space.

Proof. The fact that the topology 7, is translation invariant follows from the
formulae (1.1.5). Example 1.1.3 shows that the multiplication by scalars need not
be continuous. 0

Another example was given by Borodin [28].
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Example 1.1.43. In the space X = Cy[0; 1], where

Col0:1] = {f e Clo:1] /Olf(t)dt _ o} |

with the asymmetric seminorm p(f) = max f([0; 1]), the multiplication by scalars
is not continuous at the point (—1,0) € R x X.

To prove this, we show that (—1)B,[0, ] is not contained in B,[0, 1] for any
r > 0. Indeed, let ¢, = 1/n and

rln—1)(nt—1), 0<t<t,,
fn(t) = n 1
=1, t, <t<1,
forn € N. Then f, € Cp[0;1], p(fn) =7, —fn € Co[0;1] and p(—fn) = (n—1)r >
1 for sufficiently large n.

Remark 1.1.44. Tt is known (and easy to check) that if a topology is separable, then
any coarser topology is separable. In particular, if the semimetric space (X, p®) is
separable, then the quasi-metric space (X, p) is also separable (with respect to the

topology 7,).
The following example shows that the converse is not true, in general.

Example 1.1.45 (Borodin [28]). There exists an asymmetric normed space (X, p)
which is 7,-separable but not 7,s-separable.

Take
X = {x € lo iz =(x1), Y “;’j = } : (1.1.32)

k=1

with the asymmetric norm p(z) = supy zg. It is clear that p is an asymmetric
norm on X satisfying p(z) > 0 whenever x # 0 and p*(z) = ||2]lcc = supy |2k|
is the usual sup-norm on /o.. Because p(x) = Y oo, 27 *ag, o = (v5) € loo, is
a continuous linear functional on ¢, it follows that X = ker ¢ is a codimension
one closed subspace of {,. Since /, is nonseparable with respect to p°, X is also
nonseparable with respect to p°.

Let us show that X is p-separable. Consider the set Y formed of all y = (yx)
such that y, € Q for all k and there exists n = n(y) such that yr = yn4+1 for all
k > n. It is clear that Y is contained in X and that Y is countable. To show that
Y is p-dense in X, let x € X and € > 0.

Choose n € N such that

Zn:r"a — zn:rixi > |12l 0o i 277 . (1.1.33)
=1 =1

j=n+1
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This is possible because the left-hand side of (1.1.33) tends to & for n — oo,
while the right-hand side tends to 0. Choose yr € QN (xp — 2e; 2 — ) for k =
1,...,n, and let

Yp = Q1= — (Z 2:'%_) : Z 277 |,
i=1

j=n+1

for k>n. Theny = (yx) €Y, e <yr—ar < 2¢, for k=1,...,n and, by (1.1.33),

n o0
yp = > (Z 27 (e - xl)> : Z 277 > |10
i=1

J=n+1

for k > n. It follows that xr — yr < ||Z||cc — yr < 0 for k > n, so that p(z —y) =
max{zr —yr : 1 <k <n} < 2e.

As it is well known, by the classical Banach-Mazur theorem, any separable
real Banach space can be linearly and isometrically embedded in the Banach space
C'[0;1] of all continuous real-valued functions on [0; 1] with the sup-norm, see, for
instance, [74, Theorem 5.17]. In other words, C[0;1] is a universal space in the
category of separable real Banach spaces. The validity of this result in the case of
asymmetric normed spaces was discussed by Alimov [11] and Borodin [28]. The
above example shows that some attention must be paid to the notion of separability
that we are using.

Denote by (C[0;1],1,0) the space of all real-valued continuous functions on
[0; 1] functions with the asymmetric norm

|| f| = max{f4(¢): t €[0;1]}, (1.1.34)
for f € C[0;1], where fi(t) = max{f(t),0}, t €[0;1] .

Theorem 1.1.46 ([28]). Any Ty asymmetric normed space (X, p) such that the asso-
ciated normed space (X, p®) is separable is isometrically isomorphic to a subspace
of the asymmetric normed space (C[0;1],1,0).

Since any linear isometry from (X, p) to (C[0;1],1,0) induces a linear isome-
try from (X, p®) to the usual Banach space C|0; 1], the separability condition with
respect to the symmetric norm p® is necessary for the validity of the Banach-Mazur
theorem.

Some complements to this result were given by Alimov [11].

Theorem 1.1.47 ([11]). A T asymmetric normed space (X, p) is isometrically iso-
morphic to an affine variety Z of the usual Banach space C[0;1] if and only if the
topology T, is metrizable and separable.

Proof. Note that the topology 7, of a T asymmetric normed space (X, p) is metriz-
able if and only if 7, = 75 = 7+, so that the topology 7, is generated by the
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associated norm p®. Also, in this case, it does not matter with respect to which of
the topologies 7, 75, or Tps, is considered the separability.

Suppose that the topology 7, is metrizable and separable. Then the topology
generated by the norm p® agrees with that generated by the asymmetric norm p,
implying the existence of two numbers 0 < R < R’ such that RB,: C B, C R'By-,
where B, B, denote the corresponding closed unit balls. Since adBsps = § Bps,
we can suppose, replacing, if necessary, p° by ¢ = ap® for some 0 < o < 1, that
there exist a norm ¢ on X and the numbers 0 < r < 7’ < 1 such that

rB, C B, C ' B, C B,.

In the space X x R consider the sets U = co[(B, x {1}) U (By x {0})], V =
UUco({v} UBy x {1}), where v = (0,1 +r), and W = V U (=V). It follows that
the sets U,V are convex and W is a bounded absolutely convex body, so that it
generates a norm || - || on X x R. Since W N (X x {0}) = B, x {0}, it follows that
|(z,0)|| = g(x) for every z € X. If Y is a countable dense subset of (X, q), then
Y x Q is a countable dense subset of (X x R, || -||). By the classical Banach-Mazur
theorem there exists an isometric linear mapping ¢ : (X xR, ||||) = (C[0; 1], || ||00)-
The image Z = ¢(X x {1}) of the hyperplane X x {1} by ¢ is an affine variety
in C[0;1]. Since W N (X x {1}) = B, x {1} and ¢ is an isometry, it follows that
the set K = Z N Bgyo,y) is isometric to B. In particular, the Minkowski functional
Py ¢ of the set K with respect to the point £ = ¢(0, 1) agrees with the Minkowski
functional of the set B, that is with the asymmetric norm p. d

Remark 1.1.48. Let K be a convex subset of a linear space X. The set K is called
absorbing with respect to a point £ € K if for every x € X there exists ¢t > 0 such
that z € € + t(K — £). The Minkowski functional px ¢ of the set K with respect
to ¢ is defined by

Pre(z) =pr_e(x — &) =inf{t >0:x € £+ t(K —&)}. (1.1.35)

The isometry mentioned at the end of the proof of Theorem 1.1.46 is given
by the formula

pr.e(o(x)) = pr—c(p(r —v)) =p(z), zeX.

A corollary of the Banach-Mazur theorem asserts that any separable metric
space can be isometrically embedded in C[0;1] (see [74, Corollary 5.18]). Kleiber
and Pervin [117] extended this result to metric spaces of arbitrary density character
«, where « is an uncountable cardinal number, by proving that such a space can
be isometrically embedded in the space C([0;1]%). The density character of a
topological space T is the smallest cardinal number « such that T contains a
dense subset of cardinality . As remarked by Alimov [11], these results hold also
for a quasi-metric space (X, p), the density character being that of the associated
metric space (X, p®).
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1.1.6 Quasi-uniform spaces

Quasi-semimetric spaces are particular cases of quasi-uniform spaces. A quasi-
uniformity on a set X is a filter & on X x X such that

(QU1) A(X) C U, VU e U;
(QU1) YU e, 3V €U, such that VoV C U,

where A(X) = {(z,z) : € X} denotes the diagonal of X and, for M, N C X x X
MoN=A{(z,z) e XxX:3yeX, (z,y) € M and (y,z) € N}.

The composition V o V is denoted sometimes simply by V2. Since every
entourage contains the diagonal A(X), the inclusion V2 C U implies V C U.
If the filter U satisfies also the condition

(U3) VU, UelU = U'teu,
where
Ul ={(y,2) e X x X : (z,y) €U},

then U is called a uniformity on X. The sets in U are called entourages. The pair
(X,U) is called a quasi-uniform space.
ForUelU, € X and Z C X put

U)={yeX:(x,y) €U} and U[Z]=|J{U(z):2€Z}.
A quasi-uniformity U generates a topology 7(U) on X for which the family of sets
{U(z): U elU}

is a base of neighborhoods of the point z € X. A mapping f between two quasi-
uniform spaces (X,U), (Y, W) is called quasi-uniformly continuous if for every
W € W there exists U € U such that (f(x), f(y)) € W for all (z,y) € U. By
the definition of the topology generated by a quasi-uniformity, it is clear that a
quasi-uniformly continuous mapping is continuous with respect to the topologies
T(U), T(W).
The family of sets

U'={U':UecU} (1.1.36)
is another quasi-uniformity on X called the conjugate quasi-uniformity. With re-
spect to the topologies 7(U/) and 7(U~'), X is a bitopological space. The equiva-
lences of the separation axioms from Corollary 1.1.10 holds in this case too.

Proposition 1.1.49. For a quasi-uniform space (X,U) the following are equivalent.
1. The bitopological space (X,7(U), T(UL) is pairwise Ty.
2. The bitopological space (X, 7(U),7(UL) is pairwise T;.
3. The bitopological space (X, 7(U), 7(U™') is pairwise Hausdorff.
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Proof. Obviously, it is sufficient to prove the implication 1 = 3. Suppose, for
instance, that for © # y in X, there exists U € U such that y ¢ U(z). Taking
V € U such that V2 C U, it follows that V(z) N V~1(y) = 0. Indeed

2eV(@)NV i y) <= (,2) eV Az €V = (2,y) eVicU= yecU(x),

a contradiction. As the other cases (see (1.1.15)) can be treated similarly, it follows
that the bitopological space (X, 7(U), 7(U™!) is pairwise Hausdorff. O

If (X, p) is a quasi-semimetric space, then
Ve=A(z,y) e X x X : p(x,y) <e}, e >0,
is a basis for a quasi-uniformity U, on X. The family
Vo ={(z,y) e X x X : p(z,y) <e},e>0,

generates the same quasi-uniformity. Since V. (z) = B,(z,¢) and V" (z) = B,[z, €],
it follows that the topologies generated by the quasi-semimetric p and by the quasi-
uniformity U, agree, i.e., 7, = 7(U,).

If P is a family of quasi-semimetrics, then the family of sets V5., d € P, € >
0, generates a quasi-uniformity on X, the sets

Vie={(z,y) e X x X :d(x,y) <e}, €>0,deP,

being a base for this quasi-uniformity.

The following proposition is an adaptation of [110, Ch. 6, Thm. 11].

Proposition 1.1.50. Let (X,U) be a quasi-uniform space and d a quasi-semimetric
on X. Then the function d is quasi-uniformly continuous on X if and only if
Vae €U for every e > 0.

Proof. The space X x X is considered equipped with the quasi-uniformity gen-
erated by the base {U x U : U € U}. Consequently, due to the symmetry in the
definition of product quasi-uniformity, the function d : (X x X, U xU) — (R, U,,)
is quasi-uniformly continuous if and only if for every € > 0 there exists U € U
such that for every (z,y), (u,v) € U, |d(z,y) — d(u,v)| < e.

Now, if d is supposed quasi-uniformly continuous, then for every £ > 0 there
exists U € U such that the above condition is satisfied. Taking (u,v) = (y,y) € U
it follows that (z,y) € Vg, for every (x,y) € U, that is U C Vg, and so Vg € U.

Conversely, suppose that V. € U for every ¢ > 0 and prove that the quasi-
semimetric d is quasi-uniformly continuous on X. Given € > 0, (x,y), (u,v) € Vg
imply d(x,y) < € and d(u,v) < e, so that d(z,y) — d(u,v) < e and d(u,v) —
d(z,y) < e, that is |d(z,y) — d(u,v)| < &, proving the quasi-uniformity of the
function d on X x X. O
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To prove that every quasi-uniformity is generated by a family of quasi-
seminorms in the way described above, we need the following result in general
topology.

Proposition 1.1.51 (Kelley [110]). Let X be a nonempty set and {U, : n € N} a
family of nonempty subsets of X x X such that Uy = X x X, each U, contains
the diagonal A(X) and

Un+1 o Un+1 o Un+1 cU,, (1.1.37)
for all n € NU{0}. Then there exists a quasi-semimetric d on X such that
Uni1 C{(z,y) e X x X :d(z,y) <27 "} CU,, ne NU{0}. (1.1.38)

If, in addition, each U, is symmetric, then there exists a semimetric d satisfying

(1.1.38).

Proof. For the convenience of the reader, we include a proof of this result. Observe
that the fact that each U,, contains the diagonal and (1.1.37) implies that U,4+1 C
U, for alln € NU{0}.

Define a function f: X x X — [0;00) by

flz,y)=2""if (x,y) € Uy \ Upt1, for some n € NU {0}, and

flz,y) =0 if (z,y) € N,U, . (1.1.39)

Observe that there exists at most one n € NU{0} such that (z,y) € U, \Up+1,
so that the function f is well defined.
From the definition of the function f it is clear that

flz,y) <27™" = (z,y) €U, . (1.1.40)

A sequence xg,x1,...,Zn4+1 of points in X with 2o = = and z,41 = y is
called a chain connecting = and y and n is called the length of the chain. Define
d: X x X —[0;00) by

d(z,y) =inf > f(zi wit1) , (1.1.41)
=0

where the infimum is taken over all chains connecting x and y. From the definition
it is clear that d(x,y) < f(x,y), so that, taking into account (1.1.40),

Unt1 C{(z,y) € X x X :d(x,y) <27"}.

Indeed, (z,y) € Uyy1 implies f(x,y) <2771 so that d(x,y) <27 "1 <27™
Let us prove that

n

fzo, znt1) < 2Zf(xi,9€i+1) ; (1.1.42)

=0

for all chains xg,z1,...,2p+1 in X.
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The proof will be done by induction over the length n of the chain. For n =0
the inequality (1.1.42) is trivial. Suppose that it holds for every m, 0 < m < n,
and prove it for n. Let a = Y"1 o f(2i, zi41). The case a = 0 is trivial, as well as
the case when f(x;,z;+1) = a for some i € {0,...,n}.

Excluding these situations, let k be the greatest number between 0 and n
such that Z?:o flzi,zip1) < af2.

If0 <k <n-—1,then 1", f(xi,ziy1) < a/2 so that, by the induction
hypothesis,

f(xo,vp41) < a,  f(2ry2,Tni1) < a,

and, obviously, f(z+1,Tk+2) < a.
Let m > 0 be the smallest integer such that 27" < a. Then

f(xo,wpq1) <27, f(@py1, Thg2) <27 and  f(Tpyo2, Tng1) <277,
so that, by (1.1.40), (zo, Zk+1), (Tk+1, Tkt2), (Tkt2, Tnt1) € Un, implying
(0, Znt1) EUm o Up o Uy CUpy—1,
which, by the same equivalence, yields
flxo,tpyr) <27mH =2.27"m < 2q .
If kK =n — 1, then, reasoning as above,
flxo,xy) <27™ and  f(zn,zn41) <27,
implying (xo, ), (Tn, Tnt1) € U, so that
(20, Zn41) EUpm o Uy CUp oUp o Uy, C Upy—1.

(The inclusion U, o Uy, C Uy, 0 Uy, o Uy, follows from the fact that A(X) C Upy,.)
Now, (1.1.42) and the definition (1.1.41) of d imply f(x,y) < 2d(z,y).
Consequently, if d(x,y) < 2™, then

flay) <27 = flz,y) <27 < (2,y) €Uy,

so that the second inclusion in (1.1.38) holds too.
If, in addition, each U, is symmetric, then, obviously, the function f and also
d, are symmetric. O

Theorem 1.1.52. Any quasi-uniform space is generated by a family of quasi-uni-
formly continuous quasi-semimetrics in the way described above.

Proof. 1t is clear that a family P of quasi-semimetrics generates a quasi-uniformity
Up and that each quasi-semimetric in P is quasi-uniformly continuous with respect
to Z/{P.
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Given a quasi-uniform space (X,U), let P denote the family of all quasi-
uniformly continuous quasi-semimetrics on X. By Proposition 1.1.50, V4. € U for
every d € P and every € > 0, implying Up C U.

Conversely, for U € U, choose a family U, € U, n € N, of entourages
such that U; = U and U,41 0o Up41 0 Upy1 C U, for all n € N. By Proposition
1.1.51 there exists a quasi-semimetric d satisfying (1.1.38). The first inclusions
in (1.1.38) show that d is quasi-uniformly continuous, while {(z,y) € X x X :
d(z,y) < 272} C Uy = U shows that U belongs to Up, and so U C Up. 0

The following quasi-metrizability criterium for a quasi-uniform space is the
analog of a well-known one for uniform spaces.

Corollary 1.1.53. A quasi-uniform space (X,U) is quasi-semimetrizable if and only
if the quasi-uniformity U has a countable basis.

Proof. The necessity is clear. Suppose now that the quasi-uniformity ¢ has a
countable basis By, k € N. Apply Proposition 1.1.51 for UF = By, to find a family
di of quasi-uniformly continuous semimetrics di, k € N, satisfying (1.1.38). It
follows that the family {d; : k¥ € N} generates the quasi-uniformity U. It is a
standard procedure to check that d = 3", 27%d}, /(1 +dy,) is a quasi-semimetric on
X which generates U. O

Remark 1.1.54. For other quasi-metrizability and metrizability results for quasi-
uniform spaces see Kiinzi [137] and the references given therein.

As it was shown by Pervin [175], every topological space is quasi-uniformizable.

Theorem 1.1.55 ([175]). Let (X, 7) be a topological space. Then the family of subsets
B={(GxC)U(X\G)xX):Ger} (1.1.43)
s a subbase of a quasi-uniformity on X that generates the topology X .

As Pervin remarked in [175] the quasi-uniformity generating the topology is
not unique.

Example 1.1.56. Let R with the natural quasi-uniformity U; be generated by the
quasi-metric d(z,y) = max{y — x,0}. Then the quasi-uniformity &/ generated by
the subbase (1.1.43) is not even comparable with the quasi-uniformity U, although
both generate the same topology 74 = 7, on R (see Example 1.1.3).

An account of the theory of quasi-uniform and quasi-metric spaces up to
1982 is given in the book by Fletcher and Lindgren [80]. The survey papers by
Kiinzi [132, 133, 134, 135, 136, 137] are good guides for subsequent developments.
Another book on quasi-uniform spaces is [153]. The properties of bitopologies and
quasi-uniformities on function spaces were studied in [197].
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A function f : (X,U) — (Y,V) between two quasi-uniform spaces is called
quasi-uniformly continuous on a subset A of X if

YV eV, U el, Y(z,y), (z,y) e (AxANU = (f(z),fly) € V. (1.1.44)

A quasi-uniform isomorphism is a bijective quasi-uniformly continuous function
f such that the inverse function f~! is also quasi-uniformly continuous.

As it is well known, if (X,U), (Y, V) are uniform spaces, then any continuous
functions f : X — Y is uniformly continuous on every compact subset of X. This
result is no longer true in the case of quasi-uniform spaces. Lambrinos [141] gives
an example of a continuous function from a compact quasi-uniform space (X, i)
to a a quasi-uniform space (X, V) that is not quasi-uniformly continuous and gives
a proper formulation to this result.

Theorem 1.1.57. A continuous function from a compact quasi-uniform space to a
uniform space is uniformly continuous.

This result corrects an example given without proof in [153, p. 5] of a con-
tinuous function from a compact quasi-uniform space to a uniform space which is
not quasi-uniformly continuous.

In fact Lambrinos proves a slightly more general result concerning continuous
functions on topologically bounded sets, a notion considered by him in the paper
[140]. A subset A of a topological space (X, 7) is called T-bounded (or topologically
bounded) if any family of open sets covering X contains a finite subfamily covering
A. Obviously, a compact set is topologically bounded and the space X is topolog-
ically bounded if and only if it is compact. Lambrinos [140] gives an example of a
topologically bounded set that is not relatively compact.

Theorem 1.1.57 will be a consequence of the following more general result.

Theorem 1.1.58. A continuous function from a quasi-uniform space (X,U) to a
uniform space (X, V) is uniformly continuous on every 7(U)-bounded subset of X .

Proof. Suppose that A is a 7(U)-bounded subset of X. For an arbitrary V € V let
W be a symmetric entourage in V such that W2 C V.

By the continuity of f, for every x € X there exists U, € U such that
f(U(z)) € W(f(x)). Let S, € U such that S? C U,, € X. Since the family
{r(U)-int S;(z) : © € X} is an open cover of X, there exists z1,...,2, € X such
that A C Uz’zlsmk (Ik)

Put U := N}?_,S;, and show that the condition (1.1.44) is satisfied by U
and V.

For (z,y) € UN(Ax A) there exists j € {1,...,n} such that x € Sy, (z;) <=
(xj,x) € Sg;. Since Sij C Uy, it follows that S, C U, and x € Uy, (x;).

Since (z,y) € U = Nj_,Ss,, it follows that (z,y) € S, so that (z;,y) €
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Sij C Uy, . Consequently, x,y € Uy, (z;), implying

f(x) e W(f(x5)) <= (f(x;, f(x))

j ew
<= (f(z), f(z;)) e W (W is symmetric),
fly) e W(f(z5)) <= (f(z;), f(y) e W
so that (f(z), f(y)) € W2 C U. O

1.1.7 Asymmetric locally convex spaces

In this subsection we shall present some properties of asymmetric locally convex
spaces. Note that they were considered as early as 1997 in the paper [5]. In our
presentation we shall follow the paper [41]. A more general approach, based on
the theory of ordered locally convex cones, is considered in [109] and [212].

Let P be a family of asymmetric seminorms on a real vector space X. Denote
by F(P) the family of all nonempty finite subsets of P and, for F € F(P), x € X,
and r > 0 let

Bplz,rl={ye X :ply—2z) <r, pe F} =n{By[z,r] : p€ F}

and
Br(z,r)={ye X:ply—z)<r, pe F} =n{Bp(z,r) : pe F}

denote the closed, respectively open multiball of center x and radius r. It is im-
mediate that these multiballs are convex absorbing subsets of X.

The asymmetric locally convex topology associated to the family P of asym-
metric seminorms on a real vector space X is the topology 7p having as basis of
neighborhoods of any point x € X the family N(z) = {Bp(z,r) : r > 0, F €
F(P)} of open multiballs. The family {Bplx,r] : » > 0, F € F(P)} of closed
multiballs is also a neighborhood basis at x for 7p.

We shall abbreviate locally convex space as LCS.

It is easy to check that for every x € X the family A (z) fulfills the require-
ments of a neighborhood basis at x so that it defines a topology 7p on X (or
7(P))-

Obviously, for P = {p} we obtain the topology 7, of an asymmetric semi-
normed space (X,p) considered above, i.e., Ty = 7.

The sets

Upe ={(z,y) e X x X :ply—x)<e,peF}, FeF(P), e>0, (1.145)

form a subbasis of a quasi-uniformity &/p on X generating the topology 7p.

We say that the family P is directed if for any pi,ps € P there exists p € P
such that p > p;, i = 1,2, where p > ¢ stands for the pointwise ordering: p(x) >
q(z) for all z € X. If the family P is directed then for any 7p-neighborhood of
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a point x € X there exist p € P and r > 0 such that By,(z,7) C V (respectively
Bplz,r] C V). Indeed, if Bp(x,r) C V then there exists p € P such that p > ¢ for
all ¢ € F' so that By(z,7) C Bp(x,r) C V. Also W € Up if and only if there exist
p € P and ¢ > 0 such that U, . C W, that is the family of sets (1.1.45) is a basis
for the quasi-uniformity Up.

For F' € F(P) let
pr(z) = max{p(x):p€ F}, x € X. (1.1.46)
Then pr is an asymmetric seminorm on X and
Bplz,r] = Bpp[z,7] and Bp(z,r) = Bp.(x,7). (1.1.47)

The family
Py = {pF :F e .F(P)}, (1148)

where pp is defined by (1.1.46), is a directed family of asymmetric seminorms
generating the same topology as P, i.e., 7p, = 7p. Therefore, without restricting
the generality, we can always suppose that the family P of asymmetric seminorms
is directed.

Because Bp[z,r] =+ Bp[0,r] and Bp(z,r) =2+ Br(0,7), the topology
Tp is translation invariant

V(E)={z+V:VeV(0)},

where by V(z) we have denoted the family of all neighborhoods with respect to
7p of a point x € X.

The addition + : X x X — X is continuous. Indeed, for z,y € X and the
neighborhood Bp(z+y,r) of z+y we have Bp(z,r/2)+Br(y,7/2) C Bp(z+y,r).

As we have seen in Proposition 1.1.42, the multiplication by scalars need not
be continuous, even in asymmetric seminormed spaces.

For an asymmetric seminorm p on a vector space put

p(x) = p(—=x), and p°(z) = max{p(z),p(z)}

for all x € X.
If P is a family of asymmetric seminorms on X, then

P={p:peP} and P*={p°:pcP}.

The following proposition contains some simple properties of asymmetric
LCS.

Proposition 1.1.59. Let P be a directed family of asymmetric seminorms on a real
vector space X. Then
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1. For everype P, x € X andr > 0,

Bﬁ(O,r) :7BP(O7T)7 Bﬁ[()?’r] = 7BP[OaTL
Bps(z,r) = Bp(z,r) N Bs(x,r) and Bps[z,r] = Bplz,r] N Bplz,r] .
2. Any 7(P)-open set is 7(P%)-open and any 7(P)-open set is 7(P*)-open, that
is T(P) C 7(P®) and 7(P) C 7(P?®). The same inclusions hold for the corre-
sponding closed sets.

3. Any 7(P)-continuous (or 7(P)-continuous) mapping f from X to a topolog-
ical space T is T(P?®)-continuous.

4. A ball By(x,r) is 7(P)-open. A ball Bylx,r] is T7(P)-closed and it need not
be 7(P)-closed.

Proof. The assertions 1 and 2 are immediate and 3 is a consequence of 2, so we
only need to prove 4.
For y € By(x,r) let ' :== r — p(y —x) > 0. Since p(z — y) < 7’ implies
p(z—x) < p(z—y)+ply—x) < ' +p(y—z) = r it follows that B, (y,r") C Bp(z,r).
To prove that By[z,7] is 7(P)-closed let y € X \ Bp[z,7]. Then r’ := p(y —
xz) —r > 0 and By(y,’) C X \ Bplz,r]. Indeed, if there exists an element z €
Bylz,r] N Bs(y, '), then one obtains the contradiction

ply—a) <ply—2)+plz—2)=ply—2)+pz—2)<r'+r=ply-=).
Consequently, X \ Bp[z,7] is 7(P)-open and so Bplx,r] is 7(P)-closed. O
Example 1.1.60. In R with the upper topology 7, where u(xz) = max{z,0}, z €
R,we have B,[0,1] = (—o0;1] and R\ B,[0,1] = (1;+00) is 7z-open, but not
Tu-Open.

The following property is easy to check.

Proposition 1.1.61. Let (X, P) be an asymmetric LCS. A net (z; : i € I) is Tp-
convergent to x if and only if

Vp € P, limp(z; —2) =0. (1.1.49)

The topology 7, generated by an asymmetric norm is not always Hausdorff.
A necessary and sufficient condition in order that 7, be Hausdorff is given in
Proposition 1.1.40.

The following characterization of the Hausdorff separation property for lo-
cally convex spaces is well known, see, e.g., [238, Lemma VIII.1.4].

Proposition 1.1.62. Let (X, Q) be a locally convex space, where Q is a family of
seminorms generating the topology Tg of X.

The topology T¢g is Hausdorff separated if and only if for every x € X, = # 0,
there exists ¢ € Q such that g(x) > 0.
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In the case of asymmetric locally convex spaces we have the following sepa-
ration properties.

Proposition 1.1.63. Let P be a family of asymmetric seminorms on a real vector
space X.

1. The topology Tp is Ty if and only if for every x # 0 in X there exists p € P
such that p(z) > 0 or p(—z) > 0.

2. The topology Tp is Ty if and only if for every x # 0 in X there exists p € P
such that p(z) > 0.

3. The topology Tp is Ty if and only if for every x # 0 in X there exists p € P
such that p°(xz) > 0, where p°® is given by (1.1.31).

Proof. 1. Let © # y in X. Then x — y # 0 and y — x # 0, so that, by hypothesis,
there exists p € P such that p(x —y) > 0 or p(y —z) > 0. If, say r := p(y —x) > 0,
then y ¢ By (x,r). Similarly, ' := p(z — y) > 0 implies = ¢ Bp(y,’).

Conversely, if 7p is Tp, then for = # 0 there exists U € V(0) such that = ¢ U,
or there exists U’ € V(x) such that 0 ¢ U’. Let F' € F(P) and r > 0 such that
Br(o,r) C U. Since z ¢ U, there exists p € F such that p(z) > r > 0. In the
second case, let F' € F(P) and ' > 0 such that Bp/(z,r) C U'. Since = ¢ U’,
there exists ¢ € F’ such that ¢(—z) = ¢(0 — x) > ' > 0.

2. If © # y, then there exists p1,p2 € P such that r; := p1(y —z) > 0
and ro := po(xz —y) > 0, implying y ¢ B, (z,71) and x ¢ By, (z,r2), that is the
topology 7p is T7.

Conversely, if 7p is T7, then for every « # 0 in X there exists U € V(0) such
that z ¢ U. If F' € F(P) and r > 0 are such that Br(0,r) C U, then = ¢ Br(0,r),
so there exists p € F with p(x) =p(z —0) > r > 0.

3. Suppose that P is directed and let

P°={p°:pe P},

where for p € P, p° is defined by (1.1.31).

By Proposition 1.1.39, p°® is a seminorm on X. Denote by 7po the locally
convex topology on X generated by the family P° of seminorms. The topology 7p
is finer than 7po. Indeed, G € Tpo is equivalent to the fact that for every z € G
there exist p € P and r > 0 such that Bpe(z,7) C G. Because, by Proposition
1.1.39, p°(y —z) < p(y —z) < r it follows that By(z,r) C Bpo(z,7) C G, so that
G € 7p. If for every z € X, x # 0, there exists p € P such that p°(z) > 0, then,
by Proposition 1.1.62, the locally convex topology 7p. is separated Hausdorff, and
so will be the finer topology 7p.

Conversely, suppose that the topology 7p is Hausdorff and show that p°®(z) =
0 for all p € P implies z = 0.

Let « € P be such that p®(z) = 0 for all p € P. By the definition (1.1.31) of
the seminorm p°, for every p € P and n € N there exists an element z(, ,) € X
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such that )

P(Epn) +P(EEm —2) < . (1.1.50)

Define the order on P x N by (p,n) < (¢g,m) if and only if p < g and n < m.
Since the family P of asymmetric seminorms is directed, the set P x N is also
directed with respect to the order we just defined. Therefore, {z(, ) : (p,n) €
P x N} is a net in X and by (1.1.50) we have

1

1
pEpm) < =~ and plEepn —2) <, (1.1.51)

for all (p,n) € P x N.

We shall prove that the net {x(, )} converges to both 0 and x. Since the
topology 7p is Hausdorff this will imply = = 0.

To prove that the net {x(, )} converges to 0 we have to show that for every
p € P the net {p(x(yn))} tends to 0, i.e.,

Vp € P,Ve > 0, 3(po,no) € P x N, V(¢g,n) € P x N,
(q7n) > (po,ﬂo) = p(x(q,n)) <eg.

Let p € P and € > 0. Put pg = p and let ng € N be such that 1/ng < . Then
for every (g,n) € P x N such that ¢ > p and n > ng we have

1

1
p(x(q,n)> < Q(x(q,n)> < n < no <e€.

The convergence of {p(z(n) — ®)} to 0, which is equivalent to the 7p-
convergence of {x(, )} to x, can be proved similarly, using the second inequality
in (1.1.51). O

The following proposition emphasizes some continuity properties of the alge-
braic operations in an asymmetric LCS.

Proposition 1.1.64. Let (X, P) be a symmetric LCS, where P is a directed family
of asymmetric seminorms generating the topology of X.

1. The addition + : X x X — X is continuous, so that for every a € X the
mapping ¥, : X — X given by ¥,(x) =z + a, x € X, is a homeomorphism
of X.

2. For each fized x the mapping f: R — X, f(t) = ta, is continuous.

3. The mapping g : (0;00) x X — X, g(t,x) = tx, is continuous.

Proof. 1. The continuity of + follows from the fact that the topology generated
by P is translation invariant. Since both the mapping v, and its inverse ¥_, are
continuous, it follows that 1, is a homeomorphism.
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2. Letz € X, 0« €R, p€ P and e > 0. Then for every |t —a| <,
p(te — ax) < p°(tx — ax) = |t — a|p®(z) < Ip®(z) < e,

provided that § > 0 is chosen so that dp®(z) < €.

3. Let a >0, x€ X, pe Pand e > 0 be given. For 0 < § < awand r > 0
let |t— o] <dand p(y —x) <r. Then

p(ty — az) < tp(y — x) + |t — alp®(z) < (a+ d)r + dp*(x) .

If, in addition, we choose d,r such that dp°(z) < €/2 and r < £/2(a + ),
then p(ty — ax) < €, proving the continuity of g at («, z). O

Example 1.1.65. The multiplication by scalars need not be continuous from R x X
to X, as the space (R, u) from Example 1.1.3 shows.

Indeed, (—-1)-1 = —-1. If 0 < € < 1, then W = (—o0;—1+4¢) is a u-
neighborhood of —1 = (—-1) -1, (—=1,—-1) € U x V for any neighborhood U of —1
and V of 1, but (-1)(—=1) =1> —1+¢, that is (—1)(—1) ¢ W.

Remark 1.1.66. As a consequence of the assertion 1 from Proposition 1.1.64, if Y’
is a closed subset of an asymmetric LCS (X, P), then Y + Z is closed for every
finite subset Z of X.

In a symmetric Hausdorff topological vector space X, if ¥ C X is closed,
then Y + Z is closed for every compact subset Z of X. I do not know if this
assertion is true in an asymmetric LCS.

Indeed, for each z € Z the mapping ¢,(z) = = + z, 2 € X, is a home-
omorphism, so that Y + z = ,(Y) is closed and so will be the finite union
Y+ Z=WY+z:2z€Z}.

The difficulty when Z is compact arises from the following fact. If (y; + z; :
i € I)is anetin Y + Z converging to some z € X, then the net (z;) admits a
subnet (z;; : j € J) converging to some z € Z. But this does not imply that the
net y;; = (yi;, +2i;) — 2i;, j € J, converges to y := x — z € Y, as in the symmetric
case. We do not know a concrete example illustrating this situation.

Convex sets in asymmetric locally convex spaces have some properties similar
to those valid in locally convex spaces.

Proposition 1.1.67. Let (X, P) be an asymmetric LCS, where P is a directed family
of asymmetric seminorms generating the topology of X and Y C X.

1. If B(0) is a base of 0-neighborhoods, then

Y =n{Y —B:BeB0)}. (1.1.52)

2. If the subset Y is convex, then' Y is convex too.
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3. If the subset Y is convex and Y # (), then

l-a)Y+aY CY, (1.1.53)

for every 0 < a < 1. Consequently, if Y is conver with nonempty interior,
then the interior of Y is a convex set too.

4. If the subset Y is convez, absorbing and Y # 0, then 0 € Y.

Proof. 1. If x € Y, then for every B € B(0), (x+B)NY #0.lfue Bandy €Y
aresuch that r +u =y, thenx=y—-uecY — B.

Conversely, suppose that x belongs to the intersection from the right-hand
side of (1.1.52) and let V' € V(). Then there exists B € B(0) such that z+B C V.
Since x € Y — B, there exists y € Y and u € B such that x = y — u implying,
y=z+uc(z+B)NY CVNY. It follows that z € Y.

2. Take B(0) to be a base formed of convex neighborhoods of 0 (for instance,
p-balls for p € P). Then Y — B is convex for every B € B(0) and so will be the
intersection (1.1.52).

3. LetzecY,yeYand 0 < a < 1. IfU € V(0) is such that x + U C Y,
then (1 — a)U € V(0) and, by the convexity of Y,

l-a)z+ay+(1-a)U=1-a)(z+U)+ayCY,

showing that (1 —a)z +ay €Y.

[e]
4. Let g € Y. Since Y is absorbing and convex, there exists a > 0 such that
—azg = a(—x9) € Y. By 3,
1 o °
0= — Y. O
a+1( azg) + at1® €
It is well known that any finite-dimensional Hausdorff topological vector
space X is topologically isomorphic to the Euclidean R™, where m = dim X.
Garcia-Raffi [86] proved that the result still holds for finite-dimensional T3 asym-
metric normed spaces, a result that was subsequently extended to 77 asymmetric
LCS in [44]. The isomorphism result is the following.

Proposition 1.1.68. Let (X, P) be an asymmetric LCS whose topology 7(P) is T1.
If X is finite dimensional with dim X = m, then it is topologically isomorphic to
the Euclidean space R™.

As we shall work with nets we shall present some properties related to nets
in LCS. A net is an application of a directed set (I,<) to aset X, p: I — X
also denoted by (x; : i € I), where x; = ¢(i), i € I. A subset J of the directed
set [ is called cofinal in I provided that for every i € I there exists j € J with
1 < j. One says that a net ¢ : J — X is a subnet of the net ¢ : I — X if there
exists a monotone mapping A : J — I (i.e., j1 <; j2 implies A(j1) <; A(j2)) such
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that ¥y = ¢ o A and A(J) is cofinal in I. A subnet of the net (z; : ¢ € I) is denoted
also by (¢ : j € J). If J is a cofinal subset of I, then (z; : j € J) is a subnet of
(z; : 1 €I). Tt is clear that, if J; is a cofinal subset of the directed set I and Jy is
a cofinal subset of .J;, then .J5 is also a cofinal subset of I.

The following result is probably well known, but for the sake of reader con-
venience we include a proof.

Lemma 1.1.69. Let (I,<) be a directed set. If I = Jy U---U J,,, where Jy are
nonempty subsets of I, k = 1,...,m, then at least one of the sets Jy is cofinal
m 1.

Proof. If Jy is a cofinal subsets of I, then we are done. If J; is not cofinal in I,
then there exists i1 € I such that there is no j € J; with i; < j. Putting

L={iel:i#iandi; <i},
it follows that Iy C Jo U---U J,,. We pose two distinct cases.

1. I; = (). In this case i1 is the greatest element of I. Indeed for i € I there
exists ig € I such that 71 < iy and ¢ < i9. By hypothesis i = i1, so that ¢ < iy. If
ke {1,...,m} is such that é; € Ji, then Ji is a cofinal subset of I.

II. I; # 0. In this case the set I; is cofinal in I. Indeed, since I; is nonempty
there exists an element j; € I;. If i € I is arbitrary, then there exists j € I
such that ¢ < j and j; < j, implying j € I; and ¢ < j. Since [; is contained in
JoU -+ UJp, it follows that Jo U --- U J,, is also a cofinal subset of I.

Repeating the argument with Jy U --- U J,, instead of I and continuing in
this manner, we get that some Jj, is a cofinal subset of I. g

Proposition 1.1.68 will be an immediate consequence of the following lemma.

Lemma 1.1.70. Let (X, P) be an asymmetric LCS of finite dimension m > 1 with
basis e1,...,em and let x; =y 3e1+ -+ amiem, t €I, be a net in X.

1. If for every k € {1,...,m} the net (ay ;) converges in R to some oy, € R,
then the net (x;) converges to x = aze; + -+« + amen, with respect to the
topology T(P).

2. If the topology 7(P) is Ty and the net (x;) converges with respect to 7(P) to
T = aier + -+ amem, then the net (ay;) converges in R to ay, for every

kEe{l,...,m}.
Proof. 1. For any p € P,

m

ple; —x)=p ( (okyi — Ofk)%) <p° (Z(ak,i - ak)%)
k=1

m
< Z lag,; —aglp®(er) =0, for iel.
k=1

k=1

Here p®(z) = max{p(z),p(—z)} denotes the symmetric norm associated to p.
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2. Suppose, by contradiction, that p(z;) — 0 for every p € P, but at least
one of the nets (ag,;), say (a1,;), does not converge to 0 in R. Then there exists
€ > 0 such that for every ¢ € I there exists j € I, j >4, such that |ay ;| > €. This
implies that the set J = {j € I : |a1,;| > €} is cofinal in I, and, consequently,
(xj : j € J)is asubnet of (z; : i € I), so it also converges to 0 with respect to
7(P). It follows also that M; := max{|aq ;| : 1 <k <m} >e forall j e J.

If y; := Mj_lscj7 j € J, then

p(yj) =

Writing y; = fije1 + -+ Bm,jem, j € J, it follows that for every j &
J, 1Bkl <1, k=1,...,m, and at least one of the numbers S ; has modulus 1.

If Jy:={j€J:|Br;| =1}, k=1,...,m, then, by Lemma 1.1.69, at least
one of the sets Ji, say Jp, is cofinal in J. By the same lemma, one of the sets
Ji={jeJi: b1, =(-1)}, s=1,2, is cofinal in J;. Denote it by A;. Since the
net (B2, : j € A1) is bounded, there exists a subnet (52,4 : o € Ag) of it converging
to some P2 € R. Similarly, the bounded net (834, : @ € A3) contains a subnet
(83,0 : @ € Ag) converging to some 3 € R. Continuing in this way we obtain
the subnets (Bgo : o € A,) converging to 8, € R for every k = 1,...,m, with
|61] = 1. Let zo = 1,01+ -+ Bimabm, @ € Ay, and 2z := Bre1+- - -+ Bpem # 0.
By the first part of the lemma, the net (—z,) is 7(P)-convergent to —z, which is
equivalent to p(—z,+2) — 0 for every p € P. Since 7(P) is Ty, there exists pg € P
such that po(z) > 0. It follows that

0 <po(2) < po(—2a +2) +po(2a) »
in contradiction to the fact that po(z4) — 0. g

Remark 1.1.71. There are infinite-dimensional asymmetric normed spaces which
are Hausdorff but not normable. An example is given in [91]. On the space X of
all sequences of real numbers with finite support,

p@) = 2" [ + 2 ]l2, = € X,

is an asymmetric norm on X, the induced topology 7, is Hausdorff, but (X,p)
is not isomorphic to any normed space, in other words, the topology 7, is not
normable. Here || - ||; and || - ||2 are the ¢P-norms for p = 1, 2.
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1.2 Completeness and compactness in quasi-metric
and quasi-uniform spaces

Completeness, total boundedness and compactness look very different in quasi-
metric and quasi-uniform spaces with respect to metric or uniform spaces. The lack
of symmetry in the definition of quasi-metric and quasi-uniform spaces causes a lot
of troubles, mainly concerning completeness, compactness and total boundedness
in such spaces. There are several notions of completeness in quasi-metric and quasi-
uniform spaces, all agreeing with the usual notion of completeness in the case of
metric or uniform spaces, each of them having its advantages and weaknesses. Also,
countable compactness, sequential compactness and compactness do not agree in
quasi-metric spaces, in contrast to the metric case.

The aim of this section is to present these notions of completeness as well as
the relations existing between total boundedness, completeness and compactness
in the setting of quasi-metric and of quasi-uniform spaces.

1.2.1 Various notions of completeness for quasi-metric spaces

We shall describe briefly some of these notions of completeness along with some
of their properties.

In the case of a quasi-metric space (X, p) there are several completeness
notions, which we present following [185], starting with the definitions of Cauchy
sequences.

A sequence (z,,) in (X, p) is called

(a) left (right) p-Cauchy if for every € > 0 there exist x € X and ng € N such
that
Vn > ng, pz,z,) <e

(respectively p(zn,z) < €);
(b) p*-Cauchy if it is a Cauchy sequence is the semimetric space (X, p®), that is
for every € > 0 there exists ng € N such that

Vi, k > ng, p°(zn, k) <,

or, equivalently, Vn,k > ng, p(zn,xr) <&
(c) left (right) K-Cauchy if for every e > 0 there exists ng € N such that

Y, k, ng <k<n = plzg,x,) <e

(respectively p(zn, k) < €);
(d) weakly left (right) K-Cauchy if for every € > 0 there exists ng € N such that

Y > ng, p(Tng,Tn) <€

(respectively p(Tyn, Tn,) < €).
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Sometimes, to emphasize the quasi-metric p, we shall say that a sequence is
left K-p-Cauchy, etc.

It seems that K in the definition of a left K-Cauchy sequence comes from
Kelly [111] who was the first to consider this notion (see also [50]).

Some remarks are in order.

Proposition 1.2.1 ([185]). Let (X, p) be a quasi-semimetric space.

1. These notions are related in the following way:

p°-Cauchy = left K-Cauchy
= weakly left K-Cauchy = left p-Cauchy,

The same implications hold for the corresponding right notions.
No one of the above implications is reversible.

2. A sequence is left Cauchy (in some sense) with respect to p if and only if it
is right Cauchy (in the same sense) with respect to p.

3. A sequence is p°-Cauchy if and only if it is both left and right K -Cauchy.

4. A p-convergent sequence is left p-Cauchy and a p-convergent sequence is right
p-Cauchy.

5. If each convergent sequence in a reqular quasi-metric space (X, p) admits a
left K-Cauchy subsequence, then X is metrizable ([138]).

A quasi-semimetric space (X, p) is called:

o p-sequentially complete if every p*-Cauchy sequence is 7,-convergent ([9]);

o left p-sequentially complete if every left p-Cauchy sequence is 7,-convergent
([185]);

e bicomplete if the associated semimetric space (X, p®) is complete, i.e., every
p°-Cauchy sequence is 7,s-convergent;

o left (right) Smyth sequentially complete if every left (right) K-Cauchy se-
quence is p®-convergent.

A bicomplete asymmetric normed space (X, p) is called a biBanach space.

To each of the other notions of Cauchy sequence corresponds a notion of
sequential completeness, by asking that each corresponding Cauchy sequence be
convergent in (X, 7,).

By the assertion 4 from above, each p-convergent sequence is left p-Cauchy,
but for each of the other notions there are examples of p-convergent sequences that
are not Cauchy, which is a major inconvenience. Another one is that a complete (in
some sense) subspace of a quasi-metric space need not be closed. The assertion 5
from Proposition 1.2.1 shows that putting too many conditions on a quasi-metric,
or on a quasi-uniform space, in order to obtain results similar to those in the
symmetric case, there is the danger of forcing the quasi-uniformity a uniformity.
In fact, this is a general problem when dealing with generalizations.
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It follows that the implications between these completeness notions are ob-
tained by reversing the implications between the corresponding notions of Cauchy
sequence from Proposition 1.2.1.1.

Proposition 1.2.2. These notions of completeness are related in the following way:

p-sequentially complete = weakly left K-sequentially complete =
left K-sequentially complete = left p-complete.

The same implications hold for the corresponding notions of right completeness.

In spite of the obvious fact that left p-Cauchy is equivalent to right p-
Cauchy, left p- and right p-completeness do not agree, due to the fact that right
p-completeness means that every left p-Cauchy sequence converges in (X, p), while
left p-completeness means the convergence of such sequences in the space (X, p).
For concrete examples and counterexamples, see [185].

In fact, as remarked Mennucci [151, §3.1i.2], starting from these seven notions
of Cauchy sequence, one can obtain (taking into account the symmetry between p
and p) 14 different notions of completeness, by asking that every sequence which
is Cauchy in some sense for p converges with respect to one of the topologies
7(p), 7(p) or 7(p*®). Mennucci [151] works with the notion of left Smyth complete-
ness considered by Smyth [225] (see also [216], [229], [230]) in connection with
some questions in theoretical computer science.

We mention the following example from [185].

Example 1.2.3. On the set X = N define the quasi-metric p by p(m,n) = 0
if m = n, p(m,n) = n=! if m > n, m even, n odd, and p(m,n) = 1 otherwise.
Since there are no non-trivial right K-Cauchy sequences, X is right K-sequentially
complete. The quasi-metric space X is not right p-sequentially complete because
the sequence {2,4,6,...} is right p-Cauchy but not convergent. This sequence is
left p-Cauchy but not weakly left K-Cauchy in (X, p). Also, the space (X, p) is
left K-sequentially complete but not left p-sequentially complete.

The following simple remarks concerning Cauchy sequences in quasi-semi-
metric spaces are true.

Proposition 1.2.4 ([27, 186]). Let (zy) be a left K-Cauchy sequence in a quasi-
semimetric space (X, p).

1. If (zn) has a subsequence which is T,-convergent to to x, then (xy) is T,-
convergent to x.

2. If (zn) has a subsequence which is Tz-convergent to x, then (x,) is T5-
convergent to x.

3. If (zn) has a subsequence which is p°-convergent to x, then (x,) is p°-
convergent to x.

Proof. 1. Suppose that (x,,) is left K-Cauchy and (x,, ) is a subsequence of (z,,)
such that limy p(x, x,, ) = 0. For € > 0 choose ng such that ng < m < n implies
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P(Xm,xy) < €, and let kg € N be such that ng, > ng and p(z,z,,) < € for all
k > ko. Then, for n > ng,, p(x,zn) < p(@, 20, ) + p(@n,, , 2n) < 26

2. Suppose that (x,,) is left K-Cauchy such that there exists a subsequence
(2, ) which is p-convergent to some x € X. For € > 0 let ko € N be such that

Vk > ko, p(zn,,z) <e, (1.2.1)
and let ng € N be such that
Vn,meN, ng<m<n = p(Tm,xn) <€. (1.2.2)
For n > ng let k > ko be such that ny > n. Then by (1.2.1) and (1.2.2)
P(0y) < Py ) + plny ) < 2,

proving that the sequence (z,,) is p-convergent to .

3. Suppose there is a subsequence (x,, )ken of (z,) such that z,, L2y
Then, by Proposition 1.1.8.2, z,,, 2 2 and Ty, 2y 2, so that, taking into account

the assertions 1 and 2, z, 2 z and Ty Lz Appealing again to Proposition

1.1.8.2, it follows that z, “ . 0

Remark 1.2.5. Property 3 from Proposition 1.2.4 was kindly communicated to us
by M.D. Mabula.

A series ), x, in an asymmetric seminormed space (X, p) is called conver-
gent if there exists x € X such that z = lim,,_, 22:1 x. The series Zn T, 1S
called absolutely convergent if >~ | p(x,) < co. It is well known that a normed
space is complete if and only if every absolutely convergent series is convergent.
A similar result holds in the asymmetric case too.

Proposition 1.2.6.

1. If a sequence (xy,) in a quasi-semimetric space (X, p) satisfies

Z:,ozl ,O(.’IL,H xn-‘rl) < 00,

then it is left K-Cauchy.

2. An asymmetric seminormed space (X,p) is left K-sequentially complete if
and only if every absolutely convergent series is convergent.

Proof. 1. For e > 0 let ng € N be such that Y 5° p(Tngti, Tng+i+1) < €. Then for
n>mngand k € N, p(xn, Tnir) < Zi:ol P Tppis Tpgirr) < €.

2. Suppose that (X,p) is left K-sequentially complete and let (z,) be a
sequence in X such that Y 02 p(z,) < co and let X,, = 21 + -+ x,, n € N.
For ¢ > 0 let ng € N be such that Y% p(@n,+i) < €. Then for n > ny and
k€N, p(Xntr — Xn) = p(@nt1 + -+ + Tnsk) < p(@ng1) + -+ p(@nsi) < e,
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showing that the sequence (X,,) is left K-Cauchy. By the left K-completeness of
the space X there exists z € X such that z = lim,, , X,, = ZZ’;I Tp.
Conversely, suppose that every absolutely convergent series in (X, p) is con-
vergent and let (x,) be a left K-Cauchy sequence in X. Let n; € N be such
that p(zm — 2,) < 27! for all n,m € N with n; < n < m. Now let ny > ng
be such that p(z,, — z,) < 27! for all n,m € N with no < n < m. Con-
tinuing in this manner we find a sequence of indices n; < ny < --- such that
P(Tnyy — Tny) < 27F for all k € N. It follows that Y°.° | p(@n,,, — Zn,) = 1, SO
that, by hypothesis, there exists € X such that y = > ;| (zn, — Zn,_,). But
Yi = (Tn, —Tn,) + -+ @npyy — Tny) = Tnyyy — Tny, for every k € N. It follows
that z,, = y+ x,, as k — oo. By Proposition 1.2.4, the sequence (1) converges
toy+xy,. g

By Proposition 1.2.2 a weakly left K-sequentially complete quasi-semimetric
space is left K-sequentially complete. As remarked by Romaguera [190] these
notions are in fact equivalent.

Proposition 1.2.7 ([190], Proposition 1). A quasi-semimetric space is weakly left
K -sequentially complete if and only if it is left K-sequentially complete.

Proof. Tt remains to show that a left K-complete quasi-semimetric space is weakly
left K-complete. Suppose that the space (X, p) is left K-complete and let (x,,) be
a weakly left K-Cauchy sequence in X. We have to show that (z,,) is p-convergent
to some z € X.

Let n(1) be the smallest natural number such that

Vn>n(l), p(x,a),zn) <1. (1.2.3)

If p(zn1),2n) = 0 for all n > n(1), then z, LN Tp(1)- Supposing that
P(Zn(1), Tm(1y) > 0 for some m(1) > n(1), let ko € N be such that

1

iy < p(Tna); Tm)) <1, (1.2.4)

and let n(2) be the smallest natural number such that
Vn >n(2), p(ene),rn) <1/ks. (1.2.5)

By the choice of n(1), n(2) > n(1), and by (1.2.4), n(2) # n(1) so that
n(2) > n(1).

Again, if p(x,(2),2,) = 0 for all n > n(2), then z, LN Tp(2)- If not, choose
m(2) > n(2) such that p(z,,(2), Tm(2)) > 0, then pick k3 € N such that

1 < ( < 1
kS = P Tn(1)) Tm(1) k2 ’
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and take n(3) to be the smallest natural number such that
Vn>n(3), p(Tne),rn) <1/k3.

Continuing in this manner we can get at some step ¢ an element z,,(;) such
that p(2y(),rn) = 0 for all n > n(i), implying z,, LN T (i)-
If such an 7 does not exist, we find the sequences of natural numbers

1=k <ky<--- and n(l) <n(2) <---

such that
Vn>n(i), p(Tpe),en) < 1/ki, (1.2.6)

for all 4 € N.

It is easy to check that the condition (1.2.6) implies that the sequence
(% (i) )ien is left K-Cauchy, so that, by the left K-completeness of the space (X, p),
it is p-convergent to some x € X.

Let us show that the sequence (x,,) is p-convergent to x. For € > 0 let ip € N
be such that k;ol < e and p(z,r,3;) <€, for all i > ig. Then for every n > n(io),

1
p(z,zn) < p(l‘,l‘n(io)) + p(xn(io)’xn) <e+ k. <2,
io

proving the p-convergence of (z,) to x. O

Concerning Baire’s characterization of completeness in terms of descending
sequences of closed sets we mention the following result, [185, Th. 10]. The diam-
eter of a subset A of X is defined by

diam(A) = sup{p(z,y) : z,y € A} . (1.2.7)

It is clear that the diameter, as defined, is in fact the diameter with respect
to the associated semimetric p°.

Theorem 1.2.8 ([185], Theorem 10). A quasi-semimetric space (X, p) is p-sequen-
tially complete if and only if each decreasing sequence Fy D Fy... of nonempty
closed sets with diam F,, — 0 as n — oo has nonempty intersection, which is a
singleton if p is a quasi-metric.

Proof. Let F1 D Fy D --- be a sequence of nonempty 7,-closed sets with
diam(F,)) — 0 for n — oo. Choosing z,, € F,, n € N, it follows that the se-
quence (z,) is p°-Cauchy, so that it is 7,-convergent to some z € X. Since for
every n € N, x4 € Fyr C Fp, for all & € N, letting £k — oo and taking into
account the closedness of the set Fj, it follows that x € F,, for all n € N, that is
€ NyF,.
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Suppose that p is a quasi-metric. Since p is a quasi-metric if and only if p*
is a metric, the hypothesis diam(F},,) — 0 implies that N, F,, can contain at most
one element.

We shall prove the converse by contradiction. Suppose that there exists a
p-Cauchy sequence (z,,) in X which is not p-convergent. Then (z,,) is left K-
p-Cauchy, so that, by Proposition 1.2.4 it is p-convergent provided it contains a
p-convergent subsequence. Consequently (x,,) does not contain p-convergent sub-
sequences, so that the set F,, = {x : k > n} is 7,-closed for every n € N. Since
(xn) is p°-Cauchy it follows that diam(F,,) — 0 for n — oco. If z € NS, F,, then
the inequalities p(z,x,) < diam(F,), n € N, imply lim, p(x,x,) = 0, that is
z, & , in contradiction to the hypothesis. Consequently NS, F,, = @, which
ends the proof of the reverse implication. O

The following characterization of right K-completeness was obtained in [35]
using a different terminology.

Proposition 1.2.9. A quasi-semimetric space (X, p) is right K-sequentially com-
plete if and only if any decreasing sequence of closed p-balls

Bjlxi,r1]) D Bplwy,m1] D -+ with  lim 7, =0
n— oo

has nonempty intersection.

If the topology T, is Hausdorff, then NS, Bjs[xy,Tyn] contains exactly one
element.

Proof. Suppose that (X, p) is right K-complete and let Bj[zy, 7], n € N, be a
sequence of closed p-balls satisfying the requirements of the proposition.

We show first that the sequence (x,) formed with their centers is right K-
Cauchy. For € > 0 there exists ng € N such that r, < ¢ for all n > ng. If
no < n < m, then x,, € Bs[xy, ] so that

P(Tn,Tm) <1y <& <= p(Tm,xy) <1y <€,

showing that (z,,) is right K-Cauchy. It follows that there exists € X such that
Ty 2 2. For every k € N, z, € Bj[zk,ri] for all n > k. Since, by Proposition
1.1.8, the ball Bj[zy, 4] is T,-closed, it follows that @ = p-limy, o0 2 € Bplzi, s,
showing that « € N2, B[k, k).

If y € N9% Bs[xy, 0], then for all n € N, p(zn,y) <7mn <= p(y,n) < 1o,
so that z,, 2 y. If the topology 7, is Hausdorff, then y = x.

To prove the converse, let (x,,) be a right K-Cauchy sequence in (X, p). Then
there exists n; such that n; < n < m implies p(zp,, z,) < 1/2 <= p(zn, Tm) <
1/2. In particular p(z,,,z,) < 1/2 for all n > n,. Consider the ball Bj[zy,,, 1].

Let now ng > ny be such that ny < n < m implies p(,,r,) < 1/2? <=
(T, Tm) < 1/22 s0 that p(an,,z,) < 1/22 for all n > na.
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It follows that Bj[xy,,1/2] C Bj[zy,,1]. Indeed, p(zn,,y) < 1/2 implies

_ _ _ 1 1
p(xn17y)Sp(xn17xn2)+p(xn27y)§ + :1

2 2
Continuing in this manner we obtain a sequence n; < ng < --- such that
_ 1
Vn > ng, P(xnk7$n) < ok

It follows that p(wn,,Tn.,,) < 27° and the balls Bs[z,,,2~ V] satisfy
5 Tns1,27%] C Bslan,, 27 %], ke N.

By hypothesis there exists x € N§2 | B[y, , 2~ ¢~V

The relations p(z,7,,) = p(w,,,z) < 27*"D — 0 as k — oo, show that
p-limg_yo0 2, = x. By Proposition 1.2.4.2, the right K-Cauchy sequence (x.,) is
p-convergent to x. g

B

Remark 1.2.10. It is obvious that the conclusion of Proposition 1.2.9 remains
true for every family Fi D F» D --- of nonempty 75-closed sets in a right K-
sequentially complete quasi-metric space (X, p) for which there exists the balls
B,lxn,mn] D Fn, n €N, satisfying the hypotheses of the proposition.

As it is well known in the case of semimetric spaces, the sequential complete-
ness is equivalent to the completeness defined in terms of filters or of nets. Roma-
guera [190] proved a similar result for left K-complete quasi-semimetric spaces.

A filter F in a quasi-semimetric space (X, p) is called left K-Cauchy if for
every € > 0 there exists F; € F such that

Ve F., B,(v,e)eF. (1.2.8)

Also a net (x; : i € I) is called left K-Cauchy if for every € > 0 there exists
19 € I such that
Vi,jel, ip<i<j = pla;,z;) <e. (1.2.9)

Proposition 1.2.11. For a quasi-semimetric space (X, p) the following are equiva-
lent.

1. The space (X, p) is left K -sequentially complete.
2. Every left K-Cauchy filter in X is 7,-convergent.
3. Bvery left K-Cauchy net in X is 7,-convergent.

Proof. 1 = 2. If F is a left K-Cauchy filter in (X, p), then for every n € N there
exists Fj, € F such that

VzeF,, By(z,27")eF.

Pick 1 € F} and z,, € F,, N (ﬂz By(xy, 2~ )) for n > 1.
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The sequence (z,,) is left K-Cauchy. Indeed, for € > 0 let £ € N be such that
27k < e. Then, by the choice of z,,, for k <m < n, z, € B,(zm,2~™), implying
P(Tm, ) <27 <270 < g,

By hypothesis, there exists x € X such that

B2 —= plz,z,)—0. (1.2.10)

We want to show that £ = lim F which is equivalent to the condition
VkeN, B,(z,27%) e F.

Let k € N. By (1.2.10) there exists n > k such that p(z,x,) < 271 If
p(xn,y) < 27™, then

1 1 1
pla,y) < plz,zn) + p(zn,y) < k41 + on < ok

showing that B,(z,,27") C B,(z,27%). Since B,(z,,27") € F, it follows that
B,(z,27%) e F.

2 = 3. If (x; :i€1)is aleft K-Cauchy net in X, then the sets F; =
{z; : j > i}, i € I, form the base of a filter F on X. For € > 0 let iy be such
that 49 <14 < j implies p(x;,x;) < €. If i > 4g, then p(x;,x;) < € for every j > i,
showing that F; C B,(z;,¢). Consequently, B,(z;,¢) € F for every x; € Fj,.

By hypothesis there exists z € X such that x = lim F. Using the definition
of the filter F, it is easy to check that = lim; x;. Indeed, for e > 0, B,(z,¢) € F,
so there exists i9 € I such that F;, C B,(z,¢), implying p(z,z;) < € for every
i > i

The implication 3 = 1 is obvious. g

A filter F in a quasi-uniform space (X,U) is called left U- Cauchy if for every
U € U there exists x € X such that U(z) € F. The quasi-uniform space (X,U)
is called left U-complete if every left U-Cauchy filter is convergent with respect to
the induced topology 7(U). In quasi-semimetric spaces these notions correspond
to those of left p-Cauchy sequence and sequential left p-completeness. Call a quasi-
semimetric space left p-complete if the associated quasi-uniform space (X,U,) is
left U,-complete. We have seen in Proposition 1.2.11 that a quasi-semimetric is
left K-complete if and only if the associated quasi-uniform space (X,U,) is left
K-complete.

In the case of left p-completeness this equivalence does not hold in general.

Proposition 1.2.12 (Kiinzi [131]). A Hausdorff quasi-metric space (X, p) is left p-
sequentially complete if and only if the associated quasi-uniform space (X,U,) tis
left U,-complete.



54 Chapter 1. Quasi-metric and Quasi-uniform Spaces

Proof. Suppose that (X, p) is left p-sequentially complete and let F be a left
U,-Cauchy filter. Then, for every k € N, there exists x; € X such that By :=
B,(x1,27%) € F. Let

K =Ny 7,-cl(Ni—1Bx) - (1.2.11)

Claim 1. Any sequence y, € N}_, Bi, n € N, is left p-Cauchy.
For ¢ > 0 let k € N be such that 27% < ¢. If n > k, then y,, € By, so that
plTg,yn) <27F < e

Claim 1II. The set K is a singleton.

Let y, € N?_, Bk, n € N. Then the sequence (y,,) is left p-Cauchy, so that,
by hypothesis, there exists # € X such that y,, = 2. Since K is T,-closed it follows
that x € K.

Let y € K. By the definition (1.2.11) of the set K, for every n € N there
exists the elements

Tn € By(z,27")NB1N---NB, and 2z, € B,(y,27")NB1N---NB, .

It follows that z,, = z and 2, 2 y. Define a sequence (w,,) by wag—1 = xk
and wer = z;. By Claim I the sequence (wy) is left p-Cauchy, because w, €
Bin---NB,, n € N, so that it is p-convergent to some w € X. Since 7, is Hausdorff
this limit is unique, implying z = limg wor—1 = w and y = limg we, = w, that is
y=x.

Claim III. lim F = z.

Supposing the contrary, there exists an open neighborhood V of x such that
V ¢ F. It follows that By N---N B, € V, that is By N---N B, \ V # 0 for every
n€N. Let y, € ByN---N B, \'V, n € N. By Claim I the sequence (y,,) is left p-
Cauchy, so that there exists y € X such that y,, 2 . It follows that y € K = {z},
so that y, 2 2, in contradiction to the fact that y,, ¢ V € V,(x) for all n € N.

The converse is easy to prove and holds in general: any left i/, complete
quasi-semimetric space (X, p) is p-sequentially complete.

If (z,,) is a left p-Cauchy sequence in (X, p), then the sets F,, = {a : k >
n}, n € N, form the base of a filter F on X. It is easy to check that F is U,-
Cauchy, so it is 7,-convergent to some = € X, implying =, 2y 2. Indeed, for
e >0, By(x,e) € F, so there exists ng € N such that F,,, C B,(z,¢), implying
Zn € Bp(z,¢) for all n > ny. O

Kiinzi [131] considers a more general notion of completeness, namely that
of cluster completeness meaning that every Cauchy (of some kind) filter or net,
has a cluster point. If one considers sequences, then one says cluster sequentially
complete. (Our terminology differs from that in [131] where a quasi-uniform space
such that any Cauchy filter is convergent is called convergence complete and a
quasi-uniform space such that any Cauchy filter has a cluster point is called com-
plete.)
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Using this terminology, by Proposition 1.2.4 a left K-cluster sequentially
complete quasi-semimetric space is left K-sequentially complete.

Kiinzi [131] gives examples of
e a T quasi-metric space (X, p) that is U,-cluster complete, but not left p-
sequentially complete (Example 1);
e a Ty quasi-metric space (X, p) that is left p-sequentially complete, but not
U,-cluster complete (Example 2);

e a T quasi-metric space (X, p) that is left p-sequentially complete and U,-
cluster complete, but not U,-complete (Example 3).

Call a quasi-semimetric space (X, p)

e point-symmetric if 7(p) C 7(p), and
e locally symmetric if for every x € X and every € > 0 there exists § > 0 such
that
U{B,(y,8) : y € By(x,0)} C B,(x,¢), (1.2.12)

or, equivalently, if
Vze X, (FyeX, plx,y) <0 A plz,y) <d = p(z,2) <e) . (1.2.13)

A point-symmetric quasi-semimetric is called also a strong quasi-semimetric.
Observe that if p is point-symmetric, then the topology 7(p) is semimetrizable
(metrizable if p is a quasi-metric), see Proposition 1.1.13.

We mention the following result.

Proposition 1.2.13.

1. A locally symmetric quasi-semimetric space is point-symmetric.

2. A quasi-semimetric space (X, p) is point-symmetric if and only if
P 4
Ty ST = Tp — T, (1.2.14)

for every sequence (x,,) in X.

3. ([10]) A weakly right K -sequentially complete Ty quasi-metric space is point-
symmetric

4. ([10]) A countably compact Ty quasi-metric space is point-symmetric.

Proof. 1. IfY C X is 7(p)-open, then for every x € Y there exists ¢ > 0 such
that B,(x,e) C Y. Choosing § > 0 according to (1.2.12), it follows that the 7(p)-
open set U{B5(y,d) : y € B,(x,d)} contains = and is contained in Y, so that Y is
7(p)-open.

The equivalence from 2 follows from the fact that in a quasi-semimetric space
all the topological properties can be expressed in terms of sequences, a property
valid in any first countable topological space.
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3. The proof is based on 2. The space (X, p) is Ty if and only if p(z,y) =
0 <= xz=yforallz,y € X.Let (x,) be a sequence in X that is 7(p)-convergent
to # € X. Define the sequence (y,) by yor—1 = x and yor = z for k € N. It
is obvious that (y,) is weakly right K-Cauchy, so there exists y € X such that
Yn L y. Since p(y,z) = p(y, yar_1) — 0 as k — oo, it follows that p(y,z) = 0, so
that y = 2. The relations p(z, zx) = p(y, yar) — 0 for k — co show that z,, & .

4. Suppose, by contradiction, that there exists G € 7(p) \ 7(p). It follows
that

(i) VzxeG, Iny, €N, By(z,27")CG,
(ii) 3Jwo€G, VneN, By(z,27")NL(G) #0,
where for Z C X, ((Z2) = X\ Z.
Since a topological space is countably compact if and only if every filter with

a countable base has a cluster point, it follows that the filter F generated by the
countable filter base {B;(x,27") N ((G) : n € N} has a cluster point y € X,

implying

(1.2.15)

y € B,(y,27™) N Bs(x0,27 ") NC(G) , (1.2.16)

for every n € N.
From y € [(G), it follows that y # x¢, so that there exists n € N with

zo ¢ Bo(y,27") <= ply,m0) 227"

By (1.2.16) there exists z € B,(y,27 ") N B;(z0,27""1), leading to the
contradiction

27" < p(y, xo) < ply, 2) + p(2, 20)
=p(y, 2) + pzo,2) < 27"t g 27"t =27n O

We have seen in Proposition 1.2.7 that sequential weak left K-completeness
and sequential left K-completeness are equivalent notions in any quasi-semimetric
space. The following example shows that this result is not true for right complete-
ness.

Example 1.2.14 (Csészar, see [10]). Let X = {0}U{1/n : n € N} and let the quasi-
semimetric d be defined by d(0, (2k)~') = (2k)~!, d(n~', (2k)!) = (2k) ' —n~!

if n > 2k, d(xz,x) =0, for all z € X and d(z,y) = 0 otherwise. Then 7(d) is the
discrete topology, so that 7(d) C 7(d), that is the space (X, d) is point-symmetric.
A right K-Cauchy sequence in (X, d) is either eventually constant or a subsequence
of (1/2k), say x; = 1/2k;, i € N. In this last case d(0, ;) = (2k;)~* — 0 as i — oc.
Consequently (X, d) is right K-sequentially complete. However the sequence (1/n)
is weakly right K-Cauchy without being 7(d)-convergent.

Although, an equivalence result can be obtained under some supplementary
conditions on the space X.
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Proposition 1.2.15 ([10]). A right K -sequentially complete locally symmetric quasi-
semimetric space is weakly right K-sequentially complete,

Proof. Suppose that (z,) is a weakly right K-Cauchy sequence in a locally sym-
metric quasi-semimetric space (X, p). Let ny be the first natural number such
that

Vn >ny, p(xn,on,) <1/2. (1.2.17)

If p(zn,zn,) = 0 for all n > nq, then z, 2, Zn,, so that, by Proposition
1.2.13.2, z, LN Zn, . Else, let m; be the first natural number greater than n; such
that p(€m,, Tn,) > 0, and let ko € N be such that

1 1
ks < P(Xmy, Ty ) < oka—1 ° (1.2.18)

Since p(Tpm,, Tn,) < 1/2, it follows that kg > 1.
Let ny be the first natural number such that

1

Yn > ng,  p(Tn, Tn,) < ok

If no < mq, then, by the definition of the number nq, there exists m, nys < m <
ny, such that p(xn,, x,,) > 1/2, leading to the contradiction 1/2 < p(x,, Zpn,) <
1/2k2,

If ny < ng < my, then p(z,,, ,, ) = 0, implying

1 1
k2 = p(xmu‘rﬂd) < p($m17$n2) +p(l‘n2,l‘n1) - p(xmu‘rnQ) < k2

a contradiction, again.

Consequently n1 > mq > nq, and p(zn,, Tn, ) < 1/2.

Continuing in this manner, it is possible that at some step 4, p(zn,2n,) =0
for all n > n;, implying =z, LN Zn,. If such an ¢ does not exist, then we find the
increasing sequences of natural numbers

ng <ng <--- and ki <ko<---
such that 1
VieN, Yn>n;, pan, ) < o, -
It follows that 1
ki

It is easy to check that (1.2.19) implies that the sequence (xp,)ien is right
K-Cauchy, so there exists € X such that z, Lor = limi,e plx,x,,) =0.

For ¢ > 0 choose § > 0 according to (1.2.13).

VieN, p(xn, ., Tn,) < (1.2.19)
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Let ip € N be such that
Vi > g, p(z,zp,) <6,
and let j > iy be such that 27% < §. Then for n > nj,

1
p(r,xn;) <6 and  p(xn, ;) < ok, < J.

Applying (1.2.13) with y = x,,, and z = x,,, it follows that p(x,z,) < ¢ for
all n > n;, that is x,, 2 . O

The analog of Proposition 1.2.11 can also be obtained only under some sup-
plementary hypotheses on the quasi-semimetric space X.

A filter F in a quasi-semimetric space (X, p) is called a right K-Cauchy filter
if for every € > 0 there exists F. € F such that B;(z,e) € F for every x € F.. A
net (z; : i € I) is called a right K-Cauchy net if for every ¢ > 0 there exists ig € T
such that p(z;, x;) < e for all 4,5 € I with ip <i < j.

Call the space (X, p) right K-complete if every right K-Cauchy filter in X is
Tp,-convergent to some x € X.

The quasi-semimetric space (X, p) is called R; if for all z,y € X, 7,-cl{z} #
T,-cl{y} implies the existence of two disjoint 7,-open sets U,V such that « € U
andy e V.

Proposition 1.2.16 ([10]). Let (X, p) be a quasi-semimetric space. The following
are true.

1. If X s right K-complete, then every right K-Cauchy net in X is conver-
gent. In particular, every right K-complete quasi-semimetric space is right
K -sequentially complete.

2. If the quasi-semimetric space (X, p) is Ry then X is right K-complete if and
only if it is right K -sequentially complete.

Proof. 1. If (z; : i € I) is a right K-Cauchy net in X, then F; = {z; : j €
I, i < j}, i €1, is the base of a filter F in X. For € > 0 let i9 € I be such that
plzj,z;) < e <= p(x;,z;) < e forall 4,5 € I with ip < i < j. Then for every
n > ng, F,, C Bs(zy,€), implying Bjs(z;,€) € F for every i > i, that is the filter
F is right K-Cauchy. By hypothesis, F is convergent to some z € X. It is easy to
check that the net (z; : i € I) is p-convergent to .

2. We have to prove only that a right K-sequentially complete quasi-semi-
metric space (X, p) is right K-complete. Let F be a right K-Cauchy filter on
X. Then for every n € N there exists F,, € F such that Bs(x,27") € F for all
z € F, Let z1 € F} and z,, € F,, N ﬂ:;ll Bﬁ(xk,Q_"”'), n > 1. It follows that
the so-constructed sequence (x,,) is right K-Cauchy, so it is p-convergent to some
x € X. We shall show that the filter 7 converges with respect to 7, to x. Supposing
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the contrary, there exists m € N such that B,(xz,27™) ¢ F. We construct a new
sequence (yy) in the following way: take y1 € Fy N B(z1,271) \ B,(x,27™) and

n—1

Yn € Fo 0 Bp(zn,27") N (] Bsys,27) \ By(x,27™)
k=1

for n > 1. The relations y,, € (\;—1 Bp(yx,27 %), n > 1, imply that (y,) is also a
right K-Cauchy sequence, so it is p-convergent to some y € X.

If 7,-cl{z} = 7,-cl{y}, then x € 7,-cl{y}, implying p(z,y) = 0. The relations
p(x,yn) < p(x,y) + p(Y,yn) = p(y,yn) = 0, n — oo, imply that y, = z, in
contradiction with the fact that y, ¢ B,(z,27™) for all n € N.

If 7,-cl{x} # 7,-cl{y}, then there exists ¢ > 0 such that B,(z,e)NB,(y,¢) =
0. Since yy, € B(xp,27™) it follows that p(yn,zn) < 27" — 0, n — oco. But then

(Y, 2n) < p(Y,Yn) + p(Yn, 2n) — 0, n—o00.

Consequently, z, Ly ¢ oand z, & v, implying that, for sufficiently large
n, &, € By(z,e) N B,(y,e) =0, a contradiction. O

Stoltenberg [226] considered a more general notion of a right Cauchy net.
A net (z; : ¢ € I) in a quasi-semimetric space (X, p) is called right Si-Cauchy
provided that for every € > 0 there exists i. € I such that

Vi, j>ie, 1<j Viwj = plxj,z;)<e, (1.2.20)

where ¢ ~ j means that 4, j are incomparable (that is no one of the relations i < j
and j < ¢ holds). Observe that

p(zj,z;) <e and p(zj, ;) <e, (1.2.21)

for all 4,5 > i., i j.
It is obvious that, particularized to sequences, the notions of right K-com-
pleteness and right Si-completeness agree.

Proposition 1.2.17 ([226]). A T} quasi-metric space (X, p) is right K -sequentially
complete if and only if every right Si-Cauchy net in X is 7,-convergent.

Proof. We have only to prove that the sequential right K-completeness implies
that every right S;-Cauchy net in X is 7,-convergent.

Let (z; : i € I) be a right S;-Cauchy net in X. Let i > ix—1, k > 2, such
that (1.2.20) holds for ¢ = 1/2% k € N.

The inequalities p(z;,,,, %, ) < 27%, k € N, imply that the sequence (z;, )ren
is right K-Cauchy, so it converges to some x € X.
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We distinguish two cases.

Case 1. dig € I, dko € N, Vk > ko, T, < ig.

Then for every k > kg and 9 < @ we have iy, < ip < 4, so that p(x;, z;,) < 2-k
implying p(z;,z;,) = 0. Since the quasi-metric space (X, p) is Ty, it follows that
x; = x4, for all i > iy (see Proposition 1.1.8), so that the net (z; : ¢ € I) is
Tp-convergent to x;,.

Case II. VieI, VkeN, 3k’ >k, iy £i.

For ¢ > 0 let ko € N be such that 27% < ¢ and p(z, ;) < € for all k > k.

For i > iy, let k > ko be such that iy, ﬁ 1. Again there are two situations. If
ir ~ i, then, since iy, < iy and iy, < i, it follows that p(z;, ,2;) < 2=ko < o If
ik, are comparable, then we must have i < iy, so that p(z;,,z;) < 27% <e.

In both cases

p(x,xi) < p(x7xik) + p(xik’xi) <2,
for all ¢ > ix,, showing that the net (z; : ¢ € I) is 7,-convergent to x. O

Stoltenberg gives in [226] examples of
e a right K-sequentially complete T7 quasi-metric space (X, p) containing a
right K-Cauchy net that is not 7,-convergent (Example 2.4);
e a right K-sequentially complete 77 quasi-semimetric space (X, p) containing
a right S;-Cauchy net that is not 7,-convergent, showing that Proposition
1.2.17 does not hold for quasi-semimetric spaces (Example 2.6).

1.2.2 Compactness, total boundedness and precompactness

A subset Y of a quasi-metric space (X, p) is called precompact if for every e > 0
there exists a finite subset Z of Y such that

Y CU{B,(z,e):z€ Z}. (1.2.22)

If for every € > 0 there exists a finite subset Z of X such that (1.2.22) holds,
then the set Y is called outside precompact.
One obtains the same notions if one works with closed balls B,[z,¢], z € Z.

Proposition 1.2.18. Let (X, p) be a quasi-semimetric space.
1. A subsetY of X is (outside) precompact if and only if for every e > 0 there
exists a finite subset Z of Y (resp. of X) such that Y C U{B,[z,¢] : z € Z}.

2. A subset Y of X is (outside) precompact if and only if the set 15-cl(Y') is
(outside) precompact.

3. A subset Y of X is precompact if and only if for every € > 0 there exists a
finite subset x1,...,x, of X such thatY C U}, B,(z;,€) and Y NBps(z;,¢€) #
0, foralli=1,...,n.
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Proof. The nontrivial part of the assertion 1 follows from the inclusion B[z, e] C
B(z,2¢).

2. Let € > 0. Since Y is precompact there exists a finite set Z C Y such that
Y C U{B,[z,¢] : z € Z}. Since every ball B,[z,¢] is T5-closed (see Proposition
1.1.8, it follows that 75-cl(Y) C U{B,[z,¢] : z € Z}.

Conversely, if 75-cl(Y) is precompact, then for given ¢ > 0 there exists a
finite subset {21, ..., 21} of 7,-c1(Y') such that 7,-cl(Y') C UF_, B,(z;,¢). For every
i€{1,2,...,k} there exists y; € Y such that p(y;, z;) = p(zi,y:) <e. Fory €Y
there exists ¢ € {1,2,...,k} such that y € B(z;,¢), implying

p(Wisy) < pyis zi) + p(zi,y) < 2e,

showing that Y C U¥_, B, (y;, 2¢), that is Y is precompact.

3. For € > 0 let {z1,...,2,} C X such that the conditions hold for ¢/2. If
yi €Y N Bs(xi,e/2), i=1,...,n, then Y C U B,(x;,¢).

Indeed, for any y € Y there exists k € {1,...,n} such that p(zx,y) < €/2,
implying

Py, y) < p(yr, o) + p(zr,y) = p(Tr, yr) + p(Tr,y) < €. O

Proposition 1.2.19 ([4]). Let (X,p) be a quasi-semimetric space and (x,) a se-
quence in X.

1. If (xy,) is weakly left K-Cauchy, then {x, : n € N} is precompact.
2. If (zy,) is p-convergent, then it is outside precompact. If x is a limit of (x,,),
then {x} U{z, : n € N} is precompact.

3. There exist p-convergent sequences which are not precompact.

Proof. 1. For € > 0 there exists k such that p(zy,z,) < e, for every n > k,
implying {x, : n € N} C U{B,(z;,¢): 1 <i < k}.

2. If z is a limit of (), then for every ¢ > 0 there exists k € N such that
p(an,x) < e, for all n > k, implying {z} U {z, : n € N} C B,(z,e) U{B,(z;,¢) :
1<i<k)

If () is p-convergent to some z € X, then the above reasoning shows that
{zy, : n € N} is outside precompact.

3. We shall present a counterexample in the space f, of all bounded real
sequences equipped with the asymmetric norm p(x) = sup, 27, for x = (2;)%2, €
ls. Consider the sequence x, = (1,1,...7711,070,...)7 n>11fz=(1,1,...),
then p(z, — 2) = p(0,...,0,—1,—1,...) = 0, for all n, so that (x,) converges to

n

z with respect to p. Let ¢ = 1/2 and let ny < ng < -+ < ng be an arbitrary finite
subset of N. Then, for every n > ng, p(x, —x,,) = 1,i=1,...,k, showing that
{zn : n € N} is not contained in U{B,(zn,,€) : 1 < i < k}. O

Proposition 1.2.20 ([27]). A 7,-compact quasi-semimetric space (X, p) is precom-
pact and separable.
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Proof. The precompactness is obvious: for ¢ > 0, {B,(z,¢) : « € X} is an 7,-open
cover of X, so there exists a finite subset Z. of X such that X = U{B,(z,¢) :
z € Z.}.

To prove the separability, let Zx C X be a finite subset such that X =
U{B,(z,1/k) : z € Zy}, k € N. Obviously, Z = U2, Z; is countable. For an
arbitrary € > 0 let k € N be such that 1/k < e. Then for z € X = U{B,(z,1/k) :
z € Zy} there exists z € Zy, C Z such that = € B,(z,1/k) C B,(z,¢), proving the
T,-density of Z in X. g

We mention also the following result from [196].

Proposition 1.2.21. In a precompact quasi-semimetric space (X, p) every sequence
admits a left p-Cauchy subsequence.

If X is countable, then the converse assertion is also true.

Proof. Suppose that (X, p) is precompact and let (x,) be a sequence in X. By
the precompactness of X there exists a finite subset Z; of X such that X =
U{B,(z,1/2) : z € Z}. It follows that there exists z; € Z and an infinite subset
My :ni < nd < -+, of N such that p(z1,2,6) < 1/2 for all k € N. Similarly,
there exist an infinite subset Ms : n% < n% < -+-,0of My and 25 € X such that
p(z2,2,5) < 1/2% for all k € N.

Continuing in this manner we obtain the infinite sets N D M; D My D
oo, My :n¥ <nb < ... and the points z; € X such that p(zg,z,) < 1/2% for
alli € N. '

We show that the diagonal sequence (mnz) ken is left p-Cauchy. Indeed, given
£ >0 let k € N such that 27% < ¢. Then for every i > k, Tpi € B,(2,27%) =
P2k, Tyi) < 27k <e.

Suppose that the set X is countable, X = {z,, : n € N}. If X is not precom-
pact then there exists € > 0 such that for every finite subset Z of X there exists
x € X with p(z,z) > ¢ for all z € Z. It follows that for every n € N there exists
yn € X such that p(zk,yn) > e forall k =1,... n. It is obvious that the sequence
(yn) does not contain any left p-Cauchy subsequence. O

The set Y is called totally bounded if for every € > 0, Y can be covered
by a finite family of sets of diameter less than e, where the diameter of a set
is defined by (1.2.7). Total boundedness implies precompactness. Indeed, if Y C
U{4; : 1 < i < n} where diam(4;) < e and 4, NY # @, for i = 1,...,n, then,
taking z; € A, NY, 1 <i <n, it follows that Y C U{B,(z,¢) : 1 <i <n}.

As it is known, in metric spaces the precompactness, the outside precompact-
ness and the total boundedness are equivalent notions, a result that is no longer
true in quasi-metric spaces, where outside precompactness is strictly weaker than
precompactness, which, in its turn, is strictly weaker than total boundedness, see
[143] or [153].
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It is obvious that p®-precompactness implies p-precompactness and p-precom-
pactness, but the converse is not true, as the following example shows.

If (X, p) is an asymmetric seminormed space, then the terms p-precompact,
p-precompact, etc are understood as p,-precompact, pp-precompact, etc, where by
pq we denote the quasi-semimetric pq(z,y) = ¢y — z), z,y € X, corresponding
to an asymmetric seminorm g. Total boundedness is defined similarly.

Example 1.2.22 ([4]). There exists a subset of an asymmetric normed space (X, p)
that is both p- and p-precompact, but not p®-precompact.

Consider the space £, with the asymmetric norm p(z) = sup; z;", = = (2;) €
ls. Then p*(x) = sup, |x;| is the usual sup-norm on /. Let 2° = (1,1,...).
Because for € Bps, x; — 1 < |z;| — 1 < 0, it follows that p(z — 2°) = 0, so that
x € 2° + ¢ B, for every € > 0, showing that B, is p-precompact. The relations
Bps = —Bys C —2° + e(—B,) = —2° + ¢ B; show that B, is also p-precompact.

Since any normed space with precompact unit ball is finite dimensional, it
follows that Bps is not p°-precompact.

It is also obvious that a precompact set is outside precompact, but the con-
verse is not true, even in asymmetric normed spaces.

Example 1.2.23 ([4]). There exists a set that is outside precompact but not pre-
compact.

In the same space consider the sequence z,, = (1,1, .. 0,...), n € Nand

0 1 b

(n)
let = (1,1,...). Then p(x, —z) = p((0,...,0,—1,—1,...)) = 0, that is z,, 2 .
By Proposition 1.2.19.2; the set A = {x,, : n € N} is outside precompact but not
precompact. Indeed, let e = 1/2. If 2y, ..., 2p, € A, where N1 < ng < -+ < ng,
then p(zp,+1 — Tn,) = 1, showing that A is not precompact.

Remark 1.2.24. The above example shows also that the set B = AU {z} is pre-
compact, but not hereditarily precompact, because its subset A is not precompact.

Recall the following general results.

Proposition 1.2.25 ([73]).

1. Any sequentially compact topological space is countably compact.

2. If a countably compact topological space satisfies the first axiom of countabil-
ity, then it is sequentially compact.

From this proposition one obtains immediately the following consequence.

Corollary 1.2.26. A quasi-semimetric space is sequentially compact if and only if
it s countably compact.

In contrast to the case of metric spaces, compactness and sequential com-
pactness are different notions in quasi-metric spaces.
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Example 1.2.27 ([130]). Let wy be the first uncountable ordinal. The space X =
[1,w1), equipped with the quasi-semimetric d(z,y) = 1 if < y and d(z,y) =0
otherwise, is sequentially compact but not compact.

This space is also an example of a sequentially compact quasi-semimetric
space that is not precompact.

Other examples are given in [75] and [214].

Indeed, if (x,,) is a sequence in X, then there exists € X such that z,, <z
for all n € N, implying d(z,z,) = 0 for all n € N, that is z,, LN

For each z € X, B(z,1) ={y € X :d(z,y) =0} ={ye X :y<z}isa
countable set, and the family B(x,1), « € X, covers X. The existence of a finite
subset x1,...,2, of X such that X = B(z1,1)U--- U B(zk, 1) would imply that
X is countable, a contradiction.

The sequential compactness of X plus precompactness would imply compact-
ness (see Proposition 1.2.32), so X is not precompact.

The following condition for a sequentially compact quasi-semimetric space to
be compact was given in [130].

Proposition 1.2.28. A sequentially compact quasi-semimetric space (X, p) such that
cl{x} is compact for every x € X is compact.

Proof. Tf X is compact, then the closed subset cl{z} is compact for every x € X.
Suppose now that X is sequentially compact and cl{z} is compact for every
z€X. Let A={x € X :Vy € cl{z}, cl{y} = cl{z} and let M be the subset of A
obtained by choosing exactly one element in each set cl{x}.
We have
yec{z} < ply,x)=0.

Observe first that p|ys is a 71 quasi-metric on M. Indeed, for z,y € M,
p(x,y) = 0 implies = € cl{y}, so that cl{z} = cl{y}, and, by the definition of the
set M, z =y.

Let us show now that M is sequentially compact. If (x,,) is a sequence in M,
then, by the sequential compactness of the space X, there exists a subsequence
(Zn,) of (z,,) converging to some x € X, that is p(z,z,,) — 0 as k — oo.
Since cl{z} is compact, an application of Zorn’s lemma shows that it contains a
nonempty minimal closed subset C. If y € C, then cl{y} C C, so that, by the
minimality of C,cl{y} = C. It follows that C' C A, so there exists z € M such
that cl{z} = C. If y € C C cl{x}, then p(y,z) = 0, and z € C = cl{y} implies
p(z,y) = 0. The relations

P(Zaxnk) S p(z,y) +p(y,l’) er(z,xnk) = p(Z,fEnk) — Ov k — 00 )

show that z,, 2 2 e M.
As a sequentially compact quasi-metric space, M is compact. Let G;, 1 € I,
be an open cover of the space X and let G;,, 1 < k < n, be a finite cover of M.

Bk
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Let x € X. Since cl{z} is compact, there exists a nonempty minimal closed
subset C of cl{z}. Reasoning as above, it follows that there exists z € M such that
c{z} = C C cl{z}, so that p(z,z) = 0. Let k € {1,...,n} be such that z € G,
and let 7 > 0 such that B,(z,r) C G;,. Then z € B,(z,r) C G;,, showing that
X = U}_,Gy,. Therefore the space X is compact. O

Corollary 1.2.29. A sequentially compact 11 quasi-metric space is compact.

Proof. Let (X,p) be a Ty quasi-metric space. It follows that cl{z} = {z} for
every ¢ € X, so that cl{z} is compact. By Proposition 1.2.28 the space X is
7(p)-compact.

A direct proof. As an exercise we present the elegant direct proof of this result
given by Kiinzi [137, Proposition 2.1.11]. Suppose that the T} quasi-metric space
(X, p) is countably compact but not compact. Then there exists an open cover G
of X without any countable subcover.

For every z € X choose G, € G such that x € G,. By Proposition 1.2.13.4,
T(p) C 7(p), so there exists n, € N with B;(x,27"+) C G,.

Let w and wy be the first countable, respectively the first uncountable, ordinal
number. Then N can be identified with [1;w) = {a: 1 < a < w}.

We shall construct inductively a transfinite sequence {zq }a<w, in the follow-
ing way. Let 21 € X arbitrary and 24 € 0(Ug<aGy,) for 2 < a < wy, where for
ZcX,0(2)=x\2.

For i € N let B; = {a < wy : 27" = 4}. Since U;enB; = [1;w1),
there exists k € N such that the set By is uncountable. Take a strictly increasing
sequence o < ag < --- in By. By the countable compactness of X, the sequence
(Za, Jnen has a cluster point z. The sets F,, = C(UKnG%i) are nonempty closed
and Fy; D Fy D --- . Since z,, € F, for every i > n it follows that z € NpenFp.

But z € F,, implies # ¢ B;(2q,,27") for all i < n. It follows that

p(Ta, 1) > 27" = p(z,24,) >27F,

for all n € N, in contradiction to the fact that x is a cluster point of the sequence
(Za,, )- O

Proposition 1.2.30. A sequentially compact quasi-semimetric space (X, p) is se-
quentially left K-complete and U,-complete.

Proof. If (x,) is a left K-Cauchy sequence in X, then it contains a subsequence
(2n,) converging with respect to 7, to some z € X. By Proposition 1.2.4.2, the
sequence (z,,) is 7,-convergent to x.

Let F be a U,-Cauchy filter in X. Then for every n € N there exists z, € X
such that B(z,,2™™) € F. By the sequential compactness of the space X, there
exists a subsequence (z,,) of (z,) that is 7,-convergent to some z € X. Let us
show that lim F = z which is equivalent to

B(z,27") e F,
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for all n € N. For n € N there exists ¥ € N such that ny > n and z,, €
B(z,2= (D). The implication

P(Tn,,y) <27 = p(z,y) < p(a, Tny,) + p(Tn,,y) < 27D 427 < 97n

shows that B(x,,,27 ™) C B(x,27™), so that B(z,2™") € F. O
Corollary 1.2.31 ([185]). A compact quasi-semimetric space is left K-complete.

Proof. Let (X, p) be a 7,-compact quasi-semimetric space. A compact topological
space is countably compact, and a first countable countably compact topologi-
cal space is sequentially compact (Proposition 1.2.25). Consequently (X, p) is 7,-
sequentially compact. If (z,,) is a left K-Cauchy sequence in X, then it contains a
subsequence p-convergent to some x € X. By Proposition 1.2.4, the sequence (z,,)
is p-convergent to x. g

Based on Proposition 1.2.30 one can prove the following result.

Proposition 1.2.32. A precompact countably compact quasi-semimetric space is
compact.

Proof. Let (X, p) be precompact countably compact quasi-semimetric space. The
space X is compact if and only if any ultrafilter on X is 7,-convergent. Let F be
an ultrafilter on X. Show first that F is U,-Cauchy, which means that for every
€ > 0 there exists x € X such that B(x,e) € F. Since X is precompact, there
exists a finite subset Z of X such that X = U{B(z,¢) : z € Z}. Since X € F and
F is an ultrafilter, it follows that there exists € Z such that B(x,e) € F. By
Proposition 1.2.30 the space X is U,-complete, so that the U,-Cauchy filter F is
T,-convergent. g

We mention also the following result.

Proposition 1.2.33 ([131]). A precompact left p-sequentially complete quasi-semi-
metric space (X, p) is compact.

Proof. Let (x,,) be a sequence in X. By Proposition 1.2.21, the sequence (x,,) con-
tains a left p-Cauchy subsequence (2, ), which, by hypothesis, is p-convergent to
some x € X. Consequently X is sequentially compact. Since for quasi-semimetric
spaces, countable compactness and sequential compactness are equivalent (see
Proposition 1.2.25), the conclusion follows from Proposition 1.2.32. g

The following theorem is the analogue of a well-known result in metric spaces.
The necessity follows from Proposition 1.2.20 and Corollary 1.2.31. The sufficiency
was proved in [138].

Theorem 1.2.34. A quasi-semimetric space is compact if and only if it is precom-
pact and left K -sequentially complete.

For the proof of sufficiency we shall need the following result of Konig [118].
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Lemma 1.2.35. Let Ej, k € N, be nonempty finite sets, E = U2 E}, and R C
E x E a relation in E such that the condition

Vy € Eny1, Jx € E,, xRy, (1.2.23)

holds for every n € N. Then there exists a sequence ap € Ey, k € N, such that
arRag4+1 for all k € N.

Proof. Consider the set S of all s = (x1,...,2,) € F1 X+ --x E, such that z; Rz;11,
1<i<n-—1, where n > 2. Let #F}, = nj. Since, by condition (1.2.23), for every
k > 2 there exist at least ny, distinct elements (21, z9, ..., 2) in S, it follows that
the set S is infinite. For x1 € E; let

Si(z1)={s€S:s=(r1,22,...,2pn), n>2}.

Since § = U{S1(x1) : ¢1 € F1}, it follows that there exists a; € E; such that
the set Si(aq) is infinite. Let now

Sa(ar,x2) ={s €S :s=(a1,x2,23,...,Tp), n>2}.

Since U{S1(a1,z2) : 2 € Ex} = S1(a1), it follows that there exists as € Fs
such that the set Sa(ai,a2) is infinite. Supposing, by induction, that there are
given a; € F;, 1 < ¢ < n, such that the sets

Sk(ar,...;ax) ={s €S :s=(a1,...,0k Tkt1y. -, Tm), m>k+1}
are infinite for all k = 1,2,...,n; put
Sn+1(a1,...,an,xn+1)
={se8S:s=(a1, . ,0n, Tnt1,Tnt2,---sTm), Mm>n—+1},

then it follows that

U{Sn_H((lh. .. 7an7xn+1) 1 Tp41 € En+1} = Sn((ll,. .. 7(],n> \ {(ah. . .,an)},

so there exists ap+1 € Ep41 such that the set Sp11(a1, ..., an, any1) is infinite.
The sequence (a,) obtained in this way satisfies ay Ray41 for all k e N. O

Now we can prove Theorem 1.2.34.

Proof of Theorem 1.2.34. Since a compact space is countably compact, and in a
quasi-semimetric space countable compactness and sequential compactness are
equivalent, the sequential left K-completeness of X follows from Prop. 1.2.30.

We know (Proposition 1.2.20) that every compact quasi-semimetric space is
precompact. For e > 0, X = U{B(xz,¢) : ¢ € X}, so there exists a finite subset Z
of X such that X = U{B(z,¢) : z € Z}, showing that the quasi-semimetric space
X is precompact.
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Conversely, suppose that the quasi-semimetric space (X, p) is precompact
and left K-sequentially complete. For every k € N there exists a finite subset Zj
of X such that X = U{B(z,27%): 2 € Z;.}.

For k € N let

E,={z2€Zy:xy € B(z727k+1) for infinitely many m € N} |

and F = U2, Ey.
Define a relation R on E by the conditions

TRy <= 3keN, z€E, ANyeEp1 A pla,y) <27F.

Let us show that the relation R satisfies the hypotheses of Lemma 1.2.35.
If y € Egy1, then y € Zyy1 and z,, € B(y,27%) for infinitely many m € N. Let
x € Zj, be such that y € B(x,27%). The implication

p(y,2) <27% = p(x,2) < p(x,y) +ply,2) <27F 4 27F =27~ F1

shows that B(y,27%) C B(y,27%*1). Consequently zRy.

Now, by Lemma 1.2.35 there exists the elements a; € Ej such that ayRat1
for all k € N. It follows that each ball B(ay, 2 %*!) contains an infinity of terms
T, of the sequence (z,,). Let ny be such that z,, € B(ai,1) and ny > ny such
that z,, € B(az,27 1), and so on. One obtains a sequence n; < ng ... such that
Tp, € Blag,27%1), k € N. Since p(ag,ar+1) < 27%, k€N, Sy plak, arg1) <
1, so that by Proposition 1.2.6.1, the sequence (ay) is left K-Cauchy. Since X is
left K -sequentially complete, there exists zg € X such that ag LN xg. It follows
that p(zo, 2n,) < p(0, ax) + pla, Tn,) < p(zo,ar) +27% — 0, that is x,, 2 2o,
showing that the space X is sequentially compact. By Proposition 1.2.32 the space
X is compact. O

In the metric case precompactness admits the following characterization: a
semimetric space X is precompact if and only if every sequence in X has a Cauchy
subsequence. In the quasi-metric case this holds only for hereditarily precompact
spaces. A quasi-semimetric space (X, p) is called hereditarily precompact if every
subset of X is precompact. Any subset of an outside precompact set is outside
precompact, but there are examples of precompact sets that are not hereditarily
precompact, see Remark 1.2.24.

Proposition 1.2.36 ([138]). For a quasi-semimetric space (X, p) the following are
equivalent.

The space X is hereditarily precompact.

Every countable subset of X is precompact.

Every sequence in X has a left K-Cauchy subsequence.

o~ W Do

Every sequence in X has a weakly left K-Cauchy subsequence.
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Proof. Obviously, 1 = 2.

2= 3. Forasequence (z,,) in X put Ag = {z,, : n € N}. By hypothesis, there
exists a finite subset Fy of A such that Ag C U{B(x,1) : z € F1}. It follows that
there exists n; € N such that z,, € F; and the set M1 ={n € N:n>nq, z, €
B(zp,,1)} is infinite. Put A1 = {x, : n € My, n > ny} and let ny € My, no > nq,
be such that the set My = {n € M; : n > na, x, € B(xn,,1/2)} is infinite. Put
As ={x, :n € My, n > ns2} and pick ng € Ma, ns > na, such that the set M3 =
{n € Mz :n > ng and z,, € B(zn,,1/3)} is infinite. Continuing in this manner we
find the infinite sets M7 D My D --- and the indices ny < no < ---, ni € My,
such that p(xy, ,2n) < 1/k, for all n € Mj. For € > 0 let k € N such that 1/k < e.
For k <i < j, nj € My C M;, so that p(zy,,z,,) < 1/i <1/k < ¢, showing that
the subsequence (z,,, ) is left K-Cauchy.

The implication 3 = 4 is again obvious (see Proposition 1.2.1).

4 = 1. Suppose that there exists a subset A of X which is not precompact.
Then there exists € > 0 such that A\U{B(z,¢) : € F'} # ) for every finite subset
Fof A. Forzy € Alet x5 € A\B(x1,¢), 3 € A\(B(x1,e) U B(x2,€)),...,Tnt1 €
A\ (B(z1,e) U---UB(zp,€)), n € N. Then p(xy, zm) > € for all m,n € N with
n < m, so that the sequence (z,) does not contain any weakly left K-Cauchy
subsequence. O

One says that a a subset Y of a quasi-semimetric space (X, p) has the Lebesgue
property if for every 7,-open cover G of Y there exists € > 0 such that the family
{By(z,r) : © € X} refines G, that is

Vee X, 3GeG, B,(z,r)CG. (1.2.24)

The following result is an extension of a known result in metric spaces.

Proposition 1.2.37. Any countably compact quasi-semimetric space has the Le-
besgue property.

Proof. Let G be a countable 7,-open covering of the quasi-semimetric space (X, p).
For every x € X there exists G, € G and r, > 0 such that x € B,(z,r;) C G;. By
the countable compactness of the space X there exists z1,...,z, € X such that
X =U_By(wk,27 ry), where ry =15,, k=1,...,n.

Put ¢ = min{27r; : 1 < k < n} and show that this e satisfies (1.2.24). For
z € X let k€ {1,...,n} be such that z € B,(z, 27 'ry). Then

B,(x,€) C By(xg, i) C G,y -
Indeed, if y € B, (4, ¢€), then
”
p(r,y) < plak, ) + p(z,y) < 2k +e<r. O

Proposition 1.2.38 ([152]). Every subset with the Lebesgue property of a quasi-
semimetric space is weakly left K-sequentially complete.



70 Chapter 1. Quasi-metric and Quasi-uniform Spaces

Proof. Suppose, by contradiction, that Y is a Lebesgue subset of a quasi-semi-
metric space (X, p) and that (z,,) is a weak left K-Cauchy sequence that does not
converge to any x € A. Then for every x € Y there exists 7, > 0 such that the set
{n eN:a, ¢ B(x,r,)} is infinite. The family of open sets {B(x,r,) : € Y} isan
open cover of Y, so that there exists € > 0 such that for every x € Y there exists
y € Y with B(y,e) C B(x,r,). Since the sequence (x,) is weakly left K-Cauchy,
there exists n. € N such that p(z,_,z,) < ¢ for every n > n., By the Lebesgue
property of the set Y there exists © € Y such that B(z,,_,e) C B(x,rs;), leading
to the contradiction x,, € B(x,_,e) C B(x,r,) for all n > n.. O

By Proposition 1.2.2 a weakly left K-Cauchy sequentially complete quasi-
semimetric space is weakly left K-Cauchy sequentially complete, so that

Corollary 1.2.39. If (X, p) is a quasi-semimetric space, then every Lebesgue subset
of X 1is left K-Cauchy sequentially complete.

Combining Propositions 1.2.37, 1.2.38, 1.2.32 and Theorem 1.2.34 one ob-
tains.

Theorem 1.2.40 ([152]). LetY be a subset of a quasi-semimetric space (X, p). The
following are equivalent.

1. The set'Y is compact.
2. The set'Y is precompact and sequentially compact.

3. The set'Y is precompact and has the Lebesgue property.

A quasi-metric space (X, p) is called equi-normal if p(A, B) := inf{p(a,b) :
a € Ab € B} > 0 for every pair A, B of nonempty disjoint 7,-closed subsets
of X. As it is remarked in [194], every Lebesgue quasi-metric is equi-normal,
and every equi-normal quasi-metric is point-symmetric (or strong, meaning that
7(p) C 7(p)). Other properties of Lebesgue, point-symmetric and equi-normal
quasi-metrics are studied in [15, 189, 194]. The papers [27] and [186] contain
results on the relations between compactness, completeness and precompactness
as well as numerous examples and counterexamples.

Fixed point theorems in quasi-metric spaces were proved by Hicks, Huffman
and Carlson [31, 103, 104], Romaguera [191] and Romaguera and Checa [195].
Chen et al. [34, 35] proved fixed point theorems using a slightly different notion of
convergence (see [32]). In [33] some optimization problems in quasi-metric and in
asymmetric normed spaces are discussed. A version of Ekeland variational principle
in quasi-metric spaces with applications to fixed point theorems is given in [46].
Another version of Ekeland variational principle with applications to optimization
problems was proved by Ume [233].
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1.2.3 Baire category

As it is well known, the Baire category theorem plays a fundamental role in the
proofs of two fundamental principles of functional analysis: the uniform bounded-
ness principle (called also the Banach-Steinhaus theorem) and the open mapping
theorem. With the aim to check for possible extensions of these principles to the
asymmetric case, we shall present some Baire category results in quasi-metric
spaces.

Recall that a subset S of a topological space (T, 7) is called

e dense in T if cl(S) =T}

e nowhere dense if int(cl(S)) = 0;

e of first Baire category if S can be written as a countable union of nowhere
dense sets;

e of second Baire category if it is not of first Baire category;

e residual if T'\ S is of first Baire category.
One says that T  is a Baire space if every nonempty open subset of T is of

second Baire category. For the convenience of the reader we include some results
on Baire category.

Proposition 1.2.41. Let T be a topological space and S C T.

1. If the set S is nowhere dense, then every subset of S is nowhere dense.

2. If the set S is of first Baire category, then every subset of S is of first Baire
category.

3. The union of a countable family of first Baire category sets is a set of first
Baire category.

4. The set S is nowhere dense if and only if S is nowhere dense.

5. (i) If the set S is nowhere dense, then T '\ S is dense in T.
(ii) If S is closed, then S is nowhere dense if and only if T\ S is dense in T.

The following theorem contains some useful characterizations of Baire spaces.

Theorem 1.2.42 ([110]). Let T be a topological space. The following are equivalent.

—_

T s a Baire space.

2. For every family G,, n € N, of open dense subsets of T, their intersection
Nee_ Gy is dense in T.

3. For every family F,, n € N, of closed subsets such that int (US2, F,,) #
there exists n € N such that int(F,) # 0.

4. Any residual subset of T is dense in T
5. Any first category subset of T has empty interior.

The following proposition extends a well-known result for topological vector
spaces.
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Proposition 1.2.43. A second category asymmetric LCS is a Baire space.

Proof. Let (X, P) be an asymmetric LCS and suppose, by contradiction, that X
contains a nonempty open set G that is of first Baire category in X. If g € G, then
U := —xy + G is an open neighborhood of 0 which is a set of first Baire category
too. For z € X the sequence (n~'x),cn converges to 0 as n — oo, implying the
existence of n € N such that n™ 1z € U <= x € nU. It follows that X = U nU,
so that the space X is of first Baire category. O

The first Baire type result for quasi-metric spaces was proved by Kelly [111]
(see also [185)).

Theorem 1.2.44. Let (X, p) be a quasi-semimetric space. If X is right K-p-sequent-
ially complete, then (X, 1,) is of second category in itself.

Proof. Let X = Up2,X,, where the sets X,, are 7,-closed for all n € N, and
suppose, by contradiction, that 7,-int(X,) = 0 for all n € N. Then X \ X; is
nonempty and 7,-open, so there exist x; € X and 0 < r; < 1such that B, [z1,71] C
X\ X;. Similarly, the set B,(x1,71) \ X2 is nonempty and 7,-open so there exist
29 € X and 0 < rg < 1/2 such that B,[za,r2] C By(x1,71) \ X2. Continuing in
this manner one obtains the points x,, € X and the numbers 0 < r,, < 1/n such
that B,[an,rn] C Bp(zn-1,rn-1) \ Xy for all n € N, where B,(xq,r9) = X.

It follows
() Boln,ral € [} (X \ X)) =X\ [ J X, =0,
n=1 n=1 n=1
in contradiction to Proposition 1.2.9. O

Remark 1.2.45. The right K-p-completeness from Theorem 1.2.44 can be formu-
lated in the equivalent form: every left K-p-Cauchy sequence is p-convergent.

Other Baire type results were proved by Gregori and Ferrer [76] (rediscovered
in [21]). A topological space (X, 7) is called quasi-regular if every nonempty open
subset of X contains the closure of some nonempty open set, that is for every
nonempty open subset V' of X there exists a nonempty open set U such that

Ucv. (1.2.25)

Theorem 1.2.46 ([76]). If the quasi-semimetric space (X, p) is T,-quasi-reqular and
left p-sequentially complete, then it is a Baire space.

Proof. The proof is similar to the proof of Theorem 1.2.44. Let G,,, n € N, be a
family of dense open subsets of X, G =N, G, and U C X nonempty open. We
have to show that U NG # (. Since G is dense in X, U N Gy # 0, so that, by
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(1.2.25), there exist 21 € X and 0 < r; < 1 such that 7,-cl(B1) C U N Gy, where
By = B,(x1,71). Similarly B; N G4 is nonempty open so there exist 2o € X and
0 < 72 < 1/2 such that 7,-cl(B2) C B1NG2, where By = B,(x2,72). Continuing in
this manner one obtains the open balls B, = B,(zy,r,) with 0 < r, < 1/n such
that Tp—cl(Bn) C Bn—1 NGy, n € N, where By = U. As in the proof of Theorem
1.2.44, the relations x,, € B,(xn,rn) C By(2m,m), valid for all n,m € N with
m < n, imply that the sequence (z,,) is left K-p-Cauchy, so that, by hypothesis,
there exists z € X with z,, 2 2 as n — o0o. Since z,, € B,(zpn,mn) = B, for
all m > n, it follows that z € 7,-cl(B,) C B,-1 NG, C UNG, for all n € N,
implying 2 € N,en (UNG,) =UNG. O

Taking into account the implications from Proposition 1.2.2, we get the fol-
lowing
Corollary 1.2.47. A quasi-reqular quasi-semimetric space (X, p) is a Baire space
in any of the following cases
(a) (X, p) is left p-sequentially complete;
(b) (X, p) is weakly left K -sequentially complete;
(¢) (X, p) is left K-sequentially complete.

1.2.4 Baire category in bitopological spaces
We shall present now, following the paper [7], pairwise Baire bitopological spaces
and their properties.
Let (T, 7,v) be a bitopological space. A subset S of T is called
e (7,v)-nowhere dense if v-int(r-cl(S)) = 0;

e of (7,v)-first category if it is the union of a countable family of (7, v)-nowhere
dense sets;

e of (1,v)-second category if it is not of (7, v)-first category;
o (1,v)-residual if T\ S is of (7, v)-first category.
The space (T, 1,v) is called

e (7,v)-Baire if each nonempty 7-open subset of T' is of (v, 7)-second category;
o pairwise Baire if it is both (7, v)-Baire and (v, 7)-Baire.

The following properties are the bitopological analogs of properties from
Proposition 1.2.41.

Proposition 1.2.48. Let (T, 1,v) be a bitopological space and S C T.

1. If S is (1,v)-nowhere dense, then every subset of S is (1,v)-nowhere dense.

2. If S is of (1,v)-first category, then every subset of S is of (1,v)-first category.
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3. The union of a countable family of (1, v)-first category sets, is of (7,v)-first
category.

4. A subset S of a bitopological space (T,T,v) is (T,v)-nowhere dense if and
only if T-int(T \ S) is v-dense in T.

Proof. Only the equivalence from 4 needs a proof. Suppose that v-int(7-cl(S)) = 0.

Then for any nonempty set V € v, VN (T \ 7-cl(S)) # . Since T\ 7-cl(S) C 7-

int(7"\ S) it follows that V N7-int(T'\ S) # 0, that is 7-int(7'\ S) is v-dense in 7.
To prove the converse, suppose that there exists t € v-int(7-cl(S)). Then

7-cl(S) N r-int(T\ S) =0 . (1.2.26)

Indeed, if some s € T belongs to this intersection, then, as 7-int(7"\ S) is a
T-neighborhood of s, it follows that SN7-int(7T'\ S) # 0, yielding the contradiction
SN(T\S)#0.

Since 7-cl(S) is a v-neighborhood of ¢ the relation (1.2.26) shows that t ¢ v-
cl(7-int(T"\ ), that is 7-int(T"\ S) is not v-dense in 7. O

The following theorem contains some characterizations of pairwise Baire
spaces similar to those of Baire spaces (see Theorem 1.2.42) and with similar
proofs.

Theorem 1.2.49 ([7]). For a bitopological space (T, T,v) the following are equiva-
lent.

1. The space T is (1,v)-Baire.

2. The intersection of each countable family of T-dense v-open subsets of T is
T-dense in T.

3. 7-int (US| F,) = @ for every family F,, n € N, of v-closed sets with empty
T-interiors.

4. For every subset M of T of first (v, T)-category the set T\ M is T-dense in T.

Proof. As an exercise of acquaintance with the notions we shall give the proofs of
these equivalences.

1 = 2. Let G,, n € N, be a family of v-open 7-dense subsets of T" and
suppose that their intersection is not 7-dense in T', that is G := T\ 7-cl(N>2,G,,) #
(. Then G €7 and G C T\ NS, G,, = U2 (T \ Gr).

The set F,, := T \ Gy, is v-closed and T \ F,, = G,, is 7-dense in T. By
Proposition 1.2.48.4, F,, is (v, 7)-nowhere dense, implying that the nonempty 7-
open set G is of (v, 7)-first category, that is T is not (7, v)-Baire.

2 = 1. To prove the converse, suppose that T is not (,v)-Baire. Then
there exists a nonempty set G € 7 such that G = U S,, where each S, is
(v, 7)-nowhere dense. By Proposition 1.2.48.4 this is equivalent to the fact that
the v-open set G, := v-int(T \ Sp,) is 7-dense in T'. Since

Mne1Gn C M2y (T\ Sn) =T\ Uy S, =T\ G,
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and T\ G is 7-closed, this implies

- (N2,Gn) CT\G#T,

n=1

that is N2, G, is not 7-dense in 7T

1 = 3. Let F,, be v-closed with 7-int(F},) = 0 for all n € N. It follows that
F, is (v, 7)-nowhere dense. If G := 7-int(U,, F},) # 0, then G C U, F,, implies that
G is a nonempty 7-open set which is of first (v, 7)-category, in contradiction to
the fact that the space T is (7, v)-Baire. Consequently 7-int(U, F,, = 0.

3 = 4. Let M = US| S, where 7-int(v-cl(S,,)) = 0, n € N, and let F}, = v-
cl(Sp), n € N.If T\ M is not 7-dense in T, then the smaller set T\ U, F,, is not
7-dense in T t00, so there exists a nonempty set G € 7 such that GN(T\U, F},) = 0.
But then G C U, F,,, in contradiction to the fact that 7-int (US>, F},) = 0.

4 = 1. Suppose by contradiction that T is not (7,v)-Baire. Then there
exists a nonempty set G € 7 which is of first (v, 7)-category. Then T \ G is 7-
closed, so that 7-cl(T'\ G) = T\ G # T, that is G is a set of first (v, 7)-category
that is not 7-dense in 7. 0

Fukutake [84] proved the following result.

Theorem 1.2.50. If (T,7,v) is a bitopological space such that 7 C v and v is
metrizable and complete, then T is T-v-Baire.

To present the corresponding pairwise Baire result we need a new notion.
The bitopological space (T, 7,v) is called pairwise fine if every nonempty 7-open
set contains a nonempty r-open set, and every nonempty v-open set contains a
nonempty 7-open set.

Theorem 1.2.51 ([7]). Let (T, 7,v) be a pairwise fine bitopological space. Then T
is pairwise Baire if and only if both (T, 7) and (T,v) are Baire topological spaces.

The notion of quasi-regularity can be also adapted to bitopological spaces,
see [7]. A bitopological space (T, 7,v) is called
o T-v-quasi-regular if each nonempty 7-open subset of T' contains the v-closure
of a nonempty 7-open set;
o pairwise quasi-regular if it is both 7-v-quasi-regular and v-7-quasi-regular.
A cover U of T is called pairwise open if Y C TUv and both/ N7 and U Nv
contain at least one nonempty set.
Let (T, 7,v) be a bitopological space. We say that

o T is pairwise compact if every pairwise open cover of T contains a finite
subcover;

e the topology 7 is locally compact with respect to v if each point ¢t € T admits
a 7-open neighborhood U such that v-cl(U) is v-compact;

e the space T is pairwise locally compact if 7 is locally compact with respect
to v and v is locally compact with respect to 7, or, equivalently, if each point
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t € T admits a T-open neighborhood U and a v-open neighborhood V such
that both v-cl(U) and 7-cl(V') are pairwise compact.

We mention the following results.
Proposition 1.2.52 ([145]). Let (T, 7,v) be a bitopological space.

1. If T is pairwise Hausdorff and v is locally compact with respect to T, then
T C .

2. If T is pairwise Hausdorff and (T,T) compact, then 7 C v.

3. If (X, p) is a T\ quasi-metric space and T is locally compact with respect to
Tp, then 7, C 7.

Proof. Only the first assertion needs a proof, the others being direct consequences
of it.

Let t € T and U € 7 such that ¢t € U. Since v is locally compact with respect
to 7, there exists V € v containing ¢ such that the set Vs T-compact. Let
C =V \U. Then C" c V', so that C” is also 7-compact.

Observe that ¢ ¢ C". Indeed, the hypothesis t € C" leads to the contradiction
0A£UNC=UNV\U)=0.

Since T is pairwise Hausdorff, for every s € C" there exists U, Vs such that
selUser, teV,cv,and U, NV, = (.

The 7-compactness of c’ implies the existence of s1,...,s, € T such that
¢’ cur,U,,.

Let W:=VNnnNt,V;, €v. Thent € W and W N (U, Us,) = 0, so that
wncC=19.

If s € W, then s € V and s ¢ C =V NC(U), so that s € C(C(V)NU) =
UUC(V), implying s € U. Consequently, W C U, showing that U € V,(t) and that
T C . O

We mention also the following result.

Theorem 1.2.53 ([144]). A bitopological space (T, T,v) is quasi-uniformizable if and
only if it is pairwise completely reqular.

It is well known that a quasi-regular locally compact topological space is a
Baire space (see [102]). The following theorem contains the bitopological analog
of this result.

Theorem 1.2.54 ([7]). Every pairwise fine, pairwise normal and pairwise locally
compact bitopological space is pairwise Baire.
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1.2.5 Completeness and compactness in quasi-uniform spaces

The completeness notions for quasi-metric spaces considered in the previous sub-
sections can be extended to quasi-uniform spaces by replacing sequences by filters
or by nets.

Let (X,U) be a quasi-uniform space, U=t = {U~! : U € U} the conjugate
quasi-uniformity on X, and U* = U VU~ the coarsest uniformity finer than &/ and
U~L. The quasi-uniform space (X,) is called bicomplete if (X,U*) is a complete
uniform space. This notion is useful and easy to handle, because one can appeal to
well-known results from the theory of uniform spaces, but it is not very appropriate
for the study of the specific properties of quasi-uniform spaces.

Call a filter F on a quasi-uniform space (X,U)

o left U-Cauchy (right U-Cauchy) if for every U € U there exists © € X such
that U(z) € F (respectively U~1(x) € F);

o left K-Cauchy (right K -Cauchy) if for every U € U there exists F' € F such
that U(z) € F (respectively U~1(z) € F) for all z € F.

The notions of left and right K-Cauchy filter were defined and studied by
Romaguera in [190, 192].

A net (z;:i€I)in (X,U) is called

o left U-Cauchy (right U-Cauchy) if for every U € U there exists z € X and
io € I such that (z,z;) € U (respectively (x;,z) € U) for all i > ig;
o left K-Cauchy if

YUel, Jigel, Vi,jel,ig<i<j = (z;,x;)€eU. (1.2.27)
o right K-Cauchy if
YUel, Jigel, Vi,jel,ig<i<j = (zj,z;)eU. (1.2.28)

Observe that
(.’I?j7.’17i> el «— (SL’i,SL’j> S Ut s

so that a net is right K-Cauchy with respect to U if and only if it is left K-Cauchy
with respect to &/ ~!. A similar remark applies to U-nets.

The quasi-uniform space (X,U) is called

o left U-complete (left K-complete) if every left U-Cauchy (respectively, left
K-Cauchy) filter in X is 7(U)-convergent;

o left U-complete by nets (left K-complete by nets) if every left U-Cauchy (re-
spectively, left K-Cauchy) net in X is 7(U)-convergent;

o Smyth left K-complete by nets if every left K-Cauchy net in X is U*-con-
vergent.
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The notions of right completeness are defined similarly, by asking the 7(U)-
convergence of the corresponding right Cauchy filter (or net) with respect to the
topology 7(U) (or with respect to 7(U4*) in the case of Smyth completeness).

The notion of Smyth completeness (see [133] and [225], [229], [230]) has ap-
plications to computer science, see [216]. In fact, there are a lot of applications
of quasi-metric spaces, asymmetric normed spaces and quasi-uniform spaces to
computer science, abstract languages, the analysis of the complexity of programs,
see, for instance, [89, 92, 171, 207, 208, 209, 210, 216].

Notice also that these notions of completeness can be considered within the
framework of bitopological spaces in the sense of Kelly [111], since a quasi-uniform
space is a bitopological space with respect to the topologies 7(U) and 7(U~1). For
this approach see the papers by Dedk [57, 58].

The study of some bitopological and quasi-uniform structures on concrete
spaces of semi-continuous or continuous functions was done in the papers [79] and
[139], respectively.

The notions of total boundedness and precompactness can be also extended
to quasi-uniform spaces.

A subset Y of a quasi-uniform space (X,U) is called

o precompact if for every U € U there exists a finite subset Z of Y such that
Y cU(Z);

e outside precompact if for every U € U there exists a finite subset Z of X such
that Y C U(2);

e totally bounded if for every U € U there exists a finite family of subsets
Zi, i = 1,...,n, of X such that Z; x Z; Cc U, i = 1,...,n, and Y C
U, Z;, or, equivalently, if Y is totally bounded with respect to the associated
uniformity 4/°.

The space (X,U) is called hereditarily precompact if every subset of it is
precompact.

We mention the following simple properties of Cauchy filters. The sequential
versions of the assertions 2 and 3 are contained in Proposition 1.2.4.

Proposition 1.2.55. Let (X,U) be a quasi-uniform space.

1. Any left K-Cauchy filter is left U-Cauchy. The same is true for right Cauchy
filters.

2. If x is a cluster point of a left K-Cauchy filter F, then F is T(U)-convergent
to x.

3. If x is a cluster point of a right K-Cauchy filter F, then F is 7(U)-convergent
to x.

Proof. 1. Let F be a left K-Cauchy filter. For U € U there exists F' € F such
that U(z) € F for all x € F. Taking an element z in the nonempty set F it follows
that F is left U-Cauchy.
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2. Let = be a 7(U)-cluster point of a left K-Cauchy filter F on X, that
isx € N{r(U)-cl(F) : F € F}. For U € U let V € U such that V? C U. Let
F € F be such that V(y) € F for all y € F. By hypothesis, the set F' NV (z) is
nonempty. Taking a point z in this intersection, then V(z) € F. Let y € V(2) <
(2,y) € V. Since (z,2) € V it follows that (z,y) € V? <= y € V?(z), that is
V(z) C V2(x) C U(x). Consequently, U(x) € F and F is 7(U)-convergent to z.

3. Let x be a 7(U)-cluster point of a right K-Cauchy filter F on X. For
U €U let V €U be such that V2 C U, and let F € F be such that V=1(y) € F
for all y € F.

Let y € F. Since V~1(y)NV (x) # 0, there exists 2 € V=1 (y)NV (). It follows
that (z,y) € V and (x,2) € V, so that (z,y) € V? <= y € V?(x). Consequently,
F C V%(z) C U(z), showing that U(z) € F, that is F is 7(U)-convergent to z. ~ [J

Now we shall present, following [218] a characterization of compactness in
quasi-uniform spaces.

Proposition 1.2.56 ([218]). Let (X,U) be a quasi-uniform space.

1. The space (X,U) is precompact if and only if every ultrafilter on X is left
U-Cauchy.

2. If (X,U) is compact, then every left U-Cauchy filter is 7(U)-convergent.

Proof. 1. Suppose that (X,U) is precompact and let F be an ultrafilter on X.
Then for every U € U there exists a finite subset Z of X such that X = U{U(z) :
z € Z}. Since F is an ultrafilter there exists z € Z such that U(z) € F, proving
that the ultrafilter F is left U-Cauchy.

To prove the converse suppose that (X,U) is not precompact. Then there
exists U € U such that for every finite subset Z of X, X \U(Z) = X \ U{U (%) :
z € Z} # 0. The family {X \U(Z) : Z C X, Z finite nonempty} is the base of
a filter G on X. Let F be an ultrafilter on X such that G C F. Then for every
z € X, X\U(x) € G C F. Consequently U(x) ¢ F for all z € X, so that the
ultrafilter F is not left ¢-Cauchy.

2. Suppose that X contains a left ¢-Cauchy filter F that is not convergent.
Then for every z € X there exists U, € U such that Uy(x) ¢ F. Let V, € U such
that V, oV, C U,, x € X. Taking into account the compactness of X, there exists a
finite subset x1,...,x, of X such that X = U}_,V,, (z). Let V. =nN}_,V,, € U.
Since the filter F is left U-Cauchy, there exists z € X such that V(z) € F.
Let k € {1,...,n} be such that z € V,, (vx) < (xk,2) € Va,. If we show
that V(z) C Uy, (zx), then Uy, (zx) € F, in contradiction to the choice of the sets
Uy €U.Indeed, y € V(2) <= (z,y) € V C Vg, implies (zx,y) € Vi, 0Va, C Us,,
so that y € Uy, (zx). O

The following characterization of compactness is the analog of a well-known
result in uniform spaces.
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Theorem 1.2.57 ([218]). A quasi-uniform space (X,U) is compact if and only if it
is precompact and left U-complete.

Proof. Tt is clear that a compact quasi-uniform space is precompact. By Proposi-
tion 1.2.56.2 it is left ¢/-complete too.

Let F be an ultrafilter on X. By Proposition 1.2.56.1, F is left ¢/-Cauchy, so
that it is 7(U)-convergent, proving the 7(U)-compactness of X. O

We shall present now following [229] the equivalence between completeness
in terms of filters and in terms of nets.

A filter F in a quasi-uniform space (X, i) is called

o round if

VAeF,3dBeF, U eld, U(B)CA; (1.2.29)
e S,-Cauchy if
YU elU, VAe F, Jx € A, Ulx)eF. (1.2.30)
For a net ¢ = (x; : ¢ € I) in (X,U) let
Ei={zj:jel, j>i},icl, and Fiy=UE), (i ,U)eIxU. (1.231)

Then F; y = U(E;), (,U) € I x U is the base of a filter on X denoted by
O(p) (or ®(x;)).
Proposition 1.2.58 ([229]). Let (X,U) be a quasi-uniform space.

1. If o = (2; : i € 1) is a left K-Cauchy net, then the associated filter ®(p) is
round Sy, -Cauchy and

(i) ay Yo = Vu(x) C ®(p) (e, limy O(p) = x);
() =% e — ®(p) C Vyula);
(i) =%z = ®(p) = Vu(x).

2. To each round S,-Cauchy filter G one can associate a left K-Cauchy net
= (xx: A€ A) such that D(p) =G.

Proof. 1. Let ®(¢) be the filter associated to the left K-Cauchy net p=(x;:1€1).
Claim 1. The filter ®(¢) is round.

For (i1,U) € I x U let V € U such that V2 C U and let ig € I, ig > i1 be
such that (1.2.27) holds for V. The conclusion will follow if we show that

U(Fi,v) C Fi,u - (1.2.32)
We have

(VRS U(Fi07v> & dz € F‘Z‘O’\/7 (Z7y) c Vv,
ZGFiO,V <~ Jdi >1i9 > 11, (IZ,Z) eV,

so that (z;,y) € V2 C U, implying y € U(x;) C U(Ey,) = Fi, v-
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Claim II. The filter ®(yp) is S,-Cauchy.
Let again Fj, y € ®(¢), V € U and W € U such that W? C V. Since the net
(z;) is left K-Cauchy, there exists ig € I, ig > i1 such that

Vi,jel,ig<i<j = (x,z;) EW. (1.2.33)

Let us show that F;, w C V(x;,), which implies V(z;,) € ®(p), that is
(1.2.30) holds for x;, € F;, v (with V instead of U).
Observe first that ¢g > i1 and (5, xi,) € U imply z;, € U(E;,) = F;, v Also

(TAS Fio,W <— di > 10, (xl,y) eW.
By (1.2.33), (xi,,xi) € W, so that (z;,,y) € W? C V, showing that y €
V(a)‘m)
The proof of (i). For U € U let V' € U such that V2 C U. By hypothesis there exists
ig € I such that F;, C V(x). If we show that V(E;,) C U(x), then U(z) € ®(¢p).
Again,
Y € V(El()) <~ di > ig, (.’1317y) ev.
By the choice of iy, (z,2;) € V, so that (z,y) € V2 C U, that is y € U(z).

The proof of (ii). For F;, y € ® let V € U such that V2 C U.
Let ig > i1 such that

B, CV™l = Vi>ig, (v5,2)eV.
Let y € V(z) < (z,y) € V. Since for every i > iy > i1, (z;,x) €V,
it follows that (x;,y) € V? C U, that is V(z) C U(E;,) = Fj, v, showing that
Fil,U c Vu(a’:)

The assertion (iii) is a consequence of (i) and (ii).
2. Let now G be a round S,-Cauchy filter in (X,U). Consider the set

A={U,A):Uecl, AegG}.
By the condition (1.2.30),
V(U7 A) eU G, Hx(U’A) €A, U(SL‘(UyA)) €g. (1.2.34)

Consider the elements x4y, (U, A) € U x G, given according to (1.2.34)
and define the order on A by

(U,A) <(V,B) <= VCU AN BCANU(2y,a)) - (1.2.35)
It is clear that the so-defined relation is transitive. For (U, A), (V, B) € A let

W=UnNVand C = ANBNU(xw,a) N V(zw,p)). Then (U, A) < (W,C) and
(V, B) < (W, (), showing that the set (A, <) is directed.
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Claim IIL. The net ¢ = (z : A € A) is left K-Cauchy.
For U € U take Ao = (U, X). If (U, X) < (V,B) < (W, (), then

rw,ey) €C CV(zw,p) CU(xw,n),

that is (z(v,p), zw,cy) € U.

Claim IV. G C ®(p).

Let A € G. By (1.2.29), there exist U € U and B € G such that U(B) C A.
Put A = (X x X, B). Then

w=W,C)>Xx = CCB,

so that for every u > A, z, € C' C B, that is Ex C B, so that U(Ey) C U(B) C A,
implying A € ®(y).
Claim V. ®(p) C G.

Let U(E)) € ®(yp) for some A = (V,B) e U x G. If (W,C) € A, is such that
(W,C) > (V,B) and (W,C) > (U, X) then W C V and W C U, implying

W(zw,c)) € Ulzw,c)) CU(EN) -
Since, by (1.2.34), W(xw,c)) € G, it follows U(E\) € G. O

As a consequence of Proposition 1.2.58 one obtains.

Corollary 1.2.59 ([229]). Let (X,U) be a quasi-uniform space.

1. The space (X,U) is left K-complete by nets if and only if every round S, -
Cauchy filter in X is U-convergent.

2. The space (X,U) is Smyth left K-complete by nets if and only if every round
Su-Cauchy filter in X is the neighborhood filter of some x € X.

Proof. 1. Suppose that every round S,-Cauchy filter in X is U-convergent. Let
@ = (z; : i € I) be a left K-complete by net in X. Then the associated filter
() is round and S,-Cauchy, so that it converges to some = € X. Taking into
account the definition of ®(y) (see (1.2.31)) it is easy to check that the net ¢
converges to x.

Suppose that X is left K-complete by nets and let G be a round S,-Cauchy
filter in X. By Proposition 1.2.58.2, one can associate to G a left K-Cauchy net
@ = (zx : XA € A) such that ®(¢) = G. By hypothesis the net ¢ is U-convergent to
some x € X. By the assertion 1.(i) of the same proposition, the net G = ®(y) is
U-convergent to .

The proof of 2 is similar. O
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Remark 1.2.60. 1. If G is a filter in a uniform space (X,U), then one takes A =
{(z,A): A€ g, x € A} with the order

(x,A) <(y,B) <= BCA.
The net ¢ associated to the filter G is defined by
(@, A) =z, (2, 4) €A

One shows that if the filter G is Cauchy, then the associated net ¢ is Cauchy
too, and if G is U-convergent to some = € X, then the net ¢ is also U-convergent
to z. As it is remarked in [229], in the quasi-uniform case this definition does not
yield the equivalence between completeness with filters and nets.

Exploiting the ideas of Siinderhauf [229] (see Proposition 1.2.58), Kiinzi [133]
(see also [137, Lemma 2.6.11]) was able to prove the equivalence between the left
K-completeness and the left K-completeness by nets.

Theorem 1.2.61. A quasi-uniform space (X,U) is left K-complete if and only if
every left K-Cauchy net in X is 7(U)-convergent.

Proof. The proof of an implication is standard. Suppose that (X,U) is left K-
complete and let (x; : ¢ € I) be a left K-Cauchy net in X. Then the sets E; =
{z;:jel, i <j}, i€l form the base of a left K-Cauchy filter 7 on X. Indeed,
for U € U let iy € I such that iy < ¢ < j implies (z;,2;) € U. Then, for every
fixed ¢ > dg, (x;,2;) € U for all j > 4, that is E; C U(z;) showing that U(x) € F
for every x € E;,.

By hypothesis, F is 7(U)-convergent to some x € X. It is easy to check that
the net (x;) is also 7(U)-convergent to .

To prove the converse, let F be a left K-Cauchy filter on X. Then for every
U € U there exists Fy € F such that U(y) € F for all y € Fy. For arbitrary U € U
and A € F, AN Fy # 0, so there exists 2(y,4) € A such that U(z,a)) € F.
Put A ={(U,A): U e U, A€ F}, define the order on A by (1.2.35) and the net
p:A— X by (p(U,A) = T(U,A), (U7A) € A.

As in the proof of Proposition 1.2.58 (Claim III), one shows that the net
@ is left K-Cauchy. By hypothesis it is 7(U/)-convergent to some z € X. Let us
show that the filter F is 7(U)-convergent to z. For U € U let V' € U such that
V2 C U. Let (Up,Ag) € A such that z(y )y € V() for all (U,A) € A with
(U, A) > (Uy, Ap). Defining B by

B:=AyNFy N UO(CU(UO,AO)> e F,
it follows that (Uy NV, B) € A and (Uy NV, B) > (Uy, By), so that

T(UenV,A) € V(.%‘) <~ (:I:’SL'(UOQV’A)) eV. (1.2.36)
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Let us prove now that V(zy,nv,5)) C V(). Indeed,
y € V(zwenv.B) <= (Twonv.p),Y) €V,
which, combined with (1.2.36), leads to
(r,y) €V? <= ye V().
The relations
F 2 (U N V)(zw,nv,5) C V(zwnv,p)) C V3(z) CU(z),
show that U(x) € F. O

The following result appears in [138].

Proposition 1.2.62. IfU,V are hereditarily precompact quasi-uniformities on a set
X, then U V'V s also hereditarily precompact.

Proof. We shall present the proof given in [137]. It is based on Ramsey theorem,
see for instance [100]. Suppose that U V V is not hereditarily precompact. Then,
there exists an infinite subset W of X, U e U and V € Vst W\ (UNV)(Z) #0
for every finite subset Z of W. Then for x1 € W there exists xo € W\ (UNV)(x1).
Taking by induction z,4+1 € W\ (UNV)({x1,...,2,}), then z,, ¢ (UNV)(zx)
for all n, k € N with n > k. Let S = {z,, : n € N} and denote by [S]? the set of all
two-element subsets of S. Define a function h : [S]? — {0,1} by h({zk,z,}) = 1
if k <nand z, ¢ U(xg) and h({zk,2,}) = 0if k < n and z,, € U(zx) (so that
Zn ¢ V(21)). By Ramsey Theorem, [100, Theorem A, p.19], there exists an infinite
subset Y of S such that the map h is constant on [Y]?. Since the subspace (Y,U|y)
is precompact, h cannot be equal to 1 on [Y]2. Since (Y, V]y) is also precompact,
h cannot be equal to 0 on [Y]?, a contradiction that shows that (X,U V V) must
be hereditarily precompact. O

The above proposition has the following corollary.

Corollary 1.2.63 ([138, 137]). A quasi-uniform space (X,U) is totally bounded if
and only if both U and U~ are hereditarily precompact.

A filter F on a quasi-uniform space (X,U) is called U-stable if for every
UeU, {UF): FeF}eF.

Proposition 1.2.64 ([137]). A quasi-uniform space (X,U) is hereditarily precompact
if and only if every (ultra)filter on X is U~ 1-stable.

Proof. Suppose that X contains a subset Y that is not precompact. Then there
exists U € U such that Y \ U(Z) # 0, for every finite subset Z of Y. Since
(Y\NU(Z))N (Y \U(Z2)) = Y\U(Z1 U Zy), it follows that {Y \U(Z) : Z C
Y, Z finite} is a filter base on X. Let F be an (ultra)filter on X containing it.
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Observe that x € U~1(Y \ U(Z)) implies the existence of y € Y \ U(Z) such
that (z,y) € U. But y € Y \ U(Z) is equivalent to y € Y and (z,y) ¢ U for all
z € Z. Tt follows that x € X \ Z and

NUYF):FeFycn{U Y Y \U(Z)): ZCY, Z finite}
C{X\Z:ZCY, Zfinite} = X\UW{Z:Z €Y, Zfinite} =X\Y .

For fixed y €Y, F > X\ U(y) CY, implying Y € F. It follows that X \ Y ¢ F,
so that the filter F is not &/~ !-stable.

To prove the converse suppose that there exists a filter F on X which is not
U~ 1-stable. It follows that there exists U € U such that "{UY(F): F € F} ¢ F.

Let Fy € F. If for every F € F, Fy \U ' (F) = 0, then F; C U™Y(F), so
that Fy C NpU~Y(F), implying NpU~1(F) € F, in contradiction to the choice
of the set U. Consequently, there exists Ay € F such that Fy \ U71(4s2) # 0.
Taking Fy = I} N As, it follows that Fy € F, F» C Fy and [} \ U~ 1(F,) # 0. By
induction one obtains the sets Fy D Fy D --- in F such that F, \ U~ (F,41) # 0
for all n € N. Pick z,, € F, \U Y (F,41), n € N, and put Y = {z,, : n € N}. The
proof will be done if we show that the set Y is not U-precompact. For n > k in
N, , € F,, C Fyy1 and 2 € F, \ U1 (Fi11), so that

(T, 21) U = (zp,2,) ¢ U <= 2, ¢ U(zp) .
It follows that the set Y is not U-precompact. g

Our next aim is to prove the analog of Theorem 1.2.34 to quasi-uniform
spaces: a quasi-uniform space is compact if and only if it is precompact and left
K-complete, a result due to Kiinzi [133]. To do this we need some preliminary
results.

Let F be a filter in a quasi-uniform space (X, ). For a filter base (or subbase)
B one denotes by Fil(B) the filter generated by B. Let also

env(B) =Fil{U(B):U €U, B € B,}) — the envelope of B, (1.2.37)
and
co-env(B) = Fil{UY(B) : U €U, B € B,}) — the co-envelope of B. (1.2.38)

The filter F is called
e round if F = env(F);
and
o co-roundif F = co-env(F).

Note that this definition of roundness is in concordance with that given in
(1.2.29).
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Recall also that the filter F is called
o left Sy-Cauchy provided that

YU elU, VFeF, JxeF, Ux)eF, (1.2.39)

and
o left K-Cauchy provided that

YU eU, IFe F, Yz e F, Ux)eF. (1.2.40)

Proposition 1.2.65. Let (X,U) be a quasi-uniform space and F a filter on X.
L. If F is round and left Sy-Cauchy, then there exists a mazimal round left
Su-Cauchy filter F D F.

2. If F is round and left S,-Cauchy, then there exists a left K-Cauchy filter
K>F.

3. The filter F is round left S, -Cauchy if and only if there exists a left K-Cauchy
filter I O F such that env(K) C F.

4. Any mazimal co-round left Sy-Cauchy filter F is left K-Cauchy.

Proof. The proof of 1 is obtained by an application of Zorn’s Lemma.
2. For U e Y and F € F put

MU, F)={zeF:U((z) e F}. (1.2.41)
Tt is easy to check that the sets M (U, F') satisfy the conditions

(i) M(U, F) # 0;
(ii) Uy CcUy = M(U,F) C M(Us, F);
Fy CF, = MU, F) C MU,F);
(iii) MUy, F) N M(Uy, F) = M(U, N Uy, F),
M(U,Fy\) 0 M(U, Fy) = M(U, F; N Fy),
MUy, Fy) N M(Usz, Fo) > M(Uy N Uy, Fy N F) .

(1.2.42)

The assertion from (i) follows from the fact that F is left S,-Cauchy. The
last inclusion in (iii) needs also some motivation:

M(Uy, F)NM (Us, Fy) D M(Uy, FyNFy)NM(Us, FLNFy) = M(UyNUs, FyNE) .

It follows that the family (1.2.41) is a filter base. Denote by K the filter
generated by this family and show that K is left K-Cauchy and finer than F.

For any F € F, the inclusion M (U, F) C F implies F' € K, that is F C K.

Let us show that K is left K-Cauchy. For U e U, M(U,X) € K and U(z) €
F C K for every x € M (U, X).
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3. Suppose that the filter F is left S,-Cauchy and let K the left K-Cauchy
filter finer that F generated by the family (1.2.41). It remains to show that
env(K) C F, where env(K) is the filter generated by the family of sets

{V(IM(U,F)): U,V elU, FeF}.

Let U,V el and F € F.
We have

e M(UNV,F) < z€F AN (UNnV)(x)eF.
The inclusions
UnV)(z)cV() cVIMUNV,F)) cV(M(U,F)),

imply V(M (U, F)) € F, so that env(K) C F.

Suppose now that F is a filter on X and there exists a left K-Cauchy filter
K D F such that env(K) C F.

For U € Y and F € F let V € U such that V2 C U.

Because K is left K-Cauchy, there exists K € K such that V(z) € K for all
z € K. Since F C K, it follows that FF N K # (), so that there exists z € F with
V(z) € K.

Since V2(x) C U(x) and V3(z) = V(V(x)) € env(K), it follows that U(z) €
F, that is F is left S,-Cauchy.

4. Let F be a maximal co-round left S,-Cauchy filter on X. Let K be the
left K-Cauchy filter finer than F associated to F according to the construction
given in the proof of the assertion 2. If we show that K is co-round, then, by the
maximality of F, we must have F = IC, implying that F is left K-Cauchy.

ForU el and F € Flet V€l and F € F such that

VEcU and VYF)CE.

To prove that K is co-round it is sufficient to show that V=1(M(V, F)) C
M(U, E).
Let y € V-Y(M(V, F)). We have

ye V'Y M(V,F)) < Jxc M(V,F), (y,z)€V .
But, according to (1.2.41),
€ M(V,F) <= z€F and V(z)eF.

We have also V(z) C U(y). Indeed, z € V(z) <= (z,y) € V. Since
(y,z) € V, it follows that (y,z) € V2 C U, that is z € U(y).
It follows that U(y) € F, and since z € F,

(y,2) eV = yeV (@) cV H(F)CE.

Consequently, y € F and U(y) € F which is equivalent to y € M(U, E). O
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The following result will be used in the proof of the characterization of com-
pactness.

Proposition 1.2.66 ([133]). A quasi-uniform space is precompact if and only if every
maximal co-round filter is left K-Cauchy.

Proof. Let (X,U) be a quasi-uniform space. Supposing that (X, is not precom-
pact, there exists U € U such that X \ U(Z) # 0 for every finite subset Z of X.
It follows that the family {X \ U(z) : * € X} is the subbase of a filter on X.
Denote by F the co-envelope of this filter and let G O F be a maximal co-round
filter on X.

For U € U let V € U be such that V2 C U.

For z € X arbitrary, V=YX \ V2(z)) NV (x) = 0. Indeed, if there is y €
V(z) N V=YX \ VZ(z)), then (z,y) € V and

y e VHX\V3(2) <= 3z X\ V), (y,2) €V.
It follows that
(r,2) €V? «—= 2zecVia),

in contradiction to the choice of the element z.
Because V"1 X\ V2(z)) € F C G and V() NV =X\ V2(z)) = 0 it follows
that V(z) ¢ G, so that the maximal co-round filter G is not left S,-Cauchy.

To prove the converse, suppose that (X,U) is precompact and let F be a
maximal co-round filter on X.
First we show that F is left S,-Cauchy. For U € Y and E € F,let V € U
and F' € F such that
VEPcU and VYF)CE.

By the precompactness of (X,U) there exists a finite subset Z of X such that
V(z)NF # () for every z € Z and

FcV(Z).

It follows that
ZcV Y F)CE.

Indeed, for z € Z there exists z € F such that
(2,2) €V <= (z,0) €V <= 2eV (z)cV HF)CE.
Suppose that, for a fixed z € Z,
(X\U@E)NB#D,

for all B € F. It follows that the filter G(z) generated by the family {W=1([X \
U(z)]NB): W €U, Be F} is co-round.
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From
WX \U(z)]nB) c W(B),
it follows that W~1(B) € G(z), so that F C G(z). Since F is maximal, it follows
that F = G(z).
Taking B =X € F and W =V one obtains

VHX\U(2)) € F. (1.2.43)
Let us show that
VHXN\U() c X\ V(2). (1.2.44)

Indeed, suppose that there exists y € V(2) NV~ X \U(2)). Then (z,y) € V
and
y eV HX\U(2)) <= I c X\U(2), (y,x) € V.

But (z,y) € V and (y,z) € V implies
(z,2) €V? <= € V3(2) CU(2),

in contradiction to the choice of the element x.

Now, by (1.2.43) and (1.2.44), X\ V(z) € F.

But F C V(Z) implies (X \ V(Z)) N F = (), so that there must exist z € Z
such that X \ V(z) ¢ F.

Consequently, there exist zg € Z and By € F such that

(X\U(Zo))ﬂBozw <~ l?()CUv(Zo)7

implying U(zg) € F. Consequently the filter F is left S,-Cauchy.

Since it is co-round and maximal, by Proposition 1.2.65.4 it is left K-Cauchy.
O

Now we can prove the characterization of compactness in quasi-uniform
spaces.

Theorem 1.2.67. A quasi-uniform space is compact if and only if it is precompact
and left K-complete.

Proof. Suppose that the quasi-uniform space (X,U) is precompact and left K-
complete. To prove the compactness it suffices to show that every ultrafilter on X
is convergent.

Let G be an ultrafilter on X. For U € U put
MU)={zeX:U(x) €G}.

Since X is precompact, for every U € U there exists a finite subset {z1,...,2,} of
X such that
U(z1)U---UU(zp) =X €G.
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Since G is maximal, there exists k, 1 < k < n, such that U(zx) € G. It follows
that the family {M(U) : U € U} is the base of a filter F on X.
Let us show that F is co-round. If for U € U, V € U is such that V2 C U,
then
VI M(V)) c MU) . (1.2.45)

Indeed,
ye VY M) < Tz e M(V), (y,z) €V .

Let us show that
V(z) cU(y) . (1.2.46)

Indeed, x € M(V) < V(z) € G. But then z € V(2) < (x,2) € V
implies
(y,2) eVECcU=2€U(y).

By the inclusion (1.2.46), U(y) € G or, equivalently, y € M (U). The inclusion
(1.2.45) shows that F is co-round. Let now H D F be a maximal co-round filter on
X. By Proposition 1.2.66, H is left K-Cauchy, so that, by hypothesis, it converges
to some z € X.

Let us show that the ultrafilter G converges also to x. For U e U let V e U
be such that V2 C U. Since M(V) € F C H and V(z) € H there exists y €
M(V)NV(z). Since y € M(V), V(y) € G. If we show that

V(y) cU(z), (1.2.47)

then U(z) € G, proving that G converges to x.
To prove (1.2.47), observe that y € V(z) < (x,y) € V, so that z € V(y)
implies (y,z) € V and (x,z) € V? C U. Consequently, z € U(z). O

The Lebesgue property (see (1.2.24)) can be extended from quasi-metric
spaces to quasi-uniform spaces. We present some properties related to this no-
tion following [147]. One says that a quasi-uniform space (X,U) has the Lebesgue
property if for every 7(U)-open cover G of the space X there exists U € U such
that {U(z) : © € X} refines G, that is

Vee X, 3Geg, U(x)CG. (1.2.48)

The analog of Proposition 1.2.37 holds in the quasi-uniform case too.
Proposition 1.2.68. Any compact quasi-uniform space has the Lebesque property.

Proof. Let G be a 7(U)-open cover of the quasi-uniform space (X,U). For every
x € X chooses G, € G and U, € U such that U2(z) C G,. If V,, denotes the 7(U)-
interior of the set Uy, then the 7(U)-open cover {V,(z) : z € X} of X contains a
finite subcover X = U{V,(z) : z € F'}, where F C X is nonempty and finite. Put
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U=n{U, : z € F} and show that U satisfies (1.2.48). For x € X let z € F be
such that x € V,(z) C U,(2).
Then
U(x) cU2(z) C G, .

Indeed, y € U(z) < (z,y) € U and z € U,(2) < (z,z) € U,, so that
(2,y) €U, oU C U?, that is y € U%(2). O

A quasi-uniform space (X,U) is called point-symmetric provided that
TU) cTU™). (1.2.49)

It follows that
TUH=TUT). (1.2.50)

The following result is the quasi-uniform analog of Proposition 1.2.13.4.

Proposition 1.2.69. If the topology T(U) of a quasi-uniform space (X,U) is Ty and
compact, then U 1is point-symmetric.

Proof. Suppose on the contrary that there exists G € 7(U)\ 7(U~!), meaning that
(i) Veeq, U, el, Ug(z)CG,
(ii) Jdxg € G, YU € U, U_l(.’lﬁ())ﬂ[:(G) 0.

The family {U~*(z0) NC(G) : U € U} is the base of a filter F on X, which,
by the compactness of X, has a cluster point y. Since 0(G) is closed y € [(G), so
that y # x¢. As the topology 7(U) is Ty there exists Uy € U such that zg ¢ Uy(y).

Also

YU eU, Uly)nU Yao)NC(G) #0.

Let V € U such that V2 C Up. Since V' C Uy it follows that o ¢ V (y).

Choosing an element z € V(y) N V~1(xg) it follows that (y,2z) € V and
(z,m0) € V, so that (y,z¢) € V2 C Uy, leading to the contradiction z¢ €
Uo(y)- O

The following proposition is an extension of Theorem 1.1.57.

Proposition 1.2.70. Let (X,U), (Y,V) be quasi-uniform spaces such that U has
the Lebesque property and V™' is point-symmetric. Then any continuous mapping
f: (X U) = (Y, V) is quasi-uniformly continuous (in fact, (U, V?)-quasi-uniformly
continuous).

Proof. For V.€ V let W € V such that W2 C V. The condition on V means
that 7(V~!) € 7(V) so that 7(V) = 7(V*). Putting W* = W N W~ it follows
that for every x € X, there exists W, € V such that W, (f(z)) € W*(f(z)).
Since {f~!(7(V)-int(W,(f(x)) : @ € X} is a 7(U)-open cover of X, the Lebesgue
property of U yields an entourage U € U such that

VeeX, JyeX, Ulx)C f (Wy(f() ,
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implying
Vee X, Jye X, [f(U(x) CWy(fly) cW*(f(y)))-

)

The proof will be done if we show that (f(x), f(

Since x € U(z) it follows that f(z) € f(U(z)) C W*
Wt = (f(z), f(y)) e W.

Also (z,2) € U <= z € U(x) implies f(z) € f(U(z)) C W*(f(y)) so that

(f(), f(2)) € W and (f(x), f(2)) e W? C V. 0

Other results on the relations between completeness, compactness, precom-
pactness, total boundedness and other related notions in quasi-metric and quasi-
uniform spaces can be found in the papers [10, 101, 131, 138, 139, 173, 174, 185,
190, 196, 214].

z)) € V for every (z,z) € U.
W= (f(y), and so (f(y), f(x)) €

1.2.6 Completions of quasi-metric and quasi-uniform spaces

Two difficult problems in the study of quasi-metric and quasi-uniform spaces are
those of completion and compactification for such spaces. As it is mentioned in
the paper [185], the authors did not succeed to obtain a satisfactory theory for
these problems. Some progress in this direction was obtained by Alemany and Ro-
maguera [9], Doitchinov [62, 66], Gregori and Romaguera [101], Romaguera and
Sénchez-Granero [199]. We shall discuss in Section 2.1 the existence of a bicom-
pletion for an asymmetric normed space, following the paper [88]. The existence
of a bicompletion of a normed cone was proved by Oltra and Valero [170].

As it is well known, every metric space (X, p) admits a completion, mean-
ing a complete metric space (X*, p*) and an isometric embedding ¢ : X — X*
such that ¢(X) is dense in X. The standard construction (see, e.g., [73, Ex-
ercise 4.5.6]) consists in considering X* as the space of equivalence classes of
Cauchy sequences in X. Two Cauchy sequences (x,), (yn) in X are considered
equivalent if lim,, p(x,,y,) = 0. For two equivalence classes &, € X* one puts
d*(&,n) = lim, p(zn, yn), where (x,,) € £ and (y,,) € 1. One shows that (X*,d*) is
a complete metric space fulfilling all the requirements of a completion for (X, d).
Furthermore, the completion of a metric space is unique up to an isometric iso-
morphism.

It turns out that these ideas are not easy to transpose to quasi-metric spaces.
Call a mapping f between two quasi-metric spaces (X,p) and (Y,d) a quasi-
isometry if

d(f (=), f(y)) = p(z,y) , (1.2.51)

for all x,y € X. Then it is natural to call a completion of a quasi-metric space
(X, p) a complete quasi-metric space (X*,p*) such that there exists a quasi-
isometry ¢ : X — X* with ¢(X) dense in (X*,7,-).

First of all, the definition depends on the kind of completeness we consider
(see Subsection 1.2.1), but as it is shown by some examples a completion of an
arbitrary quasi-metric space does not exist in general.
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An approach similar to that in the metric case, proposed by Doitchinov [63],
will be briefly described in what follows. Let (X, p) be a quasi-metric space. A
sequence (z,,) in X is called a D-Cauchy sequence if there exists another sequence
(yn) in X such that
Hm p(Ym, xn) =0 . (1.2.52)
m,n
The quasi-metric space (X, p) is called D-complete if every D-Cauchy sequence
converges. A sequence (y,,) satisfying (1.2.52) is called a cosequence to (x,).
The D-completeness of spaces of semi-Lipschitz functions will be discussed
in Theorem 2.6.20 from Section 2.6.
Some of the advantages of this definition are mentioned in the following
proposition.

Proposition 1.2.71. Let (X, p) be a quasi-metric space. Then

1. Every convergent sequence is D-Cauchy.
2. Every subsequence of a D-Cauchy sequence is D-Cauchy.

3. If (X, p) is a metric space, then the notion of D-Cauchy sequence agrees with
that of a usual Cauchy sequence.

As a major drawback, Doitchinov [63] mentions the fact that a D-complete
subspace of a quasi-metric space (X, p) need not to be 7(p)-closed.

The construction proposed by Doitchinov [63] follows the ideas from the
metric case, but it is more complicated due to the nature of quasi-metric spaces. Let
(X, p) be a balanced quasi-metric space (see (1.1.17)). Two D-Cauchy sequences
(zn), (yn) are called equivalent if they have the same cosequences.

The following proposition emphasizes the steps needed for the construction
of the completion. The proofs are based on the properties of balanced quasi-metric
spaces, see Proposition 1.1.11.

Proposition 1.2.72. Let (X, p) be a balanced quasi-metric space.
1. Let &, — x (i.e., lim, p(x,2,) = 0). Then (ym) is a cosequence to (xy) if
and only if imy, (ym, x) = 0.

2. If (21,), () are two D-Cauchy sequences with a common cosequence (Ym),

then z,, — x implies z, — x.
3. If (z)), (a) are two equivalent D-Cauchy sequences, then x, — x implies
4. If (x)), (x)) are two D-Cauchy sequences with a common cosequence (Ym),
then they are equivalent.
5. A D-Cauchy sequence is equivalent with any of its subsequences.

6. The collection of all sequences converging to a point x forms a class of equiv-
alent sequences.
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One denotes by X* the set of all equivalence classes of D-Cauchy sequences
and one puts

p*(&n) = lim p(ypm, zn) , (1.2.53)

for £,n € X*, where (x,) is a D-Cauchy sequence in the class & and (y.,) is a
cosequence to the class 7. One shows that the so-defined mapping p* : X* x X* —
R is well defined, p* is a balanced quasi-metric on X*, and the quasi-metric space
(X*, p*) is D-complete.

Furthermore, the application ¢x : X — X* given by

ox(x) ={(vn) 120 >z}, vEX, (1.2.54)

is a quasi-metric embedding of (X, p) into (X*, p*) and the image ¢x(X) of X
by ¢x is dense in X*. The construction given above is called the standard D-
completion of a quasi-metric space (X, p). We mention the following properties of
this completion.

Theorem 1.2.73. Let (X, p) be a balanced quasi-metric space.

1. If (X, p) is D-complete, then it coincides (up to a quasi-isometry) with its
standard D-completion.

2. If (X, p) is a metric space, then its standard D-completion coincides with the
usual metric completion of X.

3. The standard completion is the minimal D-complete balanced quasi-metric
space containing (X, p), in the sense that if (Y,d) is a D-complete balanced
quasi-metric space such that (X, p) C (Y,d), then (X*,p*) C (Y,d). (All the
inclusions are understood as quasi-metric embeddings.)

4. If (X,p) C (Y,d) are balanced quasi-metric space, then their standard D-
completions satisfy (X*, p*) C (Y*,d*).

5. (The extension property.) Any quasi-uniformly continuous mapping
[ (X, p) = (Y,d)

between two balanced quasi-metric spaces has a unique quasi-uniformly con-
tinuous extension f* : (X* rho*) — (Y*,d*), in the sense that f* o px =
py o f, where px : X = X" and oy : Y — Y™ are the standard embeddings
given by (1.2.54).

A natural question is what happens with the conjugate quasi-metric. As it
was shown by Doitchinov [63], there is no difference between right and left D-
completeness.

Proposition 1.2.74. Let (X, p) be a quasi-metric space and p the conjugate quasi-
metric.
1. The quasi-metric p is balanced if and only if p is balanced.

2. The quasi-metric space (X,p) is D-complete if and only if (X,p) is D-
complete.
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3. The standard D-completions (X*,p*) of (X, p) and (X*,(p)*) of (X,p) are
related by the equality
(X%, (7)) = (X", p") (1.2.55)

Replacing sequences by nets Doitchinov [65] extended this method to quasi-
uniform spaces. A completion of a quasi-uniform space (X,U) is a complete quasi-
uniform space (X*,U*) such that there exists a quasi-uniform embedding ¢x :
X — X* with px(X) dense in X*.

A mnet (x; 14 € I) in (X,U) is called D-Cauchy if there exists another net
(y; : j € J) such that

lim p(y;, i) = 0. (1.2.56)
i,J

The condition (1.2.56) means that
YU el, diyg €1, gy € J, V) > ju, Vi > iy, (yj,l‘i)€U.

A net (y; : j € J) satisfying (1.2.56) is called a conet to (x;). A quasi-uniform
space (X,U) is called D-complete if every D-Cauchy net in X is convergent.

As we have seen, standard D-completions were obtained for the class of
balanced quasi-metric spaces. In this case again the construction is possible only
for a restricted class of quasi-uniform spaces, called quiet quasi-uniform spaces. A
quasi-uniform space (X,U) is called quiet if for every U € U there exists V € U
such that

(Viel, (x,z;) e V) AN (VjeJ, (y;,y) €V) A lim(y;,z;) =0 = (x,y) € U,
0]

(1.2.57)
for all pairs of filters (z; i€ 1) and (y;:j€J)in X and all z,y € X .

Adapting the construction with sequences given in quasi-metric spaces to
nets in quasi-uniform spaces, Doitchinov was able to prove the existence of a
D-completion of a quasi-uniform space having properties similar to those of the
standard D-completion of a quasi-metric space.

The notion of D-completeness and the construction of D-completion can be
also treated through filters, see Doitchinov [61, 66]. A filter F in a quasi-uniform
space (X,U) is called D-Cauchy provided there exists a so-called co-filter G in X
such that for every U € U there are G € G and F' € F with G x F C U.

The quasi-uniform space (X,U) is called D-complete provided that every
D-Cauchy filter converges.

A related notion of completeness was considered by Andrikopoulos [13]. For
a comparative study of the completeness notions defined by filters and nets see
also Andrikopoulos [14], Dedk [56, 57, 58]. Stoltenberg [226] proved the existence
of a left Si-completion for every quasi-uniform space.

Call a quasi-uniform space (X,U) Smyth complete if every round S,,-Cauchy
filter is the neighborhood filter of a unique point z € X.
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Theorem 1.2.75 ([228]). A quasi-uniform space (X,U) admits a Smyth completion
if and only if every round S, -Cauchy filter on X is stable.

For other results on this line, see also Stinderhauf [229, 230].

A quasi-uniform space (X, ) is called half-complete if every U*-Cauchy filter
on X is 7(U)-convergent. The existence of half-completions of quasi-uniform spaces
is discussed by Romaguera in [9], the existence of left K-completions of quasi-
metric and quasi-uniform spaces in [190] and that of right K-completions in [192].

Romaguera [193] considered another class of quasi-uniform spaces, called
fitting quasi-uniform spaces. He showed that every quiet-quasi-uniform space is
fitting, the bicompletion of a fitting quasi-uniform space is again fitting and a
totally bounded fitting quasi-uniform space is a uniform space.

The existence of a compact completion of a quasi-semimetric spaces is given
in [185].

Theorem 1.2.76. Any quasi-semimetric space has a compact (left, right) comple-
tion.

Proof. For a quasi-semimetric space (X, p) let z ¢ X and X* = X U{z}. Without
loss of generality we can suppose p(z,y) < 1for all 2,y € X. Define p* : X*x X* —

[0;00) by
plz,y) if zyelX,
pr(z,y) =140 if z=2 yeX",
1 if zeX, y==z2.
Then p* is a quasi-semimetric on X*, B,«(z,¢) = X* and B, (z,e) =

By(x,¢) for every x € X and 0 < e < 1.

It follows that X is dense in X*, p*|x+xx+ = p and the identity map from
(X, p) to (X*, p*) is a quasi-isometry. Since every sequence in X* is convergent to
z it follows that (X*, p*) is complete in all senses of completeness definitions. Any
open cover of X* contains X*, so that X* is compact. O

The completion given in Theorem 1.2.76 is the smallest one-point compacti-
fication of (X, p). A disadvantage is that (X*, p*) is never T} because p*(z,y) =0
for all y € X*. Another disadvantage is that this completion is not unique, in
general. A related question is that of the quasi-semimetrizability of the one-point
Alexandrov compactification of a quasi-semimetric space.

In [185] it is shown also the existence of a complete metric space completion.
The proof is based on the following remark. For a topological space T' denote by
U(T) the space of all bounded usc functions with the metric d(f, g) = sup{|f(¢) —
gt)| :teT}.

The proof of the following result is based on standard methods of mathemat-
ical analysis.

Theorem 1.2.77. The space (U(T),d) is a complete metric space.



1.2. Completeness and compactness in quasi-metric and quasi-uniform spaces 97

Based on this result one can prove the following.
Theorem 1.2.78. Any quasi-semimetric space has a quasi-completion.

Proof. Let (X, p) be a quasi-semimetric space and z € X fixed. Assume again
p(x,y) < 1forall z,y € X and define i : X — U(X) by i(z)(t) = p(x,t) + p(z, t),
for t € X, x € X. Then [i(x)(¢)] < 2 for all z,t € X. By Proposition 1.1.8.4, the
functions p(z,-) and p(z,-) are 7,-Isc, so that i(xz) € U(X) for every z € X.

One shows that

d(i(z),i(y)) :== sup{li(z)(t) —i(y)(t)| : t € X}
= max{p(z,y), p(y, )} = p*(z,y) .

The desired completion of (X, p) is X* = d-cl(i(X)). O

Remark 1.2.79. Here a quasi-isometry is an application f between two quasi-semi-
metric spaces (X, p1) and (X, p2) such that po(f(z), f(y)) = p5(x,y). Also by a
quasi-completion of a quasi-semimetric space (X, p) one understands a complete
metric space (Y, d) and a quasi-isometry i : (X, p) — (Y, d) with i(X) dense in Y.



Chapter 2

Asymmetric Functional Analysis

An asymmetric seminorm is a positive sublinear functional p on a real vector
space X. If p(x) = p(—z) = 0 implies 2 = 0, then p is called an asymmetric
norm. The conjugate asymmetric seminorm is given by p(x) = p(—z), = € X, and
p® = pV p is a seminorm, respectively a norm on X if p is an asymmetric norm.
An important example is the asymmetric norm u on R given by u(t) = t*, ¢ € R,
generating the upper topology on R. In this case a(t) =t~ and u®(t) = |t|, t € R.
The dual Xz of an asymmetric normed space (X, p) is formed by all upper semi-
continuous linear functionals from (X, p) to (R, |-|), or equivalently, by all contin-
uous linear functionals from (X, p) to (R, ). In contrast to the usual case, X]'; is
not a linear space but merely a cone contained in the dual X* of the normed space
space (X, p®). The aim of this chapter is to present some basic results on asymmet-
ric normed spaces, their duals and on continuous linear operators acting between
them. Applications are given to best approximation in asymmetric normed spaces.
As important examples one considers asymmetric norms on normed lattices and
spaces of semi-Lipschitz functions on quasi-metric spaces. Asymmetric locally con-
vex spaces are considered as well.

2.1 Continuous linear operators between asymmetric
normed spaces

The basic objects of functional analysis are normed spaces and locally convex
spaces and spaces of continuous linear operators acting between them, with spe-
cial emphasis on continuous linear functionals and the duals of these spaces. The
situation is quite different in the asymmetric case, mainly due to the fact that the
dual of an asymmetric normed space or of an asymmetric LCS X, meaning the
set of all lower semi-continuous linear functionals on X, is not a linear space but
merely a cone in the space of all continuous linear functionals on X. In spite of the
existing differences, some results from the symmetric case have their counterparts
in the asymmetric one, a study that was initiated in [90]. As an application one
considers the important case of asymmetric norms on normed lattices.

S. Cobzas, Functional Analysis in Asymmetric Normed Spaces, Frontiers in Mathematics, 99
DOI 10.1007/978-3-0348-0478-3_2, © Springer Basel 2013
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2.1.1 The asymmetric norm of a continuous linear operator

Let (X, p) and (Y, ¢) be two asymmetric seminormed spaces. Denote by L, (X,Y)
the space of all linear operators from X to Y. A linear operator A : X — Y
is called (p, ¢)-continuous if it is continuous with respect to the topologies 7, on
X and 74 on Y. The set of all (p, ¢)-continuous linear operators from X to Y is
denoted by L, 4(X,Y). For u € {p,p,p°} and v € {q,q,q¢"}, the (u,v)-continuity
and the set L, ,(X,Y) are defined similarly. The space of all continuous linear
operators between the associated seminormed spaces (X, p®) and (Y, ¢®) is denoted
by L(X,Y).

In the case of linear functionals, i.e., when Y =(R,u), we put X]'; =L, .(X,R)
and X* = L((X,p®),(R,]| - ])). The meaning of Xg is clear. A linear operator
A (X,p) = (Y,q) is called (p, q)-semi-Lipschitz (or (p,q)-bounded) if there exists
a number 3 > 0 such that

q(Az) < Bp(z), (2.1.1)

for all x € X.
The characterizations of the continuity of linear mappings will be based on
the following proposition.

Proposition 2.1.1. Let X be a real vector space, f,g: X — R sublinear functionals
and o, 8 > 0.
Then the following conditions are equivalent:

Vee X, glx)<p8 = f(z)<aq, (2.1.2)

and
«

Vee X, u(f(x)) < Bu(g(sc)) (2.1.3)
If g(x) > 0 for all x € X, then these two conditions are also equivalent to
Vze X, f(z)< gg(x). (2.1.4)

Proof. (2.1.2) = (2.1.3) Let z € X. If g(x) < 0, then g(nz) = ng(z) < 0 <
a, n €N, so that nf(z) = f(nz) < 5, n € N, implying f(x) <0 and

u(f(z)) =0= 5U(9(~’U)) :

If g(x) > 0, then g (g(ﬁw)x) = 3, so that

f a
f (g(x)x> <a <= f(x)< Bg(x) = u(f(z)) < Bu(g(x»'

(2.1.3) = (2.1.2) Let x € X. If g(x) < 0 < 3, then u(g(x)) =0, so that

fla) < u(f(z) < ‘;u<g<x>> =

g(z) <o

B
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If g(x) > 0, then, by hypothesis,

flo) s u(f@) < pulg(@) = Ho(z) <
Since g(x) > 0, z € X, implies u(g(z)) = g(z), € X, the equivalence (2.1.3)
<= (2.1.4) is obvious. O

The following proposition contains some characterizations of continuity, sim-
ilar to those known in the symmetric case.

Proposition 2.1.2. For a linear operator A between two asymmetric seminormed
spaces (X, p), (Y,q), the following are equivalent.

The operator A is continuous on X.

The operator A is continuous at 0 € X (or at an arbitrary point xo € X).

The operator A is (p,q)-semi-Lipschitz.

= W D

The operator A is (Uy,Uy)-quasi-uniformly continuous on X.

Proof. The equivalence 1 <= 2 holds for any additive operator (see Proposition
1.1.42).

2 = 3 By the continuity of A at 0 € X there exists r > 0 such that
A(Bpl0,7]) C B,4[0, 1], meaning that

p(z) <r = q(Az) <1,

for every € X. Applying Proposition 2.1.1 to the sublinear functionals f(z) =
q(Azx) and g(x) = p(x), it follows that

o(A2) < | pla),

for all z € X.

3 = 4 Suppose that (2.1.1) holds with some S > 0 and let ¢ > 0. For
V=A{(y1,12) €Y xY :qya — 1) < e} €Ug, let U :={(z1,22) € X x X : p(xa —
x1) < ¢/B} € Up. Then for every (z1,22) € U, q(Azs — Az1) = q(A(ze — 1)) <
Bp(xe — x1) < &, showing that (Axy, Azs) € V.

The implication 4 = 1 is a general result: any quasi-uniformly continu-
ous mapping between two quasi-uniform spaces is continuous with respect to the
topologies induced by the quasi-uniformities. O

Based on these properties one can introduce an asymmetric seminorm on the
cone L, (X,Y) by

|Alp,q = sup{q(Az) : z € X, p(x) <1}, (2.1.5)

for every A € L, 4(X,Y).
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The seminorm || - || := || - |ps,q= is the usual operator seminorm on the space
L(X,Y)=Lps ¢+(X,Y) given for A € L(X,Y) by

|A|| = sup{¢®(4x) : x € X, p°(z) < 1}. (2.1.6)

We mention the following results, whose proofs are similar to those for normed
spaces.

Proposition 2.1.3. Let (X,p) and (Y, q) be asymmetric seminormed spaces and
A€ L, (X,Y). Then the number ||A|pq is the smallest semi-Lipschitz constant
for A and || - |p,q is an asymmetric seminorm on the cone Ly, o(X,Y), which is an
asymmetric norm if q is an asymmetric norm.

The asymmetric seminorm || Alp.q can be calculated also by the formula

|Alp,q = sup{q(Az)/p(z) : x € X, p(x) > 0} . (2.1.7)

A cone (in fact, a convex cone) is a subset Z of a linear space X such that
w+z € Z and Az € Z for all w,z € Z and A > 0. A cone is called also a semilinear
space. In order to study spaces of linear operators between asymmetric normed
spaces and the duals of such spaces, we shall consider asymmetric norms on cones.

Remark 2.1.4. In fact, one can define an abstract notion of cone as a set K with
two operations, addition + which is supposed to be commutative, associative and
having a neutral element denoted by 0, and multiplication by nonnegative scalars
(denoted by -), satisfying the properties

(i) (Aw)a = A(pa), (@) A(a+Dd) =Aa+ b, (iii)(A + p)a = Aa + pa,

(iv)1-a=1, and (v)0-a=0. (2.1.8)

The cone X is called cancellative if a +c=b+c = a =0 for all a,b,c € X.
A cone X is cancellative if and only if it can be embedded in a vector space.

The theory of locally convex cones, with applications to Korovkin type ap-
proximation theory for positive operators and to vector-measure theory, is de-
veloped in the books by Keimel and Roth [109] and Roth [212], respectively. A
recent paper by Galanis [85] discusses Gateaux and Hukuhara differentiability on
topological cones (called by him topological semilinear spaces and meaning cones
for which the operations of addition and multiplication by positive scalars are
continuous).

The following proposition shows that continuous linear operators between
two asymmetric normed spaces are continuous with respect to the associated norm
topologies. Also the set of all these continuous linear operators is a cone (a can-
cellative one).

Proposition 2.1.5. Let (X,p) and (Y,q) be asymmetric seminormed spaces. Any
(p, q)-continuous linear operator A : X =Y is also (p°, ¢°)-continuous and the set
L, (X,Y) is a convex cone in L(X,Y). Also

prQ(X7 Y) = Lﬁ,q(Xv Y) ) (219)
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and
[Alp,q = |4l5¢ > [|A

S (2.1.10)

for every A € L, o(X,Y).

In particular, every (p,u)-continuous linear functional is (p°,| - |)-continuous
and X; is a cone in the space X* of all continuous linear functionals on the normed
space (X, p®).

Proof. Observe that
Ve e X, q(Az) < fp(z) < Vo e X, q(Az) < Bp(x),

proving the equality (2.1.9). Taking into account Proposition 2.1.3 (the fact that
the seminorm is the smallest semi-Lipschitz constant), this equivalence implies
also the equality ||Alp.q = ||4l5,5-

Also, q(Az) < fp(x) < Bp*(x) and g(Az) < Bp(z) < PBp°(z), implies
¢*(Az) < Bp*(z), proving the inclusion L, 4(X,Y) C Ly «(X,Y) and the in-
equality [|Alps g« < || A]p.q- O

The following example shows that L, ,(X,Y") is not a subspace of L(X,Y).

Example 2.1.6. On the space X = (Cy[0;1] from Example 1.1.43 consider the
functional ¢(f) = f(1), f € Cp[0;1]. Then ¢ is continuous on (X, p), but —¢ is
not continuous.

Another example is furnished by the functional id : (R,u) — (R, u) which is
(p, w)-continuous, but —id is not.

Indeed, ¢(f) = f(1) < max f([0;1]) = p(f), f € Cy[0;1], so that ¢ is (p,u)-
continuous. Taking f,,(t) = 1—nt, t € [0; 1], it follows that p(f,) = 1l and —p(f,) =
—fn(1) =n —1, so that —¢ is not bounded on the unit ball of (X, p), so it is not
continuous.

2.1.2 Continuous linear functionals on an asymmetric
seminormed space

In this subsection we consider an asymmetric seminormed space (X, p) with non-
trivial seminorm p (that is p # 0) with conjugate seminorm p and the (symmetric)
seminorm p®. Note that in this case the fact that a linear functional ¢ : (X,p) — R
is (p, u)-semi-Lipschitz is equivalent to

¢(z) < Bp() , (2.1.11)

for all z € X.
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Note also that the continuity of a function f from an asymmetric normed
space (X,p) to (R,u) is equivalent to its upper semicontinuity from (X,p) to

(R, [-]).

Denote by XZ and Xg the cones of p-continuous, respectively p-continuous,
linear functionals on X and let X* = (X,p®)* be the dual of the seminormed
space (X, p*). When there is no danger of confusion the space X ]'; will be denoted

simply by X” and we shall call it the asymmetric dual of the space (X,p).
Let

By={reX:px)<1} and B, ={zc X :p(z)<1}

be the closed, respectively open, unit ball of X.
The functionals given by

l¢lp =sup@(By), ¢ € Xp, and ||[y]; = supp(Bs), ¥ € X, (2.1.12)

are asymmetric norms on Xg and X} respectively.
The functional defined by

lz*|| = sup ™ (Bpe) = sup{z*(z) : z € X, p°(x) <1}, 2" € X", (2.1.13)

is a norm on the space X* = (X, p*)* and the space X* is complete with respect
to this norm, i.e., it is a Banach space.
We mention the following properties of continuous linear functionals.

Proposition 2.1.7. Let (X, p) be a space with asymmetric seminorm.

1. The functionals given by (2.1.12) are asymmetric norms on X]';, and Xg,
respectively, satisfying

=0 <<= |lplp,=0 and Yv=0 < |[Y|z=0. (2.1.14)
Also, if ¢ # 0, then
¢(xo) = [l¢lp = plzo) =1, (2.1.15)

for any xo € By.
2. The norm ||¢|, of a functional ¢ € X]'; is the smallest semi-Lipschitz constant
for ¢ and it can be also calculated by the formula

l¢lp = sup{p(z)/p(z) : x € X, p(z) > 0} .
3. The cones XZ and Xg are contained in X™* and

lell < llelp  and 9] < [l9]p

for every v € X;I; and every ¥ € Xg.
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4. The following hold:
peX) = —peXy and |l =|—¢l5-

Consequently, X, = —Xp and the linear spans of Xzb) and Xg agree, being
given by

sp(X}) =sp(X}) = X} + X} .

Proof. All of the assertions from 1 and 2, excepting (2.1.14) and (2.1.15), are
consequences of Propositions 2.1.2 and 2.1.3.

To prove (2.1.14), observe that if ¢ # 0, then there exists ¢ € X such that

©(xo) > 0, implying
0 < p(xo) <llelp p(xo) -

If there exists xo € X with p(z) < 1 such that ¢(zo) = ||¢[p > 0, then z1 =
[p(wo)]~tzg satisfies p(z1) = 1 and ¢(x1) = p(x0)/p(z0) > |l¢lp, a contradiction,
showing that (2.1.15) holds, too.

3. Let p € XZ. The inequalities

o(z) < |lelpp(@) < [lolpp® (@), € X,

imply ¢ € X* and ||¢|| < |l¢|p- The situation for the conjugate seminorm p is
similar.

4. Let now ¢ : X — R be a linear functional. The assertion will be a conse-
quence of the following equalities:

I = #lp = sup{—p(z) : p(x) <1} = sup{p(—z) : p(=2) <1} = [|¢lp -
b _ b by _— vb b _ yb b b
It follows that X) = — X7, so that sp(X)) = X) — X) = X) + X, =sp(Xp). O

In the following proposition we collect some simple properties of the norm
|| - |, that we shall need in the proofs of the separation theorems.

Proposition 2.1.8. If ¢ is a continuous linear functional on a space with asymmet-
ric seminorm (X,p), p # 0, then the following assertions hold.

e hae ol =suple() : = € X, p(z) < 1)
Plp =supp(z) 1z € X, plx) <
—sup{p(e) : 7 € X, plx) = 1) (21.16)
and
gl =inf{p(@) : z € X, p(z) < 1) o

=inf{p(z) :z € X, p(z) =1} .

2. If ¢ is both p- and p-continuous (i.e., p € XZ n Xg), then

0(By) = (=llelsi llely) and  ©(By) = (=l llls) -
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3. Ifpe X)\ X} and ¢ € X))\ X}, then
¢(By) = (=00, llelp) and  (Bp) = (=[[¥lp;00) -

Proof. 1. We can suppose ¢ # 0. Then ¢ := sup{p(z) : p(z) < 1} < |lplp. If
x € X is such that p(z) = 1, then p(n(n +1)"tx) = n(n + 1)~ p(z) < 1, so that
n(n+1)"tp(x) = p(n(n +1)~tx) < ¢, for all n € N. Letting n — oo, it follows
that p(z) < ¢, implying ||¢|, = sup (B,) < ¢, that is ||¢|, = c.

By Proposition 2.1.7,

llp = sup{p(z/p(z)) : x € X, p(x) > 0} =sup{p(y) :y € X, p(y) = 1}.

By (2.1.16) applied to p, [[¢|z = sup p(Bj), so that

inf{p(z):p(z) <1l}=inf{p(-2):p(—z) <1}=—sup{p(z):p(z) <1}=—|¢lz,

proving the first equality in (2.1.17).
The second equality is proved similarly.
2. By the first assertion of the proposition,

sup ¢(B,) = |l¢l, and infe(B,) = —|l¢ls .

By Proposition 2.1.7.1, —|¢[; < p(z) < ||¢|, for every z € B),.
The convexity of B}, and the linearity of ¢ imply that ¢(B,) is convex, that
is it is an interval in R, so that

¢(By,) = (inf p(B,);supp(B,)) = (—ll¢ls; [l#lp) -
3.1f o € X} \ X2, then

00 = sup{p(z) : p(=z) < 1} = sup{—p(z) : p(z) < 1} = —inf{p(z) : p(z) <1},

that is inf p(B,,) = —oco, and sup ¢(B,) = |[¢|p-

Reasoning as above, it follows that ¢(B,) = (—0o0; [[¢]p)-

For the second equality, note that supp(B,) = oo and, by (2.1.17),
inf o(B},) = —|[¢lp, implying ¢(Bp) = (=[l¢lp; 00). 0

2.1.3 Continuous linear mappings between asymmetric locally
convex spaces

Let (X, P), (Y,Q) be two asymmetric locally convex spaces with the topologies
7p and 7 generated by the families P and @ of asymmetric seminorms on X
and Y, respectively. In the following when we say that (X, P) is an asymmetric
locally convex space, we understand that X is a real vector space, P is a family
of asymmetric seminorms on X and 7p is the asymmetric locally convex topology
associated to P.
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A linear mapping A : X — Y is called (P, @)-bounded if for every q €
there exist F' € F(P) (the family of all nonempty finite subsets of P) and § >
such that

Q
0

Ve € X, q(Az) < fmax{p(z) :p € F}. (2.1.18)

If the family P is directed, then the (P, @)-boundedness of A is equivalent
to the condition: for every q € @ there exist p € P and # > 0 such that

Vo € X, q(Az) < Bp(x). (2.1.19)

The continuity of the mapping A from (X, 7p) to (Y, 7q) is called (7p, 7q)-
continuity. We shall use also the terms (P, Q)-continuity for this property, and
(P, u)-continuity in the case of (7p,7,)-continuous linear functionals, where u is
the quasi-metric on R given in Example 1.1.3.

Because both of the topologies 7p and 7¢g are translation invariant, we have
the following result.

Proposition 2.1.9. Let (X, P) and (Y, Q) be asymmetric locally conver spaces and
A: X =Y a linear mapping. The following conditions are equivalent.

1. The mapping A is (P, Q)-continuous on X.

2. The mapping A is continuous at 0 € X.

3. The mapping A is continuous at some point xg € X.

The following proposition emphasizes the equivalence of continuity and
boundedness for linear mappings.

Proposition 2.1.10. Let (X, P) and (Y, Q) be two asymmetric locally convex spaces
and A: X —Y a linear mapping. The following assertions are equivalent.

The mapping A is (P, Q)-continuous on X.

The mapping A is continuous at 0 € X.

The mapping A is (P, Q)-bounded.

The mapping A is (Up,Ug)-quasi-uniformly continuous on X .

= W =

Proof. The equivalence 1 <= 2 follows from the preceding proposition.
Suppose the families P and @ to be directed.
2 = 3. For g € Q consider the 7g-neighborhood V' = B,(0,1) of A(0) =
0 €Y, and let U be a neighborhood of 0 € X such that A(U) C V. If p € P and
r > 0 are such that B,(0,r) C U, then

Vee X, plz)<r = q(Az) <1.

By Proposition 2.1.1 applied to f(x) = q(Ax) and g(x) = p(z), this relation implies

1
Vee X, q(Az) < p(x).
T
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3 = 4. For W € Ug there exists ¢ € @ and € > 0 such that W, . = {(y,¢’) €
YXY:qly —y)<e} CW.If p€ P and 8 > 0 are such that (2.1.19) holds, then
(f(z), f(y)) € Wy for every (x,y) € Uy, where r :=¢/f.

The implication 4 = 1 holds for arbitrary quasi-uniform spaces. O

In the case of linear functionals on an asymmetric locally convex space we
have the following characterization of continuity, where « is as in Example 1.1.3.

Proposition 2.1.11. Let (X, P) be an asymmetric locally convex space, where P
is a directed family of asymmetric seminorms on X, and ¢ : X — R a linear
functional. The following assertions are equivalent.

1. The functional p is (P,u)-continuous at 0 € X.

2. The functional ¢ is (P, u)-continuous on X.

3. The functional ¢ is upper semi-continuous from (X, 7p) to (R,]-|).
4. There ezxist p € P and B > 0 such that

Vee X, ox) < Bp(x). (2.1.20)

5. The functional ¢ is (P, u)-quasi-uniformly continuous on X.

Using Proposition 2.1.1 and the inequality

f(y)—f(x)ﬁf(y—x), x7y€X7 (2'1'21)

valid for any sublinear functional on a vector space X, it is easy to check that
these results hold for the slightly more general case of sublinear functionals.

Proposition 2.1.12. Let (X, P) be an asymmetric locally convex space, where P is a
directed family of asymmetric seminorms on X, and let f : X — R be a sublinear
functional. The following assertions are equivalent.

1. The functional f is (P,u)-continuous at 0 € X.

2. The functional f is (P, u)-continuous on X.

3. The functional f is upper semi-continuous from (X,7p) to (R,|-]).
4. There exist p € P and 8 > 0 such that

VreX, f(x)<pplx).
5. The functional f is (P, u)-quasi-uniformly continuous on X.
Proof. 1 = 2 Let x € X. For € > 0 there exist p € P and r > 0 such that
p(z) <r = f(z)<e.
Then, for any y € X such that p(y — z) < r we have
fly) = flz) < fly—x) <e,
proving the (P, u)-continuity of f at x.
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The equivalence 2 <= 3 is true for an arbitrary function from X to R.
2 = 4. Since (—o0;1] is a 7,-neighborhood of f(0) = 0 € R, there exist
p € P and r > 0 such that f(Bp[0,r]) C (—o0;1], i.e.,

Vee X, px)<r = flx)<1.

By Proposition 2.1.1 this implies

Vee X, f(z)< ip(x) .

4=5 Fore>0let Uy ={(s,t) ER*:u(t—s)<e}.Ifpe Pand B3>0
are given by 4, let V,, . /5 = {(z,y) € X*: p(y — x) <¢e/f}.
The inequalities

f)—flx) < fly—2) < Pply—x) <e

show that f(V, c/3) C Uye.
The implication 5 = 1 is a general topological property. g

The above proposition has the following useful corollary.
Corollary 2.1.13. Let (X, P) be an asymmetric LCS.

1. Let f, g be sublinear functionals defined on an asymmetric locally convex space
(X,P). If f <g and g is (P,u)-continuous, then f is (P,u)-continuous too.
In particular the result is true when f is linear.

2. Every asymmetric seminorm p € P is quasi-uniformly (P, u)-continuous.

Proof. By Proposition 2.1.12, there exist p € P and f > 0 such that Vz €
X, g(z) < Bp(z). It follows that Vz € X, f(x) < g(x) < Bp(x), which, by
the same proposition, implies the continuity of f.

The second assertion is a consequence of the first one and of the translation
invariance of the topology. O

Remark 2.1.14. If the family P is not directed, then the family P = {pr : F €
F(P)}, where pp(z) = max{p(z) : p € F}, is a directed family of seminorms
generating the same topology as P.

Consequently, the (P, u)-continuity of a functional ¢ (or f) is equivalent to
the condition: there exist F' € F(P) and 8 > 0 such that

Ve e X, (x) < Bpr(z) =Lmax{p(z):pe F}. (2.1.22)

As in the case of asymmetric normed spaces, see Subsection 2.1.4, the set
Lpo(X,Y) of all (P,Q)-continuous mappings between two asymmetric LCS (X, P)
and (Y, Q) is a convex cone in the space Lo(X,Y) of all linear operators between
X and Y. In fact it is contained in the linear space L(X,Y) = L((X, P*), (Y, Q%))
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of all continuous linear operators between the locally convex spaces (X, P*) and
(Y, @%). Indeed, supposing P, Q directed, then for A € Lpg(X,Y) and ¢ € Q
there exist p € P and 8 > 0 such that

Ve e X, q(Az) < Bp(x) < Bp*(z) .

Since
q(Az) = q(—Az) = q(A(=x)) < fp(=z) < Bp*(2) ,
it follows that
Vee X, ¢'(Az) < Bp°(a),

showing that A € L(X,Y).

Here for p € P, p(a) = p(—a), p*(a) = max{p(a).p(—a)}, = € X, and
P? = {p*: p € P} with similar definitions for the family Q.

For an asymmetric locally convex space (X, P) denote by X” = X ®, the set of
all linear (P,u)-continuous functionals. It follows that X% is a convex cone in X #

the algebraic dual space of X, i.e., the space of all linear functionals on X. In fact,
by the above remark, it is contained in the dual space X* = L((X, P?®), (R,]|-])).

Remark 2.1.15. Tt is easy to check that a linear functional ¢(t) = at, t € R, is
(Tu, Tw)-continuous if and only if a > 0. Indeed if a > 0, then (t) = at < u(at) =
au(t), t € R. If a < 0, then, reasoning as above, one concludes that ¢ fails to be
continuous.

2.1.4 Completeness properties of the normed cone of continuous
linear operators

Following [90], we can consider an extended asymmetric norm on the space L(X,Y)
of all linear continuous operators from (X,p°) to (Y, ¢®), defined by the same
formula:

| Al; , = sup{q(Az) : x € X, p(x) < 1} =sup{q(Az) : xz € B}, (2.1.23)

for every A € L(X,Y). If A € L,,(X.Y), then A € L(X,Y), and so —A €
L(X,Y), but, as the above examples show, it is possible that || — Al5 , = oo, so
that || - [ , could be effectively an extended asymmetric norm.

With the asymmetric norm || - |¥ , one associates a symmetric extended norm

on L(X,Y) defined by
1All.q =141V II = Al 4 - (2.1.24)

Since

| = Al = sup{g(—Az) : p(x) < 1} = sup{qg(Az) : p(—z) < 1}
=sup{q(Az) : « € By},
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it follows that
| All;,, = sup{q(Az) : x € B, U By} . (2.1.25)

The norm || Al|; , can be calculated also by the formula
|All},, = sup{q®(Az) : v € By} . (2.1.26)

Indeed, denoting by A the right side member of the above equality, we have
q(Ar) < ¢°(Ax) < X for every x € By, so that [|A[; < A. Similarly ¢(—Az) <
¢*(Az) < X for every x € B, implies || — Al5 , < A, so that [|Ay , < A. Also,
a(A2) < ALz, < Al and q(—Az) < || - Alt, < | Allp, = [A]f , for every
r € By, implies A < || A[] .

Recall that an asymmetric normed space (X,p) is called biBanach if the
associated normed space (X, p®) is a Banach space (i.e., a complete normed space).

Proposition 2.1.16 ([90]). Let (X,p) and (Y, q) be asymmetric normed spaces.

L. The functional || - |5 , given by (2.1.23) is an extended asymmetric norm on
the space L(X,Y) and [[A| < ||All;, for all A € L(X,Y). An operator A €
L(X,Y) belongs to Ly o(X,Y) if and only if || A[}, , < oo. Also ||A[} , = [|Alp.4
for Ae L, (X,Y).

2. If the space (Y,q) is biBanach, then the space (L(X,Y),| - ||*) is complete.

3. The set Ly, o(X,Y) is closed in (L(X,Y), [|[l3 ,), s0 it is complete with respect
to the restriction of the extended norm | - |5 , to Ly o(X,Y).

Proof. We shall omit the subscripts p, ¢ in what follows.
1. Tt is easy to check that || - |* is an extended asymmetric norm on L(X,Y).
We can suppose ||A]|* < co. Then

q(Az) < | Alp(z) < |AI"p* (), and
a(—Az) < || - Alp() < [ A" () ,

so that ¢°(Ax) < ||Al|*p®(x), for all z € X, implying [|A| < ||A]*.
2. Let (A,) be a || - ||*-Cauchy sequence in L(X,Y), that is for every ¢ > 0
there exists ng € N such that

[Am — An|* <e (2.1.27)

holds for all m, n > ng. By the first point of the theorem, || A, —Ay|| < || Am—A4n]*,
so that (Ay) is a Cauchy sequence in the Banach space (L(X,Y),]| - ||), and so
(4,) has a || - ||-limit A € L(X,Y).

It remains to show that (A4, ) converges to A with respect to the norm || - ||*.
The inequality ¢°(A,z — Azx) < ||4,, — A|| p®(z) implies

lim ¢°(A,z — Az) =0, (2.1.28)

n—roo
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that is the sequence (A,x) converges to Az in the normed space (Y, ¢%), for every
z e X.
For € > 0 let ng be such that (2.1.27) holds. Then, by (2.1.26), for every
z € By,
¢(Apx — Apz) < ||[Am — Ap]|* <e.

By (2.1.28), the inequality ¢°(Amx — Apz) < e yields for n — oo,
¢*(Amx — Az) < e,

for every « € B, and m > ng. Taking into account (2.1.26), it follows that || A4,, —
A|l* < e for every m > ny.

3. To show that L, 4(X,Y) is closed in (L(X,Y), ||-||*) let (A,) be a sequence
in L, 4(X,Y) which is || - || *-convergent to some A € L(X,Y). Fore = 1let ng € N
be such that |4, — A||* <1 for all n > ng. Then [|A||* < ||[A— An||* + [|Ano||* <
14 ||Any|l*, which implies that both A and —A belong to L, 4(X,Y). O

Remark 2.1.17. 1. If a sequence (A,) in L, 4(X,Y) converges to A € L(X,Y) with
respect to the conjugate norm (|| - [ )=! of ||-[¥ , then A € Ly 4(X,Y).

2. As it is known, in the classical case, the completeness of (L(X,Y), | - )
implies the completeness of the normed space Y. We do not know if a similar result
holds for the extended norm || - ||*.

Let ng be such that |A— A,|* <1 for all n > ng. Then [|A]* < ||A— A, "+
| Ano|* <14 ||An,|* < oo, shows that A € L, ,(X,Y), proving the validity of the
assertion from 1.

2.1.5 The bicompletion of an asymmetric normed space

As it is well known, any normed space (X, || - ||) has a completion, meaning that
there exists a Banach space (X, ||-||") such that (X, ||-||) is isometrically isomorphic
to a dense subspace of (X, ||-|). The Banach space (X, ||-|["), called the completion
of X is uniquely determined, in the sense that any Banach space Z such that X
is isometrically isomorphic to a dense subspace of Z is isometrically isomorphic to
(X - 10)-

A bicompletion of an asymmetric normed space (X, p) is a bicomplete asym-
metric normed space (Y, ¢) such that X is isometrically isomorphic to a 74:-dense
subspace of Y. An isometry between two asymmetric normed spaces (X, p), (Y, q)
is a mapping 7' : X — Y such that

q(Tx —Ty) =p(x —vy), forall z,yeX. (2.1.29)
If T is linear, then (2.1.29) is equivalent to

q(Tz) =p(z), forall ze€ X . (2.1.30)
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Note that, as defined, the isometry 7' is in fact an isometry between the
associated normed spaces (X, p®), (Y, ¢°), because

¢*(Tx —Ty) =q(Tx —Ty)Vq(Ty —Tz) =p(x —y) Vply —z) =p°(z —y) ,

for all x,y € X. The construction of the bicompletion of an asymmetric normed
space was done in [88] (see [170] for the case of normed cones), following ideas from
the normed case, adapted to the asymmetric one. We only sketch the construction,
referring for details to the mentioned papers.
Let (X,p) be an asymmetric normed space. In the set of all p*-Cauchy se-
quences in X define an equivalence relation by
(‘Tn) ~ (yn) < lim ps(xn - yn) =0. (2131)

n— oo
Lemma 2.1.18.

1. The relation ~ is an equivalence relation on the set of all p®-Cauchy sequences
m X.

2. If (xy,) is a p*-Cauchy sequence then the sequence (p(xy)) is convergent and
lim,, p(zy,) = lim,, p(y,) whenever (y,) is a p*-Cauchy sequence equivalent to

Proof. The verification of 1 is routine.

2. The inequalities p(z,) — p(xm) < p(xn — Tm) < p*(z, — T), valid for
all m,n € N, and the fact that (z,) is p*-Cauchy, imply that (p(z,)) is a Cauchy
sequence in R, so it converges to some a € R. If (y,,) is another p*-Cauchy sequence
equivalent to (z,,), then the inequalities

p(n) = p(yn) < p(Tn — Yn)

S ps(xn - yn>7
P(yn) — p(xn) < p(Yn — 20) < p°

(yn - l'n) = ps(xn - yn)
and the condition lim,, p*(z,, — y,) = 0 imply lim,, p(z,,) = lim, p(yn). O

Denote by X the linear space of all equivalence classes of p*-Cauchy sequences
with addition and multiplication by scalars defined, as usual, by [(x,)] + [(yn)] =
[(zn, + yn)] and A[(xy)] = [(Azy)], where [(x,,)] denotes the equivalence class con-
taining the p*-Cauchy sequence (). Based on Lemma 2.1.18, one can define on
the space X an asymmetric norm § by

p([(zn)]) = limp(z,) , (2.1.32)

for any p*-Cauchy sequence (z,) in X.
As it is known, equipped with the norm

p*([(zn)]) = limp*(zn) , (2.1.33)
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the space ()2,133’) is a Banach space and the mapping i : X — X defined by
i(x) = [(zn)] where x, =z, VneN, (2.1.34)

is a linear isometry of X into (X, p®) such that i(X) is p*-dense in X. Hence, the
fact that (X, p) is biBanach, meaning that (X, (p)®) is Banach, will follow once we
prove the equality
(B)° =p° . (2.1.35)
For a p®-Cauchy sequence (z,,) in X, let o, = p(x,,) and B, = p(—z,), n € N.
Then

P ([ea]) = limp* () = lim(ay V B,) = (Himay,) V (lim 5,
= p([(a))) VB~ (@) = (3)° ([(xa)]) -

Remark 2.1.19. The fact that «,, — « and 8, — (8 implies a,, V 8, = aV 3 follows
from the relations

an+6n+|anfﬂn‘_>a+6+‘afﬂ|:

9 9 aVp.

anvﬁn:

We summarize the results in the following theorem.

Theorem 2.1.20. Let (g(,p) be an asymmetric normed space, X the space con-
structed above and p, p* the norms on X given by (2.1.32) and (2.1.33), respec-
tively.
1. The space (X, p) is biBanach, or, equivalently, (X, (p)*) is a Banach space.
2. The mapping i : X — X, defined by (2.1.34), is a linear isometry of (X,p)
into (X, p) and the space i(X) is p*-dense in X.
3. If (Y,q) is an asymmetric biBanach space such that (X,p) is isometrically

isomorphic to a q°-dense subspace of Y, then (Y, q) is isometrically isomorphic
to (X, D).

2.1.6 Asymmetric topologies on normed lattices

Alegre, Ferrer and Gregori, [77] and [6, 8], introduced an asymmetric norm on
a normed lattice and studied the properties of the induced quasi-uniformity and
topology, in connection with the usual properties of normed lattices.

An ordered vector space is real vector space X equipped with a partial order
relation such that

r<y => z4+z<y+z and tx<ty, (2.1.36)

for all z € X and ¢ > 0. Denoting by X the cone of positive elements, X =
{z € X;x > 0}, it follows that

r<y <= y—xreXy.
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The ordered vector space (X, <) is called a vector lattice if every pair z,y of
elements in X admits a lowest upper bound x V y. Since

<y < —y<-—x,

it follows that
zhy=—((=z)V(=y) ,
so that every pair of elements z,y € X has a greatest lower bound.
Put

7 =2Vv0, 27 =(-2)V0=—(zA0) and |z|=a"+z" .

It follows that z = 2+ — 2~
A norm || - || on an ordered vector space (X, <) is called a lattice norm if it

satisfies one of the following equivalent conditions:

i z| < = Jz|| < ,

@ el <l = el <l o)
(i) 1% [l = lll, and 2°. 0<z <y = [z] <]yl

for all z,y € X. An ordered vector space equipped with a lattice norm is called a
normed lattice and is denoted by (X, || - ||, <). If, in addition, (X, || -||) is a Banach
space, then (X, || - ||, <) is called a Banach lattice.

A normed lattice (X, || - ||, <) is called an L-space, M-space or an E-space,
provided that

(L) e +yll = llz] + [lyll,
(M) [ vyl = [l=l v [lyll,
(E) lz+ylI* + o =yl = 2ll=]* + 2[lyl|*,

for all positive z,y € X.
To an asymmetric norm p on a vector space X one can associate the following
norms, defined for z € X by the equalities:

pr(z) = pp () = p(z) + p(=2),  py(r) =p°(x) =p(x) Vp(-2),
(@) = (p(x)* + p(—2)?) "% .

The norm p3, is the usual norm p* we have associated to an asymmetric
norm p and all the norms given in (2.1.38) are equivalent.

(2.1.38)

A subset Z of a normed lattice X is called increasing if for every y,z € X, z €
Z and z < y implies y € Z. It is called decreasing if for every y,z € X, z € Z and
y < z implies y € Z.

For a normed lattice (X, || - ||, <) consider the functional

p(z) =[zVO0l, zeX. (2.1.39)
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Proposition 2.1.21. The functional p given by (2.1.39) is an asymmetric norm on
X with conjugate
pla) =", z€X. (2.1.40)

The topology T, (15) generated by p (p) is To but not 1.

Proof. 1f p(z) = p(—x) = 0, then ||z¥|| = 0 implies z+ = 0 and ||(—z)*| = 0
implies = = (—z)T =0, so that z =zt — 2~ = 0.
Also, 0 < (z +y)*t <z +y* implies

ple+y) =+ <lla® +yTl < 2™+ lly ™Il = p) + p(y) -

The positive homogeneity is obvious.
The conjugate p of p satisfies the equalities
pla) = p(=2) = [[(=2)"[| = l|l=~| -
Since p is an asymmetric norm the topology 7, is Tp. The topology is T} if
and only if p(z) > 0 for every x # 0 (see Proposition 1.1.8.3). But p(z) = ||z*|| = 0
is equivalent to zT = 0, that is x < 0. That is, excepting the trivial case X, = X,
there are non-null elements x € X with x <0. Il

The remark concerning the separation properties is taken from [51], where
some properties of convergent sequences were also proved. Recall that we denote
by L,((xy)) the set of all p-limits of a sequence (z,) in a quasi-semimetric space
(X, p), see (1.1.8).

Proposition 2.1.22 ([51]). Let (X, ||-||) be a normed lattice, p the asymmetric norm
given by (2.1.39) and (z,,) a sequence in X.
1. If (zy,) is p-convergent, then L,((xy)) is increasing.
2. The sequence (x,,) is p-convergent to every z € X such that x, < z for all
n € N.

Similar results hold for p-convergence.

3. If (zn) is p-convergent, then L;((x,)) is decreasing.

4. The sequence (x,,) is p-convergent to every y € X such that y < x,, for all
n € N.

The following proposition contains some properties of this asymmetric norm
and of the corresponding topology and quasi-uniformity.

Proposition 2.1.23. Let (X, ||-||, <) be a normed lattice and p the asymmetric norm
given by (2.1.39).

1. The norms p3;,p; and p% are mutually equivalent norms on X which are
also equivalent to the original norm. Further, if X is an M -space, an L-space,
or an E-space, then p5,, p}, respectively p3; agree with the original norm ||-||.
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2. The quasi-uniformity U, determines the normed lattice structure in the sense
that 7 = 7(Uy,) and Graph(<) = Uy, where Graph(<) = {(x,y) € X x
Xz <y}

3. A linear functional  : X — R is (p, u)-continuous if and only if it is (|||, |])-
continuous and positive, that is p(x) > 0 whenever x > 0.

4. A subsetY of X is p-open (p-open) if and only if it is ||-||-open and decreasing
(resp. increasing).

Proof. 1. Since the norms pj, p}, p} are mutually equivalent, it remains to show
their equivalence with || - ||. From (2.1.40)

2l = lla* = 27|l < 2" + l=7 | = p(2) + p(—2) = pL.(2) -

On the other side, by (2.1.37), 2% < |z|, 2~ < |z| implies ||z7 || < ||z| and
|~ < ||z, so that
pi(@) < ™|+ llz7] < 2] -

If X is an L-space, then
pr(@) =llz [+ =7l = l=* + 27 [ = =] = [|=]| -

The case when X is an M-space follows similarly using the equality |z| =
T Vo,
If X is an E-space, then

2 (p(2))” =2 ([l * + ]z~ |I°)

= llat + 277+l — 2712 = [zl + ll2)* = 2]|=)* .
2. The quasi-uniformity U, is generated by the set
Ue ={(z,y) € X x X : p(y — ) <¢},
and the uniformity U, by the sets
U ={(z,y) € X x X :piy(y —x) <e}.

Since the norm p3, is equivalent to the norm || - ||, it follows that it generates
the same topology as || - ||
To prove the equality Graph(<) = (U; observe that
(@,y) €(\Up < Ve, Ply—12) <e <= Ply—2)=0 < [(z—y)"| =0
= -y =0<+= 2-y<0 = r<y.

3. Let f: (X,p) — (R,u) be linear and continuous. Then f is (p%,] - |)-
continuous, and since the norm p3, is equivalent to ||-||, fis (|||, |- |)-continuous.
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The (p, u)-continuity of f implies the existence of 8 > 0 such that

Ve X, f(z)<Bp(z).

If f(z) < 0 for some x > 0, then y = x/f(x) <0, and so p(y) = ||ly*| = 0, that
leads to the contradiction

1= f(y) <PBply) =0.

Conversely, suppose that f : (X,] -||) — R,]|-]) is linear, continuous and
positive. Then there exists § > 0 such that

f(@) < Blzll, z € X,

implying
f(x) = f(=™) = fa7) < fa™) < Blla™]| = Bp(x)
for all z € X, proving the (p, u)-continuity of the functional f.

4. Suppose that G C X is p-open. For x € G there exists r > 0 such that
By(z,7) C G Then By - ||(2,7) C By(z,r), showing that G is || - [[-open, and y < x
implies (y —z)" =0and p(y —z) = ||(y — )" =0 < 7.

Conversely, suppose that G is || - ||-open and decreasing and let « € G. Then
there exists » > 0 such that By - [|(z,r) C G. We shall show that B,(z,7) C G.
Indeed, let y € Bp(z,r). If y < x, then y € G, because G is decreasing. If y > =,
then (y —z)* =y —x, so that ||y —z|| = |[(y — )" || = p(y — ) < r, showing that
(TS BH : H(SL‘,T) CcG.

The case of p-open sets can be treated similarly. O

Remark 2.1.24. Properties 1-3 are taken from [77] and 4 from [6].

In all examples given below of asymmetric normed lattices the order is the
pointwise order
r<y <= VkeN, zp <uxp,

if x = (z1) and y = (yx) are sequences (possibly finite) of real numbers, and
f<g = vieT, f(t)<g(t),

if f, g are real-valued functions defined on a set 7.
Consider the Banach lattices 7, 1 < p < oo, of all real sequences x = (x)

such that )
2]l = (D l=al?) .
k

By ¢°° one denotes the Banach lattice of all bounded sequences with the
sup-norm || - ||c and by ¢p its subspace formed by all converging to 0 sequences.

If T is a Hausdorff compact topological space, then C(T") denotes the Banach
lattice of all real-valued continuous functions on 7' with the sup-norm || - ||so-
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In all of these cases we shall use the notation

21" = [l and [lzf|” = [~
for the asymmetric norm and its conjugate in a normed lattice (X, || - ||).
In R™ one considers the Euclidean norm || - |2, but the results hold for any
other lattice norm on R™, because for two equivalent lattice norms || - ||, ||| - ||| on
R™, the corresponding asymmetric norms || - ||, ||| - |||~ are also equivalent ([51,

Proposition 2.5].
We mention the following characterizations of convergence in some of these
asymmetric normed lattices obtained in [51].

Proposition 2.1.25.

1. If a sequence &, = (Tni)ien, R €N, in X =P, 1 <p < o0, orin X = co, is
| - [I;f -convergent to & = (z:)ien € X, then

VieN, x,; L2 as n— oo. (2.1.41)

-l

2. If 1 <p< oo, then x,, —— x if and only if (2.1.41) holds and

oo

sup Z(nﬁ Y =0 as m— oo. (2.1.42)

N n,i
n N
Ni=m

1%

3. If X = co, then x,, —= x if and only if (2.1.41) holds and

supsupz,, -0 as m — o0. (2.1.43)
neNi>m ’

The following completeness results for these concrete Banach lattices were
obtained also in [51], as consequences of some more general results concerning
completeness in asymmetric normed lattices.

Theorem 2.1.26. The asymmetric normed lattices (R™, || - ||5), (C(T),] - |£),
€=, - 1%), (co, |l - IIX) and (7| - H;‘), 1 < p < oo, are all left K-sequentially
complete.

Now we shall present some Baire properties of the asymmetric topology. As
it is remarked in [6, Proposition 1] the asymmetric topology 7, of a normed lattice
is never Baire.

Proposition 2.1.27. Let (X, || - ||, <) be a normed lattice.

1. Every nonempty p-open subset of X is p-dense in X.

2. Any p-dense increasing subset of X is || - ||-dense in X . Similarly, a p-dense
decreasing subset of X is || - ||-dense in X.

3. The associated asymmetric normed space (X,p) is never Baire.
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Proof. 1. Let G be a nonempty p-open subset of X. For an arbitrary nonempty
Uemlet x € Gandy € U. Since both G and U are decreasing it follows that
z=x ANy € GNU, so that G is p-dense in X.

2. Suppose that Y C X is p-dense and increasing. For x € X and ¢ > 0
there exists y € Y such that p(y — ) < e. Then

y=z+@y—z)<z+@y—a)"
implies z ;= z + (y — z)* € Y. Since

Iz =2l = Ity — )| = ply — @) <&,

it follows that Y is | - ||-dense in X.
The second case can be treated similarly.

3. For z < 0in X consider the family G,, = By(nz,1), n € N, of p-open sets
and show that N, G,, = 0. Indeed, if y € N,G,, = 0, then

nllzl| = [nz]| = || = nz|l = [|(=n2) | = |(y — nz —y)*||

<l —na) I+ 1= <1+ 1)

for all n € N, leading to the contradiction [|(—y)™|| = oo.
Consequently, G,,, n € N, is a family of p-open p-dense subsets of X whose
intersection is not p-dense in X, showing that X is not a Baire space. O

For this reason the authors defined in loc. cit. another property: a normed
lattice is called quasi-Baire if the intersection of any sequence of monotonic (all of
the same kind) || - ||-dense sets is || - ||-dense. By a monotonic set one understands
a set that is increasing or decreasing. Recall that a bitopological space (T, ,v) is
called pairwise Baire provided the intersection of any sequence of 7-open v-dense
sets is v-dense, and the intersection of any sequence of v-open 7-dense sets is
7-dense (see Subsection 1.2.4).

Let (X,| - |l, <) be a normed lattice and X* the dual space of (X, | - |). A
subset F' C X* is called order determining if

x<y <= Vo eF o) <o) .
The following proposition puts in evidence the relevance of this notion for
the quasi-Baire property.

Proposition 2.1.28. Let (X, |||, <) be a normed lattice and F an order determining
subset of X*. If

sup inf p(x) >0,
IGE)(SDEFSO( )

then X is a quasi-Baire space.
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In fact, the proof given in [6] shows that X does not contain decreasing proper
dense subsets, so it is quasi-Baire in a trivial way.

Based on this proposition one can give the following example of a quasi-Baire
lattice.

Example 2.1.29 ([6]). Let A be an algebra of subsets of a nonempty set T'. Consider
the linear space ¢5°(T,.A) generated by the set {xa4 : A € A} of characteristic
functions of sets in A, equipped with the norm ||z|| = sup{|z(t)| : ¢ € T} and the
pointwise order.

Then ¢5°(T, A) is a quasi-Baire space.

Let X = £°(T, A). Tt is well known that the dual of X is the space ba(T, .A) of
all finitely additive bounded measures on A. It is obvious that the Dirac measures
0, t € T, defined by 6;(z) = z(t), x € X, determines the order in X. Because
0t(xr) =1, for all t € T, it follows that

sup{tiggét(x) rreX}> ti’fel:fﬁt(XT) =1,

so that, By Proposition 2.1.28, X is quasi-Baire.

Theorem 2.1.30 ([6]). A normed lattice (X, || - ||, <) is quasi-Baire if and only if
the associated bitopological space (X, Ty, T5) is pairwise Baire.

Proof. Suppose that X is quasi-Baire and let G,,, n € N, be a family of p-open
p-dense subsets of X. By Proposition 2.1.27.1, each G,, is decreasing, so that, by
the second assertion of the same proposition, G,, is || - [|-dense in X. Since X is
quasi-Baire, it follows that N, G, is || - ||-dense in X, and so p-dense too.

Similarly, if G,,, n € N, is a family of p-open p-dense subsets of X, then
Ny Gy is p-dense in X.

Consequently, X is pairwise Baire.

Conversely, suppose that X is pairwise Baire and let G,,, n € N, be a family
of decreasing || - ||-open and || - ||-dense subsets of X. By Proposition 2.1.23.4, each
G, is p-open and p-dense in X, so that their intersection is p-dense in X. By
Proposition 2.1.27.2, N, Gy, is || - ||-dense in X.

If the sets Gy, n € N, are increasing || - ||-open and || - ||-dense in X, one
proceeds similarly. g

We shall present now an example given by Alegre [2] of an asymmetric dual
of a normed lattice.
Consider the real Banach space ¢! with the usual norm

o0
[zl = Z |zi|, for x=(z;) €l
1=1

and the pointwise order

r<y <= VieN, x;<vy;.
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In this case

et = (Ij)ieN .

The dual of ¢! is the space £*° of all bounded sequences of real numbers with
the supremum norm

|z]lcoc = sup{|a;| : ¢ € N}, for x = (x;) € €.
The mapping y — f,, where for y € £*°,
fy(z) = inyi, for x=(z;) €,
i=1
is an isometric isomorphism between (¢!)* and £°°.
Let
X={z=(xp) €l :x1+22=0 and H={y=(y,) €L :y1+y2=0}.

Consider on X the induced norm || - ||; and the associated asymmetric norm
p(x) = |lzt|1, @ € X, and consider H equipped with the norm || - [|o. Let
XI'; = (X, p)® be the asymmetric dual of X and let sp(X;) = XI'; fX; be the linear

subspace of X* = (X, - ||1)* generated by XZ equipped with the norm
[f1I7 = sup{[f(2)| -z € X, [[zfly <1}
Denote by (e,,) the canonical Schauder basis of £, where for each n € N,
eni=0ni (€N,

(On,i is the Kronecker symbol).
Proposition 2.1.31. The mapping ® defined on (sp(X}), | - |I7) by

1 1
#(1) = (Hle - eyl -e fle ), fes(r), (2141
is an isometrical isomorphism between the spaces (sp(X}), || - [[1) and (H,|| - o).

Proof. Let f € sp(X;) C X*. Then there exists 3 > 0 such that
[f(@)| < Bllzl, zeX,

which shows that ®(f) € H. It is obvious that ® : X — H is linear.

If &(f) = 0, then f(e; —e2) =0, f(ez) = 0,.... Since every x € X can be
written as x = x1(e; — ea3) + x3es3 + --- it follows that f(z) = 0, that is f is the
null functional on X, showing that & is injective.
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To show that ® is surjective, for y = (y,) € H put

o(z) = 2719, +leyl and  ¢(x) =2x1y; +Zmiy; )
i=3

Since ¢, 1 : X — R are positive and (|| - ||1, ]| - |)-continuous, it follows that
p, P E X; and f=p—9 € sp(X;). Since ®(f) = y, the mapping ® is surjective,
so bijective, and

> (y)(z) = 2z1y1 + szyz ;

i>3

for any x = (21, —21,23,...) € X.
The functional ®~1(y) acts on ¢! by the rule

O (y)(2) = 21y — zay2 + Y %l
i>3

for any z = (21, 22,...) € £L.

It remained to prove that ® is an isometry.
For z € ¢! with ||z||; < 1, the element x given by

1 1
T = (2(21 _Z2)72(22_21)7237...>

belongs to X, [lzlli < ||zl <1 and @~ (y)(z) = @~ (y)(2).
It follows that

VAN
b

27 (y)(2)] = |27 (y)(2)] <
Since the dual of (1, - []1) is (€%, || - ||lso)s
sup{|@~ ! (y)(2)| : z € €', [|2]1 <1} = |lylloe

so that [[ylle < @7 (»)]]7-
On the other side, for every x € X,

27 () ()] = 122191 + > 2wl < [ylloe 21,
i>3

implying [[ @~ (1) [|IT < [|ylloc-
Consequently, |27 (y) ]I} = [[¥/loo-
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2.2 Hahn-Banach type theorems and the separation
of convex sets

One of the fundamental principles of functional analysis is the Hahn-Banach ex-
tension theorem for a linear functional dominated by a sublinear functional. Based
on this theorem one can prove extension results for Isc linear functionals on asym-
metric normed spaces and on asymmetric LCS. Some separation results for con-
vex subsets of asymmetric LCS, relying on the properties of the Minkowski gauge
functional and on the extension results, are also proved. As an application, an
asymmetric version of the Krein-Milman theorem is proved.

2.2.1 Hahn-Banach type theorems

Let X be a real vector space. Recall that a functional p : X — R is called sublin-
ear if

(i) p(Az) = Ap(z) and (i) p(z+y) < p@)+py),

for all z,y € X and A > 0.

Notice that, as defined, a sublinear functional need not be positive. A positive
sublinear functional is an asymmetric seminorm.

A sublinear functional is called a seminorm if instead of (i) it satisfies

p(Az) = [Alp(z) ,

for all x € X and A € R. A seminorm is necessarily positive, that is p(x) > 0 for
all z € X. A seminorm is called a norm if

(iii) p(x)=0 <= x=0.
A function f: X — R is said to be dominated by a function g : X — R if

f(@) < g(x)

for all x € X. If the above inequality holds only for = in a subset Y of X, then we
say that f is dominated by g on Y.

Theorem 2.2.1 (Hahn-Banach Extension Theorem). Let X be a real vector space
and p : X — R a sublinear functional. If Y is a subspace of X and f : Y — R

s a linear functional dominated by p on Y then there exists a linear functional
F: X — R dominated by p on X such that Fly = f.

We present now the extension results in the asymmetric case.

Theorem 2.2.2. Let (X,p) be a space with asymmetric seminorm.
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1. If Y is a subspace of X and @y : Y — R is a continuous linear functional
on the asymmetric seminormed space (Y, ply), then there exists a continuous
linear functional p : X — R such that

ely =wo and ||, = [lvolp -

2. If xg is a point in X with p(xo) > 0, then there exists a continuous linear
functional ¢ : X — R such that

lelp =1 and ¢(zo) = p(o) - (2.2.1)

Proof. 1. The inequality
po(y) < llolp(y) ,
valid for all y € Y, shows that the linear functional g is dominated by the sublinear

functional ¢(-) = ||@o|p(:). By the Hahn-Banach Theorem (Theorem 2.2.1), it has
a linear extension ¢ : X — R dominated by ¢, that is

o(x) < |lpolp(z) ,

for all € X, implying ||¢| < [|©o]-
The relations

el =sup{p(z) : z € X, p(x) <1} > sup{p(y) 1y € X, p(y) <1}
=sup{p(z) 1z € X, p(z) <1},

prove the reverse inequality, so that ||¢| = ||¢ol.

2. Let Y = Rz the one-dimensional subspace generated by xg. Define ¢ :
Y — R by @o(tzo) = tp(xo), t € R.

Since for t > 0, @o(txo) = tp(zg) = p(tzo) and po(tzg) = tp(x) < 0 < p(tzo)
for t < 0, it follows that the linear functional ¢ is dominated by p on Y, and

)

lpo| < 1. The equality ¢(zo/p(0)) = 1 implies o] = 1. O
Remark 2.2.3. 1. The conditions (2.2.1) are equivalent to

p(ao) = p(wo) and Vr e X, p(z) < p(r). (22.2)

2. Taking ¢ = (1/p(x0)) ¢ it follows that 1) satisfies the conditions

P(xg) =1 and Vee X, ¢(z) <

or, equivalently,

1
l]p, = (o) and ¢¥(zg)=1.
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We agree to call a functional ¢ satisfying the conclusions of the first point of
the theorem above a norm preserving extension of pg.

From the second point of the theorem one obtains as corollary a well-known
and useful result in normed spaces.

Corollary 2.2.4. Let (X,p) be an asymmetric seminormed space, o € X and X;
its dual. If p(xo) > 0 then

p(z0) = sup{p(xo) : p € XZ, lolp <1}.

Proof. Denote by s the supremum in the right-hand side of the above formula.
Since ¢(xo) < [llpp(xo) < p(xo) for every ¢ € X; with |l¢l, < 1, it follows
that s < p(zo). Choosing ¢ € XI'; as in Theorem 2.2.2.2, it follows that p(zg) =
w(xzo) < s. O

In the case of asymmetric LCS one obtains the existence of continuous linear
extensions.

Proposition 2.2.5. Let (X, P) be an asymmetric LCS and Y a subspace of X.
Then every 7(P)-continuous linear functional on'Y has a 7(P)-continuous linear
extension to the whole space X .

Proof. Supposing P directed, then for 1) € Y} there exists p € P and 8 > 0, such
that

Yy eY, ¥(y) < Bply) -

By Theorem 2.2.1 applied to the sublinear functional ¢(-) = Bp(-), ¥ has a
linear extension ¢ : X — R such that ¢(x) < Bp(z) for all z € X. Tt follows that
 is a continuous linear extension of . O

As in the symmetric case, one can prove the existence of some functionals
on an asymmetric normed space related to distances to a subspace, see [40, 48,
49]. This result will be applied in Sect. 2.5 to best approximation problems in
asymmetric normed spaces.
Let (X,p) be an asymmetric normed space, Y a nonempty subset of X and
z € X. Due to the asymmetry of the norm we have to consider two distances from
rtoY:
(i) dp(z,Y) =inf{p(y —z) :y €Y}, and

(i) dp(YV,z) =inf{p(z —y):yeY}.

Observe that dp,(Y, z) = dp(x,Y"), where p is the norm conjugate to p.

(2.2.3)

Theorem 2.2.6. Let Y be a subspace of a space with asymmetric norm (X,p) and
xo € X. If d := dp(z0,Y) > 0, then there exists a p-bounded linear functional
@ : X = R such that

(1) ely =0, () ol =1, and (i) p(=z0) = d.
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Ifd:=dy(Y,x0) > 0, then there exists a p-bounded linear functional ¢ : X —
R such that

() ¢ly =0, @) ¥l =1, and (jjj) P(xo) = d.

Proof. Suppose first that d = d,(Y,z¢) > 0, so that zg ¢ Y. Let Z := Y + Rz
(4 stands for the direct sum) and let 1o : Z — R be defined by

Yoly+tezg)=t,yeY, teR.
Then )y is linear, ¥(y) =0, Vy € Y, and 9o(zo) = 1. For ¢ > 0 we have
Py +tzo) = tp(zo +t~y) > td = d - Po(y + two) ,
so that 1
Yoly +two) =t < p(y +tzo) .
Since this inequality obviously holds for ¢ < 0, it follows that ||¢o| < 1/d. Let

(yn) be a sequence in Y such that p(xg — y,) — d for n = oo and p(zg —yn) >0
for all n € N. Then

To — Yn 1 1
Yol = o ( ) = -,
1ol =90 a9 ) = w0 )
implying ||1o| > 1/d. Therefore |[1pg] = 1/d.
If 1 : X — R is a linear functional such that
Y1lz =0 and 91| = [[¢o],

then the linear functional ¢ = d - o1 fulfills the conditions (j)—(jjj)-
Suppose now that d = dp,(z9,Y) > 0, and let Z := Y +Ruxy. Define g : Z —
R by

wo(y+txg) = —t <= @oly—taxg)=t foryecYandteR.

Then g is linear and, for t > 0, we have

1
p(y — tzo) th(ty—xo) >td=d-po(y —txo) ,
so that
1
oy —two) < p(y —two)

for t > 0. Since this inequality is obviously true if po(y — txg) =t < 0, it follows
that g is bounded and ||¢g| < 1/d. Reasoning as above, one obtains the existence
of a functional ¢ satisfying the conditions (i)—(iii). O

Other extension results can be found in [8, 28, 90, 224]. By studying quasi-
uniformities on real vector spaces, Alegre, Ferrer and Gregori [5] were able to prove
a Hahn-Banach type extension theorem for pseudo-topological vector spaces. More
general and sophisticated versions of the Hahn-Banach theorem are also known,
see, for instance, [82], [122], [188], and the book [83]. For an extensive list of
references see the survey [30].
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2.2.2 The Minkowski gauge functional — definition and properties

A subset Y of a vector space X is called absorbing if
Vre X, 3t >0, suchthat zetY .

If Y is absorbing, then the Minkowski functional (or the gauge function) py of
the set Y is defined by

py(z) =inf{t >0:2€tY}.
It follows that py is a positive and positively homogeneous functional, and
YCc{reX py(x) <1}.
If Y is convex and absorbing, then py is a positive sublinear functional and
{fzeX py(x)<l}CcY C{zeX:py(x) <1}. (2.2.4)

Now suppose that (X, P) is an asymmetric LCS and look for conditions on
the set Y ensuring the (P, u)-continuity of py.

Proposition 2.2.7. Let Y be a convexr absorbing subset of an asymmetric locally
convex space (X, P).

1. The Minkowski functional py is (P, u)-continuous if and only if 0 is a Tp-
interior point of Y.

2. If py is (P, u)-continuous, then
Tp-int(Y) = {xr € X : py(x) < 1} (2.2.5)

Proof. Suppose the family P to be directed.
1. If 0 is a Tp-interior point of Y, then there exist p € P and r > 0 such that

B,(0,r) CY C{zx e X :py(z) <1},
ie.,
Vee X, pl)<r = py(z)<1.
By Proposition 2.1.1, we have

1
Ve e X, py(z) < rp(x) )

which, by Proposition 2.1.12, implies the (P, u)-continuity of py.

Conversely, suppose that py is (P, u)-continuous. Since the set (—oo;1) is
T.-open in R, the set {z € X : py(z) < 1} = py'((—oc; 1)) is Tp-open, contains
0, and is contained in Y, implying 0 € 7p-int(Y").
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2. Suppose that py is (P, u)-continuous. By the proof of the first point,
{z € X :py(z) <1} C 7p-int(Y), so it remains to prove the reverse inclusion.

If © € 7p-int(Y’), then there exist p; € P and r > 0 such that By, (z,7) C Y.
By Proposition 2.1.12 there exist po € P and 8 > 0 such that Vo € X, py(z) <
Bpz2(x). If p € P is such that p > p;, i = 1,2, then B,(x,r) C By, (x,7) CY and

Ve e X, py(z) < PBp(x).

If p(z) = 0, then, by the above inequality, py(z) = 0 < 1. If p(x) > 0, put
Zo =14+ a)r fora>0.If0 < a < r/p(x), then p(xq —x) = ap(x) < r so that
Zo €Y and py(24) < 1. But then, for any such a we have

1 1

= o) < 1. 0
1+apy(x )< 1+a<

py (z)

2.2.3 The separation of convex sets

The separation theorems for convex sets are very efficient tools in the treatment
of optimization problems in Banach or locally convex spaces. The so far developed
machinery allows us to prove the asymmetric analogs of the Eidelheit and Tukey
separation theorems (Theorems 2.2.26 and 2.2.28 in [149]). The presentation fol-
lows [41].

Theorem 2.2.8. Let (X, P) be an asymmetric locally convex space and Y1, Ya two

disjoint nonempty convex subsets of X with Y1 Tp-open.
Then there exists a Tp-continuous linear functional ¢ : X — R such that

Vi €Y1, Vg €Yo o(y1) < p(y2) -

Proof. Let 49 € Y;,i=1,2, and let 79 = yJ —y?. Since the set Y; is 7p-open and
the topology 7p is translation invariant, the set

Y:::L’0+Y1—Y2:U{xofy2+Y1:y2EYQ}

is Tp-open too. It is obvious that Y is also convex.

We have 0 = x¢ + 99 —yJ € Y and x¢ ¢ Y. Indeed, if 29 = 20 + y1 — ¥2,
for some y; € Y7 and y» € Y, then the element y = y; = y2 would belong to the
empty set Y1 NYs.

By Proposition 2.2.7, the Minkowski functional py of the 7p-open convex set
Y is sublinear, (P, u)-continuous and

Y={ze X :py(z) <1}. (2.2.6)

Since mo ¢ Y, it follows that py(xo) > 1. By Proposition 2.2.2.2, there
exists a py-bounded linear functional ¥ : X — R such that ¥ (z¢) = py(zo)
and ¥ (z) < py(x), x € X. Taking p = (1/py (z0))t it follows that

p(xog) =1 and Vzxe X, p(z) = Y(x) <
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By Proposition 2.1.11, the functional ¢ is (P, u)-continuous. Because Y is
Tp-open and 0 € Y, by Proposition 2.2.7 we have Y = {z € X : py(z) < 1}. From
(2.2.6) and the fact that ¢(x¢) = 1, one obtains

Vy1 € Y1, Yy € Yo, 14+ p(y1) — p(y2) = @(xo +y1 —y2) < py (w0 +y1 —y2) <1,

implying
Vy1 € Y1, Vyo € Ya,  o(y1) < @(y2) . 0

We prove now the asymmetric analog of Tukey’s separation theorem.

Theorem 2.2.9. Let (X, P) be an asymmetric locally convex space and Y1, Yo two
nonempty disjoint conver subsets of X, with Y1 7p -compact and Ya Tp-closed.
Then there exists a Tp-continuous linear functional ¢ : X — R such that

sup (Y1) < inf o(¥3) . (2.2.7)

Proof. Suppose that P is directed. For p € P denote by Bz/z the open unit p-ball,
B]’D:{J:EX:p(x)<1}.
Since Y1 NYy = () and Y3 is 7p-closed, for every y € Y there exist py € P
and 7, > 0 such that
(y+2ryB, )N Yz =0. (2.2.8)

The 7p-open cover {y + ryB]’gy :y € Y1} of the Tp-compact set Y7, contains a
finite subcover {yx +ryB,, : k =1,2,...,n}, where py = p,, and r; = r,, for
k=1,...,n. Take p € P such that p > pi, k=1,2,...,n, put r :=min{ry : k =
1,2,...,n} and show that

(Y1 +rB,)NYs = 0. (2.2.9)

Indeed, if y' = y +ru € Y for some y € Y1, u € By, then, choosing k €

{1,2,...,n} such that y € yx + B, , we have

v =y+ru€yp+ ’I"B; + rkB;k Cyr + rkB;k + rkB;,k = yi + 2T’€B]/ak ,

in contradiction to (2.2.8).
The set Z := Y7 + rB]’D is convex, Tp-open and disjoint from Y5. By Theorem
2.2.8, there exists ¢ € Xll’D such that

Yy e Y1, Vue B, Yy €Y o(y) +ro(u) < o(y). (2.2.10)

By Proposition 2.1.11, there exists ¢g; € P and 5 > 0 such that Vo € X, ¢(x) <
Bqi(x). If ¢ € P is such that ¢ > max{p, ¢}, then ¢(z) < Bq(x), © € X, and
B, C By, so that

Yy € Y1, Vu € By, Yy € Yo o(y) +ro(u) < o(y'). (2.2.11)
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By (2.2.10), ¢ # 0, so that by Propositions 2.1.7 and 2.1.8, |¢[, = sup p(B;) > 0.
Passing in (2.2.11) to supremum with respect to u € By, we get

VyeY, Vy' eYa o(y)+rllely <o),

implying
rllelq +sup (Y1) < infp(Y2) .

It follows that
sup p(Y1) < infe(Y2) . O

Remark 2.2.10. The inequality in Theorem 2.2.8 can not be reversed, in the sense
that, under the same hypotheses on the sets Y7 and Ya2, we can not find a (P, u)-
continuous linear functional ) on X such that

Vya €Yo, Vi €Y1 9(y2) < (y1) -

This is due, on one hand, to the fact that the functional —¢ need not be (P, u)-
continuous, where ¢ is the linear functional given by Theorem 2.2.8. On the other
hand, analyzing the proof of Theorem 2.2.8, it follows that we should work with
the set Y/ := x¢ + Y5 — Y7 which need not be 7p-open, because the 7p-openness of
Y7 does not imply the 7p-openness of —Y;. For instance, if (X, p) is an asymmetric
LCS, then the fact that the set Y; is 7,-open implies that —Y; is 75-open, so that,
in this case, there exists a p-bounded linear functional ¢ : X — R such that

Vya € Yo Vyr € Y1, 9(y2) < (y1) -

The same caution must be taken when applying Theorem 2.2.9.

2.2.4 Extreme points and the Krein-Milman theorem

Following the ideas from the symmetric case, one can prove a Krein-Milman type
theorem for asymmetric LCS. The proof is based on Tukey’s separation theorem
and on the fact that the intersection of an arbitrary family of extremal subsets of a
convex set Y is an extremal subset of Y, provided it is nonempty. The presentation
follows [41]. The asymmetric normed case was treated in [40].

We start by recalling some notions and facts. A point e in a convex subset of
a vector space X is called an extreme point of Y provided that (1 —t)z +ty =e
for some z,y € Y and 0 < t < 1, implies z = y = e. A nonempty convex subset Z
of YV is called an extremal subset of Y if (1 —¢)x + ty € Z, for some z,y € Y and
some 0 < t < 1 implies z,y € Z (in fact, [x;y] C Z, by the convexity of Z). An
extremal subset is called also a face of Y. Obviously, a one-point set Z = {e} is
an extremal subset of Y if and only if e is an extreme point of Y. Also, if W is an
extremal subset of the extremal subset Z of Y then W is an extremal subset of Y’
too. In particular, if e is an extreme point of an extremal subset Z of Y, then e is
an extreme point of Y. The intersection of a family of extremal subsets of Y is an
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extremal subset of Y provided it is nonempty. We denote by extY the (possibly
empty) set of extreme points of the convex set Y.
The following proposition is an immediate consequence of the definitions.

Proposition 2.2.11. Let Y be a nonempty convex subset of a vector space X and
f a linear functional on X.

Ifthe set Z={z €Y : f(z) =sup f(Y)} is nonempty, then it is an extremal
subset of Y.

A similar assertion holds for the set W = {w € Y : f(w) =inf f(Y)}.

We can state and prove now the Krein-Milman theorem in the asymmetric
case.

Theorem 2.2.12. Let (X, P) be an asymmetric locally convex space such that the
topology Tp is Hausdorff.

Then any nonempty convex Tp-compact subset Y of X coincides with the
Tp-closed convexr hull of the set of its extreme points

Y = 7mp-cl-co(extY) .

Proof. All the topological notions will concern the Tp-topology of X so that we
shall omit sometimes “7p-" in the following. By Proposition 1.1.63, for every x €
X, x # 0, there exists p € P such that p(z) > 0, so that, by Theorem 2.2.2 (see
also Remark 2.2.3.2), there exists ¢ € X5 with ¢(z) = 1.

Fact 1. FEvery nonempty convexr compact subset Z of X has an extreme point.

Let
F :={F: Fis a closed extremal subset of Z} ,

and define the order in F by Fy; < Fy, <= F} C F, and show that the set F is
nonempty and downward inductively ordered. Because Y is 7p-compact and the
topology 7p is Hausdorff, it follows that Y is convex and 7p-closed, so that Y € F.
Since a totally ordered subfamily G of F has the finite intersection property, by
the compactness of the set Z the set G = NG is nonempty, closed and extremal.
Therefore G € F is a lower bound for G. By Zorn’s Lemma the ordered set F has
a minimal element Fy. If we show that Fj is a one-point set, Fy = {xo}, then xg
will be an extreme point of Z.

Suppose that Fjy contains two distinct points x1, 22, and let p € P be such
that p(x1 —x2) > 0. Let ¢ be a p-bounded linear functional such that p(x; —22) =
p(x1 — x3) > 0 (see Theorem 2.2.2.2). It follows that ¢ € X”, so that ¢ is upper
semi-continuous as a mapping from (X, 7p) to (R, |-|). By the compactness of the
set [y the set

Py ={z € Fy:p(x) =supp(Fo)} = {z € Fy: p(x) > supp(fo)}

is nonempty and closed. By Proposition 2.2.11, F} is an extremal subset of Fp,
and so an extremal subset of Z. Therefore, F} € F, Fy C Fp, and 22 € Fy \ Fy in
contradiction to the minimality of Fp.
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Fact 1. Y = 7p-cl co(ext Y).

The inclusion ext(Y) C Y implies Y7 := 7p-cl co(extY) C Y. As a closed subset
of a compact set, the set Y7 is convex and compact. Supposing that there exists a
point yo € Y \ Y7, then, by Theorem 2.2.9, there exists ¢ € X" such that

sup (Y1) < ¢(yo)- (2.2.12)

Using again the upper semi-continuity of ¢ as a mapping from (X, 7p) to
(R, |- ]), we see that the set

F={yeY:p(y) =suppY)} ={yeY :p(y) >supp()},

is nonempty, convex and compact, so that, by Fact I, it has an extreme point e;.
Since F' is an extremal subset of Y, it follows that e; is an extreme point of Y,
implying e; € Y;. Taking into account (2.2.12) we obtain the contradiction

supp(Y) = @(e1) <supp(Y1) < ¢(yo) < supp(Y) . O

The following question remains open.

Problem. It is known that in locally convex spaces a kind of converse of the Krein-
Milman theorem holds: If Y is convex compact and Y = co(Z) for some subset Z
of Y, then ext(Y) C Z. Is this result true in the asymmetric case too?

Now we shall present the existence of a norm preserving extension that pre-
serves also the extremality of the original functional. In the case of normed spaces
the result was obtained by Singer [221] and in the asymmetric case in [40]. The
result will be applied in Section 2.5 to the characterization of best approximation
elements in asymmetric normed spaces.

Let (X,p) be an asymmetric normed space. In the following theorem, the
symbols By and By stand for the closed unit balls of the dual spaces Ypb and X;,

By, ={p €Y, :l¢l, <1}
and
By, ={¢ € X} : ], <1}

Theorem 2.2.13. Let (X,p) be a space with asymmetric norm and Y a subspace
of X.

If @o is an extreme point of the closed ball ||pol - By, then there exists a
norm preserving extension ¢ of @ which is an extreme point of the ball ||po| -BX;

ofXg.
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Proof. Denote by B’ the closed unit ball of the space X”. Because v is an extreme
point of the ball B® if and only if 7 - ¢ is an extreme point of the ball rB”, it is
sufficient to prove the theorem for |¢g| = 1. Let o, [|@o] = 1, be an extreme
point of the unit ball By of Y and let

E(po) = {¢ € X" : ¢y = pg and ||¢)| = 1} .

Clearly, the set E(pg) convex; by Theorem 2.2.2 it is also nonempty. Further,
the set FE(gg) is an extremal subset of B® because (1 — a)p1 + aps € E(pg), for
some @1, @y € B” and some 0 < a < 1, implies (1 —a)p1 |y +apzly = @o, so that,
by the extremality of g, we have 1|y = @aly = po. Since ||(1 — a)p1 +aps| =1
and ¢y € B® it follows that ||¢x| = 1, k = 1,2, so that @5, € E(po), k= 1,2.

We show now that the set F(pp) is a w*-closed subset of the closed ball B*
of X* = (X,p°)*. Let (py : v €T') be a net in E(yo) that is w*-convergent to an
element ¢ € B*, i.e.,

Vee X, ¢y(z) = ¢(x) in(R,]-]).

Since for every € X and every v € I', we have ¢, (x) < p(z), it follows that
o(x) < p(x),ie., ||¢| < 1. Also, foreveryy € Y and vy € I, ¢,(y) = ¢o(y), so that
vly = @0, and || > |lpo| = 1. It follows that ¢ € E(ypo), showing that E (o) is
a w*-closed subset of the w*-compact set B*, so it is w*-compact too.

By the Krein-Milman theorem the convex w*-compact set E(pq) agrees with
the closed convex hull of its extreme points, so that it has extreme points. Taking
an extreme point ¢ of the extremal subset F(gq) of B, it follows that ¢ is an
extreme point of the unit ball B* of X” and ¢|y = @0, ||¢| =1 = ||¢ol- O

2.3 The fundamental principles

Together with the Hahn-Banach extension theorem, the Open Mapping Theorem
and the Closed Graph Theorem are the cornerstones of the whole edifice of classical
functional analysis. Although in the asymmetric case they do not hold in full
generality, some positive results have been obtained, which will be presented in
this section.

2.3.1 The Open Mapping and the Closed Graph Theorems

As it is known, the proofs of two fundamental principles of functional analysis —
the Open Mapping Theorem and the Closed Graph Theorem for Banach spaces —
rely on Baire’s category theorem. Based on Theorem 1.2.44, C. Alegre [2] extended
these principles to asymmetric normed spaces.

Theorem 2.3.1 (The Open Mapping Theorem, [2]). Let (X,p) and (Y, q) be asym-
metric normed spaces. Suppose that (X, p) is right-K -complete and Y is Hausdorff
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and a (q,q)-Baire space. If A: X =Y is linear, surjective and (p, q)-continuous,
then for every p-open subset G of X, A(G) is q-open in'Y.

Proof. Let B,, be the open unit ball of (X,p). Since A is surjective, A(B,,) is an
absorbing convex subset of Y, and so will be the g-closed convex set ¢-cl(A(B,,)),
implying X = U2 n g-cl(A(B})). Since Y is a (g, q)-Baire space, there exists
n € N such that ¢-int (n g-cl(A(By))) # 0 (see Theorem 1.2.49). It follows

g-int ((j— cl(A(B;,))) #0,
so that, by Proposition 1.1.67.4, there exists € > 0 such that

By(0,¢) C g-cl(A(BY)) . (2.3.1)
We show that
B,(0, 252) C AB)). (2.3.2)

Indeed, by (2.3.1), y € B,(0,27%) C ¢-cl(A(27*By) implies Bg(y,2 %) N
A(272By) # 0, so that there exists x1 € 272B], such that
£

— q(y— Ax1) < 03 -

_ £
Q(A‘Tl - y) < 23

It follows that
€ _ _
y — Az € By(0, 23) Cg-cl(A(27°By) ,

so that Bg(y — Az1,27%) N A(273B)) # 0, implying the existence of an element
xy € 273 By, such that

3

9
J(Azy + Az —y) < o4 -

g1 = q(y — Azp — Axs) <

Continuing in this manner, one obtains the elements x; € 2_(’”‘1)31’9 such

that
€

G(Az, + -+ Axg + Az —y) < on2

(2.3.3)

for all n € N, implying Azy + - - - + Az, — y as n — 0.

Since p(xx) < 27%71 the sequence s, = 1 + - + 1, n € N, is p-left-
K-Cauchy (see Proposition 1.2.6), or, equivalently, p-right-K-Cauchy. The right
K-completeness of (X,p) implies the right K-completeness of (X,p), so there
exists © € X such that p(s, —x) — 0 as n — oo. The (p, ¢)-continuity of the
linear operator A implies its (p, g)-continuity, so that Axy +--- + Az, L5 Az as
n — oo. Since (Y, 7,) is Hausdorff, (Y, 75) is also Hausdorff, so that y = Az. From

p(x) <p(x — sn) + p(sn) < D(sn — ) +p(@1) + - + p(2n)

<p( y+ L o1
PRon =2 o9 I+l (Ll 27

it follows that x € lev .
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Finally, we show that (2.3.2) implies that A(G) is g-open for every p-open
subset G of X.

If y = Az for some x € G, then there exists 7 > 0 such that x +rB, C G. It
follows that

re
Y+ 4 B, C Az +rA(B,) = A(x +7B,) C A(G) ,

showing that the set A(G) is g-open. O

Remark 2.3.2. Theorem 2.3.1 is proved in [2] under the hypotheses that the asym-
metric normed space (X, p) is sequentially right K-complete and (Y, ¢q) is sequen-
tially right K-complete and Hausdorff. The proof is based on Lemma 3 asserting
that in an asymmetric normed space (Y,q) which is of second Baire category
in itself (and so, by Proposition 1.2.43, a Baire space), ¢-cl(A4) and g-cl(A) are 0-
neighborhoods in (Y ¢), for any absorbing and starshaped with respect to 0 subset
A of X. While the assertion concerning g-cl(A) follows from the Baire property, it
is not founded concerning g-cl(A). So we reformulated the theorem by asking the
space (Y, q) to be (g, q)-Baire.

A consequence of this deep result is the inverse mapping theorem which, in
essence, is an equivalent form of the open mapping theorem.

Corollary 2.3.3. Let (X,p) and (Y, q) be two asymmetric normed spaces. If (X, p)
is right K -sequentially and (Y,q) is (q,q)-Baire and Hausdorff, then the inverse
of any bijective continuous linear mapping A : (X, 1) — (Y, 74) is continuous.

For two asymmetric normed spaces (X, p) and (Y, ¢) consider X XY endowed
with the asymmetric norm

r(z,y) = p(x) + q(y), (z,y) € X xY . (2.3.4)

The proof of the results from the following lemma are similar to those in the
symmetric case.

Lemma 2.3.4. Let (X,p), (Y,q) be asymmetric normed spaces.

1. The normr defined by (2.3.4) generates the product topology T, x 4 on X xY.

2. If (X,p) and (Y, q) are right (left) K-sequentially complete, then (X x Y,r)
is right (left) K-sequentially complete.

3. A closed subset of a right (left) K -sequentially complete normed space is right
(left) K-sequentially complete.

As in the case of Banach spaces, the closed graph theorem can easily be
derived from the open mapping theorem. The graph G of a mapping f: X — Y
is the subset of X x Y given by Gy = {(z,y) €e X xY : y = f(x)}.

Proposition 2.3.5. If (X,7), (Y,v) are topological spaces, with Y Hausdorff, and
f: X =Y is continuous, then the graph G¢ of f is closed in X x Y with respect
to the product topology T X v.
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Proof. Let (z;,y;), i € I, be anet in X XY converging to some (z,y) € X xY with
respect to the product topology. This is equivalent to ; — = in X and y; — y in
Y. Since y; = f(x;), i € I, the continuity of f and the uniqueness of the limit (Y
is Hausdorff) implies f(z) = y, that is (z,y) € Gy. O

If X and Y are topological spaces, then a mapping f : X — Y is said to have
closed graph provided Gy is closed in X x Y with respect to the product topology.

Theorem 2.3.6 (The Closed Graph Theorem, [2]). Let (X,p) and (Y,q) be asym-
metric normed spaces. If (X, p) is right K -sequentially complete, (p,p)-Baire and
Hausdorff and (Y,q) is right K-sequentially complete, then any linear mapping
A: X =Y with closed graph is continuous.

Proof. By Lemma 2.3.4, the product topology 7, x 7, is generated by the asym-
metric norm r(z,y) = p(z) + ¢(y) and the space (X x Y, r) is right K-sequentially
complete.

By hypothesis, the graph G 4 of A is a closed subspace of (X xY, r) so it is also
right K-sequentially complete with respect to r. The projections P, Po : G4 — X
defined by P (z,y) = x and Py(x,y), for (x,y) € G4, are linear and continuous
mappings. The projection P; is also bijective, so that, by the inverse mapping
theorem (Corollary 2.3.3), P;' : X — G4 is also continuous. Observe that P, ! is
given by P *(z) = (z, Az), x € X, so that A = P, o P{"* will be continuous. [J

2.3.2 The Banach-Steinhaus principle

In this subsection we shall prove an asymmetric version of the Banach-Steinhaus
uniform boundedness principle.

Theorem 2.3.7. Let (X,p) be a right K-complete asymmetric normed space, (Y, q)
an asymmetric normed space and A C L, o(X,Y). If the family A is both g- and
G-upper pointwise bounded, that is for every x € X,

sup q(Az) < co and sup §(Az) < o0, (2.3.5)
AcA AcA

then

sup sup{g(Az) :x € B,} < oo and supsup{g(Az):z € B} <oco. (2.3.6)
AcA AcA
Proof. Since the case X = {0} is trivial, we can suppose X # {0}.

Suppose that
sup sup{G(Az) : x € Bp} = o0 (2.3.7)
AcA
and that the family A is g-upper pointwise bounded.
Put
Sa={x € X : sup g(Az) = oo}
AcA
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and
Xn={reX:3Ac A, g(Az) >n}, neN.

It is clear that
Sa=n2, X, . (2.3.8)

Since (X, p) is right K-complete it follows that (X, p) is also right K-complete
so that, by Theorem 1.2.44 and Proposition 1.2.43, (X, 7,) is a Baire space. If we
show that each X, is p-open and p-dense in (X, 7,,), then by (2.3.8), the set S4 is
p-G5 and p-dense in (X, 7,), in contradiction to the g-upper pointwise boundedness
of the family A (which is equivalent to S4 = ).

For n € Nand A € A put

Xna={reX:qlAz)>n}.

Claim 1. The set X,, 4 is p-open.
Since the norm q is g-lsc (see Proposition 1.1.8.4) and A is (p, ¢)-continuous,
it follows that g o A is p-Isc, implying that the set X,, 4 is p-open.
Since
Xn :U{XnyA:AE.A} ,

it follows that the set X, is p-open too.

Claim II. The set X,, is p-dense in X.
Suppose, on the contrary, that some X, is not p-dense in X. Then there
exists g € X and rp > 0 such that

Bp[.’lﬁoﬂ‘o] nxX, = 1] R

implying
VA € A, Vx € Bplzo,ro], q(Az) <n.

Let M, = sup{q(Azo) : A € A}. Since for every u € B, x 1=z + rou €
Byxo,70], it follows that u = r5 ' (z — x0) and

(Au) < | (@Az) + (- Ane) < (n+ q(Azo) < | (n+ My,)
ro ro ro
for every A € A, in contradiction to (2.3.7).
Consequently, each X, is p-dense in X.
Since L, 4(X,Y) = L5 3(X,Y), the proof of the second inequality in (2.3.6)
proceeds similarly. g

The proof given above allows the following formulation of the principle of
condensation of singularities.

Theorem 2.3.8. Let (X, p) be a right K-complete asymmetric normed space, (Y, q)
an asymmetric normed space and let A C L, ,(X,Y).
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1. If the family A is q-upper pointwise bounded and

sup sup{g(Az) : z € B} =00, (2.3.9)
AcA
then the set
{z € X : sup g(Azx) = oo} (2.3.10)
AcA

is p-Gs and p-dense in X.
2. Similarly, if the family A is G-upper pointwise bounded and

sup sup{q(Ax) : z € Bz} =0, (2.3.11)
AcA
then the set
{z € X : sup q(Azx) = oo} (2.3.12)
AcA

is p-Gs and p-dense in X.
This principle has the following curious consequence.

Corollary 2.3.9. If (X,p) is a right K-complete asymmetric normed space and
(Y, q) is an asymmetric normed space, then L, o(X,Y) = L, 5(X,Y).

Proof. Suppose that there exists A € L, ((X,Y)\ L, 7(X,Y). Then
sup{q(Az) : z € B,} = 00 .

Applying Theorem 2.3.8 to the family A = { A}, one obtains that § = {z €
X : §(Az) = oo} is p-dense in X, a contradiction. O

2.3.3 Normed cones

We shall present some results on abstract normed cones as defined in Remark
2.1.4. As we did mention in Remark 2.1.4, the study of the duals of asymmetric
normed spaces requires the consideration of normed cones.

A linear mapping between two cones X,Y is an additive and positively ho-
mogeneous mapping A: X — Y.

An asymmetric seminorm on a cone X is a mapping p : X — R such that
(i) p0)=0and (z,—x € X Ap(x)=p(—z)=0) =2=0
(ii)  plaz) = ap(x);
(i)  ple+y) <pl)+pQy),
for all z,y € X and o > 0. If
(iv) plx)=0 <= =0,

then p is called an asymmetric norm.
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Starting from an asymmetric seminorm p on a cone X one can define an
extended quasi-semimetric e, on X by the formula

. (2.3.13)
00 otherwise .

inf{p(z):ze X, y=az+2} if yeax+X,
ep(x7 y) = {
An extended quasi-semimetric d : X x X — [0;00] on a cone X is called
subinvariant provided that

(i) d(x + z,y + 2z) < d(x,y), and (2.3.14)
(ii) d(az, ay) = ad(z,y) ,

for all z,y,z € X and a > 0.

For instance, R is a cancellative cone and u(a) = « is an asymmetric norm
on R*. The associated extended quasi-metric, given by e, (z,y) =y —x if x <y
and e, (z,y) = 0o, otherwise, induces the Sorgenfrey topology on R* (see Example
1.1.6).

The topological notions for a normed cone (X,p) will be considered with

respect to this extended quasi-semimetric. As before, one associates to e, the con-
jugate quasi-semimetric €,(x,y) = ep(y,x) and the (symmetric) extended semi-
metric e;(z,y) = max{e,(z,y), ép(w,y)).
Some properties of this quasi-semimetric are collected in the following propo-
sition.
Proposition 2.3.10. Let (X, p) be an asymmetric normed cone.
1. The function e, defined by (2.3.13) is a subinvariant extended quasi-semi-
metric on X.
2. The equality
r-Be, (xr,e) =re+{yc X :ply) <er},
holds for every x € X and r,e > 0.
3. The translations with respect to + and - are T(ep)-open, that is, if Z C X is
7(ep)-open, then both x + Z and r - Z are 7(ep)-open.

Continuous linear mapping between normed cones have properties similar to
those between asymmetric normed spaces, see Proposition 2.1.2.

Proposition 2.3.11 ([234]). Let (X,p), (Y, q) be asymmetric normed cones and A :
X =Y a linear operator. The following are equivalent.

The operator A is continuous on X.

The operator A is continuous at 0 € X,

The operator A is upper bounded on every ball B, [0,r].

There ezists 5 > 0 such that q(Az) < Bp(x), for all x € X.

o~ W b=
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Proof. The implication 1 = 2 is trivial and the proofs of the implications 2 = 3,
and 3 = 4 are similar to those from Proposition 2.1.2.

4= 1. For z € X and € > 0 let > 0 be such that fr < e. If e,(z,2') <,
then there exists z € X such that 2’ = z + z and p(z),r. It follows that Az’ =
Az 4+ Az and q(Az) < Bp(z) < Br < e, proving the continuity of A at . O

Based on this proposition one can introduce an asymmetric norm on the
space Ly, 4(X,Y) of continuous linear operators between two asymmetric normed
cones (X, p) and (Y, q), by

1A

p.a = sup{q(Az) : p(z) < 1} . (2.3.15)

It follows that
q(Az) < [|Alp,qp(z) , (2.3.16)

for all z € X and that L, ((X,Y) is an asymmetric normed cone with respect to
(2.3.15), see [234].

We shall present now some closed graph and open mapping results for normed
cones proved by Valero [235]. A uniform boundedness principle for locally convex
cones was proved by Roth [211] (see also Roth [212] and the paper [184]).

An asymmetric normed cone is called bicomplete if it is complete with respect
to the extended metric e;. As it was shown by examples in [235], the Closed Graph
and the Open Mapping Theorems do not hold for bicomplete asymmetric normed
cones, some supplementary hypotheses being necessary.

A mapping f between two topological spaces (S, v) and (T, 7) is called almost
continuous at s € S if for every open subset V of T such that f(s) € V, the set
cl, (f~1(V)) is a v-neighborhood of s. A subset A of a bitopological space (T, 71, 72)
is called (71, 72)-preopen if A C 71-int (12-cl A). A mapping f from a topological
space (S,v) to a bitopological space (T, 71,72) is called almost open if f(U) is
(71, 72)-preopen for every v-open subset U of S.

The closed graph theorem proved by Valero [235] is the following.

Theorem 2.3.12. Let (X, p) and (Y, q) be two asymmetric normed cones such that
the cone Y is right K-sequentially complete with respect to the conjugate extended
quasi-metric éq. If A X — Y is a linear mapping with closed graph in (X x
Y, e, x &;) which is (&,,eq)-almost continuous at 0, then A is continuous.

An open mapping theorem holds in similar conditions.

Theorem 2.3.13. Let (X, p) and (Y, q) be two asymmetric normed cones such that
the cone Y 1s right K-sequentially complete with respect to the conjugate extended
quasi-metric 4. If A X — Y is a linear mapping with closed graph in (X x
Y, €, x &) which is almost open as a mapping from (X,7(ep)) to (Y, 7(eq), 7(€q)),
then A is continuous.

There are also other results on normed cones: the paper [94] discusses the
metrizability of the unit ball of the dual of a normed cone, Oltra and Valero [170]
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study the isometries and bicompletions of normed cones and Valero [234] defines
and studies the properties of quotient normed cones (the study of quotient spaces
of asymmetric normed spaces is done in [3]). Other properties are investigated in
a series of papers by Romaguera, Sdnchez Pérez and Valero: in [203] one consid-
ers generalized monotone normed cones, quasi-normed monoids are discussed in
[201], the dominated extension of functionals, of V-convex functions and duality
on cancellative and noncancellative normed cones are treated in [200] and [202],
respectively.

2.4 'Weak topologies

The aim of this section is to present some basic results on weak topologies on
asymmetric normed spaces and on asymmetric LCS. As it is well known, the weak
topologies play a crucial role in functional analysis. Their asymmetric counter-
parts were studied in the fundamental paper [90], where an Alaoglu-Bourbaki
type theorem on the weak*-compactness of the closed unit ball of the dual space
is proved. The locally convex variant on the weak-compactness of the polar of
a 0-neighborhood in an asymmetric LCS was proved in [41]. With an appropri-
ate definition of the bidual, reflexivity is studied and an analogue of Goldstine’s
theorem on the weak density of a Banach space in its bidual is proved.

2.4.1 The w’-topology of the dual space X;

This is the analog of the w*-topology on the dual of a normed space, which we
shall present following [90].

Let (X,p) be a space with asymmetric norm and XI'; its asymmetric dual.
The w’-topology on X]'; is the topology admitting as a neighborhood basis of a
point ¢ € X]'; the sets

Virsanie(0) = {0 € X2 gp(an) — (o) <e, k=1,2,...,n}, (2.4.1)

for alle >0, and all n € Nand z1,...,z, € X.
The topology w” is derived from a quasi-uniformity WZ on XZ with a basis
formed of the sets

Var,.ane = {(01,02) € Xg X XZ spe(mi) —o1(m) <e i=1,...,n}, (2.4.2)

forn €N, z1,...,x, € X and € > 0. Note that, for fixed 1 = , one obtains the
neighborhoods from (2.4.1).
By the definition of the topology w”, the w’-convergence of a net (py) in X;
top € Xz is equivalent to
Ve EX, ¢y(a) (@) in Ru).

The following proposition shows that, in fact, a stronger result holds.



2.4. Weak topologies 143

Proposition 2.4.1. Let (X, p) be an asymmetric normed space with dual X;.
The w’-topology is the restriction to X; of the w*-topology of the space X* =

(X,p*)*. Consequently, it is Hausdorff and the w’-convergence of a net (¢,) in
X; to ¢ € X; 1s equivalent to

Vee X, oy(z) = p(x) in R,]-]).

Proof. The first assertion is a direct consequence of the definition of the topology
w®. The second assertion follows from the remarks that

Vea NVemo = {0 € X))t [1h(z) — ¢(a)| < e}

is a w’-neighborhood of 0 € X and X; C X*. O
A deep result in Banach space theory is the Alaoglu-Bourbaki Theorem:

THEOREM. (Alaoglu-Bourbaki) The closed unit ball Bx~ of the dual of a normed
space X is w*-compact.

The analog of this theorem for asymmetric normed spaces was proved in [90,
Theorem 4]. We include a slightly simpler proof of this result.

Proposition 2.4.2. The closed unit ball B; = BX;'? of the space X; is a w*-closed
subset of the closed unit ball B* of the space X* = (X, p®)*.

Proof. Let (¢) be a net in Blb, that is w*-convergent to an element ¢ € X*,
ie., for every z € X the net (¢,(z)) converges to ¢(z) in (R,| - |). Because
Ve € X, ¢ () < p(x), it follows that p(z) < p(x) for all z € X, showing that

b
p € B,. g

Theorem 2.4.3. The closed unit ball Bz of the dual X]'; of an asymmetric normed

b

space (X, p) is w’-compact.

Proof. By the Alaoglu-Bourbaki theorem the ball B* is w*-compact, so that, as a
w*-closed subset of B*, the ball B; will be w*-compact too. Since the w’-topology

is the restriction of w* to X;, it follows that the set B; is also w’-compact. g

Remark 2.4.4. In [41, Proposition 2.11] the Alaoglu-Bourbaki theorem was ex-

tended to asymmetric locally convex spaces: the polar of any neighborhood of 0 is

a w’-compact convex subset of the asymmetric dual cone le), see Theorem 2.4.30.
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2.4.2 Compact subsets of asymmetric normed spaces

In this subsection we shall present, following [86] and [4], some results on com-
pactness specific to asymmetric normed spaces. The proof will be given in the next
subsection within the more general context of asymmetric LCS.

Let (X, p) be an asymmetric normed space. For x € X put

O(z)={ye X :p(ly—z)=0}. (2.4.3)

It is clear that 6(z) = = + 0(0) and Y + 0(0) = U{0(y) : v € Y}. Also
0(x) = 7(p)-cl({z}), as can be seen from the equivalences

yeb(z) < ply—2)=0 < plz—y)=0
<= Ve>0, plz—y)<e < Ve >0, z € Bs(y,¢)
> ye1(p)-c({z}).

The following properties hold.

Proposition 2.4.5 ([86]). Let (X, p) be an asymmetric normed normed space, v € X
and e > 0. Then By(z,e) = 0(0) + By(z,€) +0(0). Also, if Y is a 7(p)-open subset
of X, thenY =Y + 6(0).

As it is shown by Garcia-Raffi [86] the sets @(z) are involved in the study of
compactness in asymmetric normed spaces.

Proposition 2.4.6. Let (X,p) be an asymmetric normed space and K C X.
1. The set K is p-compact if and only if K + 6(0) is 7,-compact.
If K+ 6(0) is mp-compact, Ko C K +0(0) and Ko + 6(0) = K + 6(0), then
Ky is mp-compact.
2. A finite sum and a finite union of p-precompact sets is p-precompact.
3. The convex hull of a p-precompact set is p-precompact.

4. The set K is p-precompact if and only if the 7(p)-closure of K is p-pre-
compact.

5. If Ko C K C Ko+ 6(0) and Ky-is 7(p®)-compact, then K is p-compact.
Garcia-Raffi [86] obtained characterizations of finite-dimensional normed

spaces similar to those known for normed spaces. In the following proposition
all topological notions refer to 7(p).

Theorem 2.4.7. Let (X,p) be an asymmetric normed space.

1. If X is finite dimensional, of dimensionn > 1, and Ty, then X is topologically
isomorphic to the Fuclidean space R™.

2. If (X,p) is Ty, then X is finite dimensional if and only if its closed unit ball
B, is T(p)-compact.
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3. Suppose that X is finite dimensional. Then X is T1 if and only if every
7(p)-compact subset of X is T(p)-closed.

As it is shown in [4, Example 12], the property 5 from Proposition 2.4.6 does
not characterize the p-compactness. This paper contains also some further results
on the relations between the 7(p®)-compactness of Ky and the p-compactness of
K, involving a notion of boundedness called right-boundedness. The unit closed
ball B, of (X, p) is called right-bounded if there exists r > 0 such that

r B, C Bps +6(0) .

Note that the inclusion Bps + 6(0) C B, is always true.
Theorem 2.4.8. Let (X,p) be an asymmetric normed normed space.

1. ([86]) If X is finite dimensional and the unit closed ball B, is right-bounded,
then By, is T(p)-compact.

2. ([4]) Suppose that (X,p) is biBanach with B, right-bounded with r = 1. If
K C X is p-precompact, then there exists a p°-compact subset Ko of K such
that K C Ko + 6(0).

3. (M4]) If Ko is p*-precompact and K C Ko + 0(0), then K is outside p-
precompact.

2.4.3 Compact sets in LCS

In this subsection we shall present, following [44], some properties of compact sets
in LCS.

A subset Y of a quasi-uniform space (X,U) is called precompact if for every
U € U there exists a finite subset Z of Y such that Y C U[Z]. The set Y is called
totally bounded if for every U there exists a finite family A;,..., A, of subsets
of Y such that A; x A; CU,¢=1,...,n, and Y C U}, A;. Note that the total
boundedness with respect to U is equivalent to the total boundedness with respect
to the associated uniformity Us.

If in the above definition of precompactness one asks that the finite set Z be
contained in X, then one obtains the notions of outside precompactness considered
in [4]. Obviously, the precompactness implies the outside precompactness, but the
reverse implication is not true, even in asymmetric normed spaces, see Example
1.2.23. In uniform spaces the total boundedness, the precompactness and the out-
side precompactness agree, and a set is compact if and only if it is totally bounded
and complete.

If p is an asymmetric seminorm on a vector space X, we say that a subset
Y of X is p-precompact if for every € > 0 there exists a finite subset Z of Y such
that

Y ¢ [ Bo(z,0). (2.4.4)

z€Z
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If for every € > 0 there exists a finite subset Z of X such that (2.4.4) holds,
then the set Y is called outside p-precompact. One obtains an equivalent notion if
one asks that Y is covered by the family B,[z,¢], z € Z, of closed balls. The set
Z is called also a (p,e)-net for Y (in both cases).

A subset of an asymmetric LCS (X, P) is called precompact if it is precom-
pact with respect to the quasi-uniformity Up. The following proposition contains
a useful characterization of precompactness in asymmetric LCS in terms of semi-

norms. The proof follows immediately from the definition of the quasi-uniformity
Up (the fact that U, .(z) = Bp(z,¢)).

Proposition 2.4.9. A subset Y of an asymmetric LCS (X, P) is (outside) precom-
pact if and only if it is (outside) p-precompact for every p € P.

Based on this proposition, the proof of Proposition 1.2.18.3 can be adapted to
obtain the following relation between precompactness and outside precompactness.

Proposition 2.4.10. Let (X, P) be an asymmetric LCS. A subset Y of X is P-
precompact if and only if for every p € P and every € > 0 there exists a finite
subset {x1,...,xn} of X such that Y C Ul By(zi,e) and Y N Bp(xi,e) # O for
allie{l,...,n}.

As a consequence of Proposition 1.1.59, one obtains the following relations
between various notions of compactness and precompactness. A subset Y of an
asymmetric LCS (X, P) is called P-bounded provided sup{p(y) : y € Y} < o0
for every p € P. This is equivalent to the fact that it is absorbed by every 7(P)-
neighborhood of 0, that is for every 7(P)-neighborhood V of 0 there exists A > 0
such that AY C V, or, in other words, Y is topologically bounded.

Proposition 2.4.11. Let (X, P) be an asymmetric LCS and Y a subset of X.

1. If the set Y is P*-precompact, then it is P-precompact and P-precompact.
The same is true for the outside precompactness.

2. If the set Y is T(P*)-compact, then it is T(P)-compact and 7(P)-compact.

3. The outside P-precompact subsets of X are P-bounded. In particular, the
P-precompact subsets of X are P-bounded as well.

4. A subset of X is P-precompact if and only if its T(P)-closure is P-precompact.
The same is true for outside P-precompactness.

Proof. 1. For e > 0 and p € P there exists a finite subset {y1,...,yn} of YV
such that Y C U, Bps(ys,€). Since Bps(yi,¢) C Bp(yi,e), i = 1,...,n, it fol-
lows that Y C U, Bp(yi,¢), so that Y is P-precompact. Similarly, Bps(y;,) C
Bs(yi e), i = 1,...,n, implies that Y is P-precompact. The case of outside pre-
compactness can be treated exactly in the same way.

2. This follows from the fact that a compact subset of a topological space
remains compact for every coarser topology.
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3. For p € P there exists a finite subset {x1,...,2,} of X such that Y C
{z1,...,2n} + Bp(0,1), implying p(y) < max{p(z;) : 1 < i < n} + 1 for every
yeyY.

4. We give a proof different from that in [4]. Suppose first that Y is P-
precompact and show that Z = 7(P)-clY is also P-precompact, which is equiva-
lent to the fact that Z is p-precompact for every p € P.

Let p € P and € > 0. Since Y is p-precompact there exists y1,...,y, € Y
such that

Y C U, Bplyi, . (2.4.5)

By Proposition 1.1.59.4, the ball B,[0,¢] is 7(P)-closed, so that the set

U?:pr[yivg] = {yh cee 7yn} + BP[07E]

is also 7(P)-closed. But then, the inclusion (2.4.5) implies

7(P)-clY C Ui, Bplyi, €] -

Conversely, suppose that Z = 7(P)-clY is P-precompact and prove that YV
is P-precompact.
For p € P and € > 0 there exist z1,..., 2, € Z such that

Z C UM, By(z;,¢). (2.4.6)

For every i € {1,...,n} there exists y; € Y N Bp(z;,¢), that isan y; € YV
such that p(y; — z;) < €, or, equivalently, p(z; — y;) < &.

Let y € Y C Z. By (2.4.6) there exists j € {1,...,n} such that y € Bp(z;,¢).
But then

Py —w;) <ply —2) +p(z —y;) <2,
showing that Y C Ul B, (yi, 2¢).

In the case of outside precompactness, a subset of an outside precompact set
is also outside precompact, so the outside precompactness of the 7(P)-closure of
Y implies the outside precompactness of Y. The reverse implication can be proved
exactly as in the case of the precompactness. O

Remark 2.4.12. In the case of asymmetric normed spaces, the result from the
assertion 4 of the above proposition was proved by Garcia-Raffi [86, Prop. 9].

The following property is a consequence of Propositions 1.1.64.1 and 1.1.67.1,
but for the sake of convenience, we give the proof.

Lemma 2.4.13. Let (X, P) be an asymmetric LCS, Q C P and D C R such that
the family {Bqy(0,7) :q € Q, r € D} is a basis of T(P)-neighborhoods of 0. Then

T(P)-clY = [{Y + B(0,7) : ¢ € Q, r € D}, (2.4.7)

for every subset Y of X.
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Proof of Lemma 2.4.13. Let z € 7(P)-clY, ¢ € Q and r € D. Then x + B,(0,7)
is a 7(P)-neighborhood of z, so that Y N (z + By(0,r)) # 0, implying = + u =y,
for some u € By(0,r) and y € Y. But

u € By(0,r) <= q(u) <r < j(—u) <r < —ue€ B;(0,r),

sothat t =y—u €Y + B;(0,r).

Conversely, suppose that x belongs to the intersection from the right-hand
side of the equality (2.4.7). For a 7(P)-neighborhood Vj of 0, let ¢ € @ and
r € D be such that B,(0,7) C V;. By hypothesis, * = y + v for some y € Y and
v € B;(0,7), which, as above, implies that

y=zx—ve€x+By(0,r) Cx+Vy.
Consequently, (z + Vp) NY # (), showing that z € 7(P)-clY. O

Proposition 2.4.14. Let (X, P) be an asymmetric LCS whose topology 7(P) is T1.
Then X is finite dimensional if and only if there exists an outside P-precompact
7(P)-neighborhood of 0.

Proof. Necessity. If dim X = m, then, by Proposition 1.1.68, it is isomorphic,
algebraically and topologically, to the Euclidean space R™. Let ® : R™ — X be
an isomorphism. Since the closed unit ball Bgrm is a compact neighborhood of
0 € R™, its image by ® will be a 7(P)-compact neighborhood of 0 € X which will
be P-precompact and so outside P-precompact.

Sufficiency. Let U = By, (0,79) be an outside P-precompact 7(P)-neighborhood
of 0. Then there exists a finite subset {x1,...,2,} of X such that

1
UC{xl,...,xn}+2U

implying )
UcZzZ+ 2U, (2.4.8)

where Z = sp{z1,...,zy} is the linear space generated by {z1,...,z,}. By (2.4.8)
1 1 1 1
A =7
2U C, 2+ 22U + 22U,

so that

1 1 1
UcZ UczZ+7 U=7 U.
CZ+ 9 CZ+7Z+ 92 + 92
Repeating the argument, one obtains
1
UcCcZ+ on U, (2.4.9)

for all n € N.
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We show that {,, U : n € N} is a basis of 7(P)-neighborhoods of 0. For a
7(P)-neighborhood V' of 0, there exists p € P and r > 0 such that B,(0,7) C V.
Since a P-precompact set is topologically bounded (with respect to 7(P)), there
exists A > 0 such that A\U = AB,,,(0,79) C Bp(0,7). If n € N is such that 27" < A,
then

1
U— on By, (0,79) C ABp,(0,79) C Bp(0,r) C V.

It is easy to check that {.,} B, (0,79) : n € N} is a basis of 7(P)-neighbor-
hoods of 0, so that, by Lemma 2.4.13 and by (2.4.9),

Uc({z+ 21nU :n €N} =1(P)-cl Z (2.4.10)

If we show that 7(P)-cl Z = Z, then by (2.4.10), for every z € X \ {0} there
exists A > 0 such that Az € U C Z, showing that X = Z is finite dimensional.

Let © € 7(P)-clZ \ Z. Suppose that dimZ = m and let eq,..., e, be an
algebraic basis of Z. The space W = sp(Z U {x}) has dimension m + 1 and
€1,...,em, T is an algebraic basis of W. Since {{,5, Bj,(0,70) : n € N} is a basis of
7(P)- nelghborhoods of 0, it follows that the topology 7(P) is generated by pg, so
we can work with sequences. Suppose that z, = oy pe1+- -+ amrem+0-2,k €N,
is a sequence in Z which converges to xt =0-e3 +---+0-e, + 1-z. Since the
topology 7(P) is T}, Proposition 1.1.63.2, implies that the topology 7(P) is also Tj.

By Lemma 1.1.70, limy, o 3 = O,_i =1,...,m,and 0 = limy 41,k = Amy1 =1, 2
contradiction. Consequently, 7(P)-cl Z = Z, and Proposition 2.4.14 is completely
proved. O

The following proposition is the analog of a known result in normed spaces.
In the case of asymmetric normed spaces it was proved in [4, Proposition 8].

Proposition 2.4.15. If Y is a precompact subset of an asymmetric LCS (X, P),
then the convex hull coY of Y is also precompact.

Proof. By Proposition 2.4.9 it is sufficient to show that coY is p-precompact for
every p € P.

Let p € P and € > 0. By the precompactness of Y there exists a finite subset
{y9,...,y2} of Y such that

Y C U™, B,(y?,e). (2.4.11)

Let Ay, = {(A1,...,An) € R 2 3% | A = 1} be the standard simplex in
R”. The mapping ® : R} x X" — X given by ®((a1,...,an), (21,...,2,)) =

S aiz; is continuous and W = co{y?,...,y2} is the image by this mapping of
the compact subset A, x{¢?,...,99} of R x X™, so it is compact and consequently
P-precompact.

Therefore, there exists a subset {w?, ..., w2} C W such that

W C U™, By(w),e). (2.4.12)
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We show that
Y C U™, By(w), 2¢). (2.4.13)

Letx €coY,x = 2221 a;y; forsome o; >0, y, €Y, i=1,...,1, 2221 o =
1. By (2.4.11), for every i € {1,...,1} there exists j(i) € {1,...,n} such that
oy — y?(i)) < e. Putting w := 22:1 aiy?(i), it follows that

l

l
ple—w) =p(Y_ oy — yl) < > aiplyi —ylm) <<
=1 1=1

Since w € W, the equality (2.4.12) implies the existence of iy € {1,...,m}

such that p(w — wl ) < e. But then
ple —wh) < p(r —w) +plw —wj) < 2,

showing that (2.4.13) holds. O

Some relations between precompactness and compactness in asymmetric
normed spaces were studied in [86] and [4]. These results were extended in [44] to
asymmetric LCS.

Let (X, P) be an asymmetric LCS. For p € P let

bop ={z€ X :p(z) =0}, and
90 - npepeoyp .

Let also
Orp={2€X:plz—2)=0}=a+6,.

It is immediate that 0, agrees with the 7(P)-closure of the set {z}. Indeed

yeT(P)-cl{z} <=Vpe P, Ve>0,p(z—y) <e
< VpeP pla—y)=0
<~ VpeP ply—xz)=0
= yecb,.

As it was shown in [86]
By(x,e) = Bp(x,€) + 6o -
Based on this equality one obtains immediately that
Y=Y +60,

for every 7(P)-open subset Y of X. Indeed, 0 € 6 implies Y C Y + 6. Conversely,
let £ = y+2z for some y € Y and z € 6. Since Y is 7(P)-open there exist p € P and
€ > 0 such that By(y,e) C Y, implying z = y+2z € B, (y,e)+00 C B, (y,e)+0o,, =
B(y,e) CY.

As a consequence of this last equality, one obtains the analog of Proposition
6 from [36].
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Proposition 2.4.16. A subset K of an asymmetric LCS is 7(P)-compact if and
only if K + 0y is 7(P)-compact.
Also, if K is 7(P)-compact, then every subset Z of K + 0y is 7(P)-compact.

Remark 2.4.17. In the case of an asymmetric normed space (X, p), Alegre et al.
[4] give characterizations of 7, -compact subsets of X. Among other results, they
prove, under some supplementary hypotheses, that a subset K of X is 7,-compact
if and only if there exists a 7,5 -compact subset K of X such that Ko C K C K46,
([4, Theorem 20]). It is possible that similar characterizations hold in the locally
convex case, a topic for further investigation.

2.4.4 The conjugate operator, precompact operators
and a Schauder type theorem

A Schauder type theorem on the compactness of the conjugate of a compact linear
operator on an asymmetric normed space was proved in [43]. We shall briefly
present this result, referring for the details to the mentioned paper.

For a continuous linear operator A : (X, p) — (Y, q) between two asymmetric
normed spaces, one defines the conjugate operator A’ : Yqb — Xf, by the formula

Ap=1poA, YeY,. (2.4.14)

Concerning the continuity we have.

Proposition 2.4.18. Let (X, p), (Y, q) be asymmetric normed spaces and A : X —Y
a continuous linear operator.

1. The operator A : (Yq", Il-1q) = (XZ';7 |- 1p) is additive, positively homogeneous
and continuous. So it is also quasi-uniformly continuous with respect to the

quasi-uniformities L{Z and L{; on Yqb and XZ , respectively.
2. The operator A® is also quasi-uniformly continuous with respect to the w’-

quasi-uniformities Wg on Yq" and Wf, on X]';.

Proof. 1. It is obvious that A” is properly defined, additive and positively homo-
geneous.

For every ¢ € Yq",

4%, = [ o 4], < |9, || A

p,q >

implying the continuity of A°, which, in its turn, by the linearity of A, implies the
quasi-uniform continuity with respect to the quasi-uniformities Z/{g and Z/lg.
2. For xz1,...,x, € X and € > 0 let

V ={(p1,92) € X; X X; spa(xy) —pr(x) <e, i=1,...,n}
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be a w’-entourage in Xllj. Then
U={(¢1,92) €Yy x Y, 1 o(Ax;) —p1(Az;) < e, i=1,...,n},

is a w’-entourage in Y:Z" and (A°4y, A%py) € V for every (¢1,12) € U, proving

the quasi-uniform continuity of A’ with respect to the w’-quasi-uniformities on
Yqb and X;. g

A linear operator A : (X, p) — (Y, ¢) between two asymmetric normed spaces
is called (p, q)-precompact if the image A(B,) of the closed unit ball B, of X by the
operator A is a g-precompact subset of Y. We shall denote by (X, Y)’;’ o the set of
all (p, g)-precompact operators from X to Y. A subset Y of a quasi-uniform space
(X,U) is called U-precompact if for every € > 0 there exists a finite subset Z of Y’
such that Y C U[Z]. If there exists a set Z C X such that Y C U[Z], then Y is
called outside U-precompact. 1t is clear that a subset Y of an asymmetric normed
space (X, p) is (outside) p-precompact if and only if it is (outside) U,-precompact.

For p € {p,p,p°} and v € {q,q,qs} denote by (X, Y)Zw the cone of all
continuous linear operators from (X, p) to (Y, v). The space (X, Y)* := (X, Y)';,s’qs
is the space of all continuous linear operators between the associated normed
spaces (X, p®) and (Y, p®), which was denoted also by L(X,Y).

On the space (X,Y)? we shall consider several quasi-uniformities. For u €
{p,p,p*} and v € {q,q, ¢°} let U,, , be the quasi-uniformity generated by the basis

Uppie ={(A,B);A,B € (X,Y);, v(Bx — Az) < e, Vz € By, }, € >0, (2.4.15)

where B, = {z € X : p(x) < 1} denotes the unit ball of (X, ). The induced
quasi-uniformity on the semilinear subspace (X,Y)? , of (X,Y)? is denoted also
by U, and the corresponding topologies by 7(y,v). The uniformity U, 4+ and
the topology 7(p*, ¢°) are those corresponding to the norm (2.1.6) on the space
(X,Y)¥, while the quasi-uniformity U, ; corresponds to the extended asymmetric
norm || - |5 given by (2.1.23). In the case of the dual space XZ we shall use the
notation L[Z for the quasi-uniformity U, ., .

Notice that, for p = p* and v = ¢°, the space (X, Y)';,syqs agrees with

(X,Y)%, the (p*, ¢®)-compact operators are the usual linear compact operators
between the normed spaces (X,p*) and (Y, ¢*), so the following proposition ex-
tends some well-known results for compact operators on normed spaces. For u €
{p,p,p°} and v € {q,q, ¢s} one denotes by (X, Y)I’jy the set of all (u, v)-precom-
pact linear operators from (X, ) to (Y, v).

Proposition 2.4.19. Let (X, p), (Y, q) be asymmetric normed spaces. The following
assertions hold.

1. (X, Y);khv is a subcone of the cone (X, Y)';
from X toY.
2. (X,Y)k is 7(p,q°)-closed in (X, Y);7q.

p,q

, of all continuous linear operators
:
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Proof. 1. We give the proof in the case ;x = p and v = ¢q. The other cases can be
treated similarly.
If A: X =Y is (p, g)-precompact, then there exists z1,...,z, € B, such
that
Ve e By, Jie{l,...,n}, q(Azr— Az;) <L (2.4.16)

If for x € By, i € {1,...,n} is chosen according to (2.4.16), then
q(Az) < q(Az — Az;) + q(Ax;) <1+ max{q(Az;) : 1 <j <n},

showing that the operator A is (p, ¢)-bounded.

Suppose that Ay, Ay : X — Y are (p, q)-precompact and let ¢ > 0. By the
(p, q)-precompactness of the operators Aj, Ao, there exist 21, ..., 2, and y1, ..., Yn
in B, such that

Ve e By, Jie{l,...,m}, Ije{1,...,n},
q(Ar1z — Ajz;) < e and g(Asx — Agy;) <e.

It follows that for every « € B, there exists a pair (¢,7) with 1 <4 <m and
1 < j < n such that

q(Arx + Aoz — Az — Agy;) < q(Arx — Arx;) + q(Asx — Asy;) < 2,

showing that {Ayz; + Asy; : 1 < i < m, 1 < j < n} is a finite 2e-net for
(A1 + A2)(Bp).

The proof of the precompactness of A, for « > 0 and A precompact, is
immediate and we omit it.

2. The 7(p,q°)-closedness of (X,Y)k .

Let (A,) be a sequence in (X,Y)’;’q which is 7(p, ¢®)-convergent to A €
(X, Y),.

For € > 0 choose ng € N such that

VYn > ng, Vo € By, q(Anz — Az) <e and g(Az — A,z) <e. (2.4.17)

Let x1,...,2, € B, be such that the points A,,z;, 1 < i < m, form an
e-net for A, (Bp). Then for every x € B, there exists i € {1,...,m} such that

Q(Anox - Anoxl) <S¢,
so that, by (2.4.17),
q(Az — Az;) < q(Az — A, x) + q(Angx — Apgzi) + q(Angx; — Axy) < 3e.

Consequently, Az;, 1 <i <m, is a 3e-net for A(B,), showing that A € (X, Y)’;q )
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Now we are prepared to state and prove the analog of the Schauder theorem.

Theorem 2.4.20. Let (X, p), (Y, q) be asymmetric normed spaces. If the linear op-
erator A : X =Y is (p,q®)-precompact, then Ab(Bg) is precompact with respect

to the quasi-uniformity L{ZI’, on XII;.
Proof. For € > 0 let
Us = {(¢1,92) € X; x X} 1 pa(7) — p1(x) <&, Vo € By},

be an entourage in Xz for the quasi-uniformity Z/l; .
Since A is (p, ¢°)-precompact, there exist x1,...,z, € B, such that

VeeB,, 3j€{l,...,n}, q(Az— Az;) <e and ¢(Az; — Az) <e. (2.4.18)

By the Alaoglu-Bourbaki theorem, Theorem 2.4.3, the set BZ is w’-compact,

so by the (w’,w”)-continuity of the operator A® (Proposition 2.4.18), the set
A"(Bg) is w’-compact in X;Z' Consequently, the w’-open cover of Ab(Bg),

Vw:{SOEX;@(xl)iAbw(xl)<€7 7’:1a7n}a QZ}EBZa

contains a finite subcover, i.e., there exist m € N and ¢, € Bg, 1 <k <m, such
that
A(By) | Vi, s 1<k <m}. (2.4.19)

Now let ¢ € Bz. By (2.4.19) there exists k € {1,...,m} such that
Ap(x;) — AYp(2y) <e,i=1,...,n.
If x € B, then, by (2.4.18), there exists j € {1,...,n}, such that
g(Az — Azj) <e and q(Az; — Az) <e.
It follows that

Y(Az) — . (Az)
= Y(Ar — Azj) + Y(Axy) — i (Azj) + Yr(Ax; — Ax)
< q(Axr — Azj) + e + q(Ax; — Ax) < 3¢e.

Consequently,
Ve B,, (A — A (z) <3¢,

proving that
Ab(B<b1> C U3E[{Abw17"'7Abz/}m}] . =
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Remark 2.4.21. As a measure of precaution, we have restricted our study to pre-
compact linear operators A on an asymmetric normed space (X, p) with values in
another asymmetric normed space (Y, ¢), meaning that the image A(B),) of the
unit ball of X by A is a ¢-precompact subset of Y. A compact linear operator
should be defined by the condition that A(B,) is a relatively compact subset of
Y, that is the 74-closure of A(B,) is 74-compact subset of Y, in concordance to the
definition of compact linear operators between normed spaces.

As can be seen from Section 1.2, the relations between precompactness, total
boundedness and completeness are considerably more complicated in the asym-
metric case than in the symmetric one. The compactness properties of the set
A(By) need a study of the completeness of the space (X,Y)':W with respect to
various quasi-uniformities and various notions of completeness, which could be a
topic of further investigation.

2.4.5 The bidual space, reflexivity and Goldstine theorem

The bidual space was introduced in [90], including the definition of the canonical
embedding of an asymmetric normed space in its bidual and the definition of a
reflexive asymmetric normed space. Further properties were proved in [93].

Let (X,p) be an asymmetric normed space. Denote by X; the cone of all
continuous linear functionals f : (X, p) — (R, u) and by X* the dual space of the
associated normed space (X,p®). On X* one considers the extended asymmetric
norm and the extended norm given by

1" =sup f(Bp) and |f|" = max{[[f[*,[| = fI"},

respectively. The restriction of || - [* to X} is denoted by || - |. As we have seen,
Sp X]'; = X]'; —Xg C X* (Proposition 2.1.7) and a linear functional f € X* belongs
to X} if and only if || f|* < co (Proposition 2.1.16).

Let

X ={e: (X% 1") = ®R,|-]) : ¢ is linear and continuous}

X (2.4.20)

and

X ={p: (X" -") = (R,u) : ¢is linear and continuous} = (X*, |- [*)* .
(2.4.21)
(Here the subscript “e” comes from “extended” and the superscript * means that
we consider linear continuous functionals, while the superscript b means that the
functionals are linear and upper semi-continuous, or, equivalently, continuous to
(R,u).)
The set X* is a linear space, X* is a cone in X**, and

Sp(XZ") = X2 - X2 € XZ"
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For ¢ € X let
el = sup{e(f) : f € B}, (2.4.22)
where B; ={feX):|fI <1}
Then || -|** is an asymmetric norm and the asymmetric normed cone (X°, | -
|**) is called the bidual space of (X,p).
For z € X define A(z) : X* — R by

Az)(f) = fz), feX™. (2.4.23)

Proposition 2.4.22. Let (X,p) be an asymmetric normed space and let A be the
mapping defined by (2.4.23). Then

AMa) € X2 and ||A(@)” = p(z),

for every x € X. Moreover, the mapping A is linear, so that it defines a linear
isometric embedding of (X, p) into the semilinear space (X2°, | - |**).

Proof. It is obvious that A(z) is a linear functional on X*. The inequality

A(z)(f) = f(x) < |[fI"p(2) ,

valid for every f € X*, implies ||A(x)|** < p(x). Since, by Theorem 2.2.2.2, there
exists fo € B) such that fo(z) = p(x), it follows that [|A(z)[* = p(a).

The linearity of the mapping A : X — X is easily verified. g

The space X* induces a topology on sp(X*) denoted by o(X*, X*) having
as basis of neighborhoods of 0 the sets

Visotuie = {0 €0(X2) s Jo(fi)l <&, k=1,....n}, (2.4.24)

for e > 0, f1,...,fn € X", n € N. The neighborhoods of an arbitrary point
¢ € sp(X®) are obtained by translating the neighborhoods of 0.

It is obvious that the topology o(X}*, X*) is a locally convex topology on
sp(X;") generated by the family py, f € X:b, of seminorms, where for f € X*
the seminorm py : sp(X*) — R is given by

pr(@) = lo(f)l, @ €sp(X). (2.4.25)

The following proposition says that, in essence, the spaces X* and sp X’
form a dual pair.

Proposition 2.4.23 ([93]). Let (X,p) be an asymmetric normed space. Then the
following hold.

1. For each f € X* the linear functional ef : sp X* — R defined by ef(p) =
o(f), ¢ € X* is continuous from (sp X°, o(X*, X*)) to (R,|-|).

2. If U:spX® =R is a linear functional, continuous from (spX**,0(X*,X*))
to (R,|-|), then there exists f € X* such that U = ey.
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Proof. The first assertion is almost trivial, because for f € X* and € > 0 the set

(ef) M ((=es) = {p € sp(X2) : [p(f)| < e} = Ve

is a o(X*”, X*)-neighborhood of 0.

To prove the converse assertion 2, let ¥ : sp X} ® & R be a linear functional,
continuous from (sp X**,o(X*, X*)) to (R,| - |). By the characterization of the
continuity of linear functionals on locally convex spaces [238, Korollar VIII.2.4],
there exist f1,..., fn € X* and 8 > 0 such that

[W(p)| < Bmax{ps, (¢) : 1 <k <n}
= Bmax{les, (¢)|: 1 <k <n}.

By [238, Lemma VIIL.3.3] this implies that ¥ is a linear combination of
ep, k=1,...,n, U =37 | apes,.But then ¥ = ey, where f =Y}, apfp. O

The remarkable theorem of Goldstine on the weak density of Bx in Bxxx
was extended in [93] to asymmetric normed spaces.

Theorem 2.4.24 (Goldstine Theorem). Let (X, p) be an asymmetric normed space.
The image by A of the unit ball B, is o(X* X*)-dense in the unit ball By

of X2,
Proof. Denote by C the o(X}*, X*)-closure of A(B,) in Z = X — X** and let
pecC.
Claim 1. p € X .
We have to show that ¢ is usc from (X*, || - [5) to (R, |-|). Suppose that (f,)

is a sequence in X* which is || - |*-convergent to f € X*. Then, given € > 0, there
exists n. € N such that

>

Vn>ne, |fu—fl,<e. (2.4.26)

Since ¢ belongs to the o(X”, X*)-closure of A(B,) in Z, for every n € N
there exists x, € B), such that

[o(frn = f) = (fn = @n)l = lo(fn = f) = Man)(fn — )l <e. (2.4.27)
But then, by (2.4.27) and (2.4.26),

e(fn) —o(f) < (fo — @n) +e < | fn — fl; +2 < 26,

for all n > n., proving the required upper semi-continuity of the functional .

Claim TL. [|p|*” < 1.
Let € > 0 be given. By the definition of C, for every f € BZ there exists
z € B, such that

() = @) = le(f) = A=z)(F) <€,



158 Chapter 2. Asymmetric Functional Analysis

implying
o(f) < fla)+e<|flp+e<1l+e.
Since € > was arbitrarily taken, it follows that ¢(f) < 1 for every f € BZ, SO
that ||¢* < 1.
By Claim I and Claim II, C' C By.».
Claim 111. By« C C.
Suppose that there exists wo € C\ B x> Applying Tukey’s separation the-

orem ([149, Theorem 2.28]) in the locally convex space (Z,o(X**, X*) in follows
the existence of a o(X®, X*)-continuous linear functional ¥ : Z — R such that

sup{T(p) : p € C} < ¥(yp) . (2.4.28)

By Proposition 2.4.23.2 there exists fo € X* such that U(p) = o(fo), ¢ € Z.
It follows that

¢o(fo) = ¥(po) >sup{p)(fo) : ¢ € C} < sup{A(x)(fo) : x € By} = | fol;

implying fo € Xzb)' But then

* *b * *
[ fol; < @o(fo) < llwol™ I fol, < Nl foly s
a contradiction which shows that By., C C. g

Based on Proposition 2.4.22 one can define the reflexivity of an asymmetric
normed space: an asymmetric normed space (X,p) is called reflexive if A(X) =
X :". In spite of the fact that this definition imposes a strong condition on the cone
X’ namely to be a linear space, there are many interesting examples justifying
this definition, see [90].

Example 2.4.25. If the normed space (X,p®) is reflexive, then the asymmetric
normed space (X,p) is reflexive in the above sense. In particular any finite-
dimensional asymmetric normed space is reflexive.

This follows from the inclusions
AX)CXP Cc X — X X =AX).

The paper [93] contains a characterization of reflexivity of an asymmetric
normed space (X, p) in terms of the completeness of the unit ball B, with respect
to the weak uniformity induced by the space X* on X that will be presented in
what follows.

The locally convex topology w? = o(X**, X*) on the space Z = X* — X*
is generated by the uniformity U, formed of the sets

{(p) e XD X2 —p eV}, VeN(©),
where A(0) denotes the family of all w’-neighborhoods of 0 € Z.
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The uniformity U, is generated by the sets

Ure = {(p,¥) € X" x X :Vf € F, |o(f) —o(f) <}, (2.4.29)
for FF C X* nonempty finite and € > 0.
Proposition 2.4.26. The uniformity U, given by (2.4.29) is complete on Bx..

Proof. Consider Z € RX™ and let 7 denote the product topology on (R, |- )X .
Let (¢; :i € I) be anet in Z and ¢ € Z. The equivalences

wz * H
pi —r @ = VfeX", ¢i(f) = o(f)
show that w” is the restriction of the product topology to Z. The product unifor-

mity of (R,|-[)X" is complete since each factor (R,|-|) is complete. Consequently,
the uniformity U, will be complete on Bx.» provided that Bx., = {p € Z:
lo|*” < 1} is 7-closed in (R, |- )X .

Let (¢; : i € I) be anet in Bx+» which is 7-convergent to some ¢ € (R, DX,
meaning that

VieX* oilf) s o). (2.4.30)

The linearity of ¢ follows from (2.4.30), the linearity of each ;, and the fact
that the addition and multiplication are continuous operations in (R, |- |).
Since each ¢; belongs to By,

Passing to the limit with respect to ¢« € I, one obtains

VfEBp, @(f)gla
showing that ||¢|** = sup ¢(B,) < 1, that is ¢ € By.. O

Denote by w?® the topology on (X,p) induced by the dual X* = (X, p®)*.
Again this topology is generated by a uniformity W, formed of the sets

{(I,y)GXXXI*yGV}7 VGVS(O)a

where V,(0) denotes the family of all w*-neighborhoods of 0 € X.
The uniformity W;s is generated by the sets

Wre ={(z,y) e X x X :Vf eF, |f(z)— fly)| <e}, (2.4.31)

for F C X* nonempty finite and € > 0.
Using this uniformity one can give a characterization of the reflexivity of an
asymmetric normed space.
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Theorem 2.4.27. An asymmetric normed space (X, p) is reflexive if and only if the
uniformity W, is complete on the unit ball B, of (X,p).

Proof. Suppose that B, is complete with respect to the uniformity W; and let
¢ € Bxw. By Goldstine’s theorem, Theorem 2.4.24, A(By) is w?-dense in By,
so that for every F' C X* nonempty finite and € > 0 there exists zr. € X such
that

VIeF, [fere) — o) = Mer)(f) —o(f) <e. (2.4.32)
The set F(X™*) x (0; 00) of all these pairs is directed with respect to the order

(Fi,e1) < (Fa,82) <= F1 CF, and ey <e¢eq,

and (2.4.32) shows that the net (zp. : (F,¢) € F(X*) x (0;00)) is w’-convergent
to .

Let us show that the net (xp.) is Cauchy with respect to the uniformity Wi;.
Let Fy C X* finite nonempty and €9 > 0 be given. Then for every Fy, F5 D Fy
and €1, 2 < €¢, by the choice of zp. (see (2.4.32)) we have

‘f(thEl) - f(meEz)‘ S|f('77F17f:‘1> - QD(f>| + ‘f(szyé‘z) - QD(f>|

<er +e2 < 2¢,

for all f € Fy, showing that p o, — g, e, € Wr,e. Consequently the net (xp)
is W,-Cauchy, so that, by hypothesis, it is w®-convergent to some = € B,,. Since
the topology w® is Hausdorff it follows that ¢ = A(z).

If o € X**\ By, then 1 = /||¢|* € By, so that, by the first part of the
proof, there exists y € B, such that 1 = A(y), iemplying © = |lol* .

We have shown that A(X) = X, i.e., the space X is reflexive.

Conversely, suppose that A(X) = X”. Then the uniform spaces (X, W)
and (A(X),U,) can be identified. By Proposition 2.4.26, By x) is U,-complete,
implying that Bx is Ws-complete. g

Remark 2.4.28. It is known that, by the Alaoglu-Bourbaki theorem, the closed
unit ball Bx«+ of the bidual X** of a a normed space X is o(X**, X*)-compact, a
result that is no longer true in the asymmetric case, as it is shown by the example
of the space (R, u).

Indeed, id € R?, = (R,u)’, (R,]|-|)* = R*, the sequence t,, = —n, n € N, is
in the unit ball B, of (R,u), but |id(—n) —id(—m)| = |n — m| > 1, showing that
B, is not o(R?, R*)-compact.
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2.4.6 Weak topologies on asymmetric LCS

We shall present, following [41], some properties of weak topologies on asymmetric
LCS.
The topology w’
We consider first the analog of the weak*-topology (w*-topology) on the dual of
a locally convex space. In the case of an asymmetric normed space (X, p) it was
considered in [90], see Subsection 2.4.1.

Let (X, P) be an asymmetric locally convex space and X b= le) the asym-
metric dual cone. A w’-neighborhood of an element ¢ € X" is a subset W of X°
for which there exist x1,...,x, € X and € > 0 such that

----- wnie () 1= {ﬂ’exbi?//(%)*QD(Ii) <eg i=1,...,n}CW.

The w’-convergence of a net {p;,i € I} to ¢ € X" is equivalent to the fact
that for every = € X the net {(¢; — ¢)(z),i € I} converges to 0 in (R, u), that is

Vo € X, Ve >0, Jig € I such that Vi>ip, (p;i—¢)(x)<e.
Since X” ¢ X* and

Vee N me;s(@) ={ye X" (¥ —)(z)] <€},

it follows that the w’-topology on X’ is induced by the w*-topology of the
space X *.

Asymmetric polars
Let (X, P) be an asymmetric locally convex space, (X, P?) the associated locally
convex space, X the asymmetric dual of (X, P) and X* = (X, P*)* the conjugate
space of (X, P®).

The polar of a nonempty subset Y of (X, P?) is defined by

Yo={z"eX " :VyeY, z*(y) <1}.
Define the corresponding set in the case of the asymmetric dual X’ by
Y =Y°NX"={peX’:WyeY, o) <1},

and call it the asymmetric polar of the set Y.

As it is well known, the set Y° is a convex w*-closed subset of X* (see, e.g.,
[238, p. 341]). Since the w’-topology on X” € X* is induced by the w*-topology
on X*, we have the following result.

Proposition 2.4.29. The asymmetric polar Y of a nonempty subset Y of an asym-
metric locally convex space (X, P), is a convex w’-closed subset of XP.

In the following proposition we prove the asymmetric analog of the Alaoglu-
Bourbaki theorem, see, e.g., [238, Satz VIIL.3.11].
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Theorem 2.4.30. The asymmetric polar of a neighborhood of the origin of an asym-
metric locally convex space (X, P) is a convex w®-compact subset of the asymmetric

dual X°.

Proof. Suppose that P is directed. If V is a 7p-neighborhood of 0 € X, then
there exist p € P and r > 0 such that B,(0,7) C V. Because p*(z) < r implies
p(z) < p*(z) < r, it follows that Bp(0,7) C B,(0,7) C V, so that V is a
neighborhood of 0 in the locally convex space (X, P). By the Alaoglu-Bourbaki
theorem it follows that V° is a convex w*-compact subset of the dual X*. Since
w’-compactness of V* is equivalent to its w*-compactness in X*, it is sufficient
to show that the set V* is w*-closed in X*.

Let {¢; : i € I} be anet in V* that is w*-convergent to f € X*. This means
that for every x € X the net {¢;(z) : i € I} converges to f(z) in (R,|-]). Since
for every v € V, p;(v) <1, for all i € I, it follows that f(v) < 1 for allv € V.
Because f is linear it is sufficient to prove its (P, u)-continuity at 0 € X. Consider
for some £ > 0 the 7,-neighborhood (—occ;¢) of f(0) =0€ R. Then U = SV is a
Tp-neighborhood of 0 € X, and for v € V and u = Sv € U we have

ie, f(U) C (—o0;e), proving the (P, u)-continuity of f at 0.
It follows that f € V¢, so that V* is w*-closed in X*. O

The topology w*™
The weak topology of a locally convex space (X, Q) is defined by the locally convex
basis W formed by the sets of the form

ere =1 € X 1 |zi(z)] <e, 1 <i<n}, (2.4.33)

.....

for e N, z7,...,2; € X* and € > 0. Obviously, we can suppose z} # 0, ¢ =
1,...,n.

The duality theory for locally convex spaces is based on the following key
lemma of algebraic nature.

Lemma 2.4.31. ([238, Lemma VIIL.3.3]) Let X be a vector space and f, f1,..., fn :
X — R linear functionals. The following assertions are equivalent.

L. f € Sp{f17'-'7fn}-
2. There exists L > 0 such that

Vee X, f(z) <Lmax{fi(z),...,fo(z}.

3. N, ker f; C ker f.
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In our case this lemma takes the following form.

Lemma 2.4.32. Let f, f1,..., fn be real linear functionals on a vector space X,
with f1,..., fn linearly independent. Then the following assertions are equivalent.

1.Vee X, [filx)<0,i=1,...,n = f(x) <0]
2. 3L > 0 such thatVz € X, f(x) < Lmax{f;(z):1<i<n}.
3. Ja1,...,a, >0, such that f =31 | a;fi.

Proof. Since the implications 2) = 1) and 3)=- 2) are obvious, it is sufficient to
prove 1) = 3).

If fi(x) = 0 for ¢ = 1,...,n, then fi(—x) = —fi(x) =0, i = 1,...,n,
so that f(z) < 0 and —f(z) = f(—z) < 0, implying f(z) = 0. Therefore the

condition 3) from Lemma 2.4.31 is fulfilled, so that there exist a1, ..., a, € R such
that f = Y1 | aif;. It remains to show that a; > 0 for j = 1,...,n. Because
fi,-.., fn are linearly independent, there exist the elements z; € X such that

fi(z;) =—08;; <0, ¢,j =1,2,...,n, where d;; is the Kronecker symbol. It follows
that f(z;) <0 and

—a; =Y _aifi(z;) = fx;) <0,
1=1

forj=1,...,n. O

Let (X, P) be an asymmetric locally convex space and X’ = (X, P)" its
asymmetric dual cone.

Define the asymmetric weak topology w® on an asymmetric locally convex
space (X, P) as the asymmetric locally convex topology generated by the asym-
metric locally convex base W, formed of the sets
_____ one ={z € X 1 @i(x) <e, 1 <i<n}, (2.4.34)
forn € N, ¢1,...,¢n € X” and € > 0. The neighborhoods of an arbitrary point
x € X are subsets of X containing a set of the form = + V,,,
pi(e' —z) <e, 1 <i<n}

The sets

.....

Vorone ={r € X 1 pi(x) <e, 1 <i<n}
generate the same topology.

In the following proposition we collect some properties of the topology w®.

Proposition 2.4.33. Let (X, P) be an asymmetric locally convexr space and X’ =
(X, P)" its asymmetric dual cone.

1. The topology Tp is finer than w®.

2. For ¢ € X" and e > 0 the set {x € X : p(z) < e} is w*-open and {r € X :
p(x) > e} is w*-closed.
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3. A net{x; :i eI} in X is w*-convergent to x € X if and only if for every
¢ € X’ the net {p(x;} converges to o(x) in (R,u). This means the following:

Vo € X°, Ve >0, Jig such that Vi > ig, p(x; —z) <€ .

4. The asymmetric dual (X,w®)" of the asymmetric locally convex space (X, w™)
agrees with X”.

Proof. Suppose P is directed.

1. Let V = Vi, 4. be an element of the locally convex basis (2.4.34).
Because ¢; are (P, u)-continuous there exist p; € P and L; > 0 such that

Ve € X, i(x) < Lipi(z), fori=1,...,n.

The multiball U = {z € X : p;i(z) < ¢/(L+1), 1 <1i < n}, where L =
max L;, is contained in V, showing that V is a 7p-neighborhood of 0 € X.

2. IV ={z € X : p(z) < €} and z¢ € V, then the w*-neighborhood
{r e X :o(x—1x9) <e—@(xo)} of xy is contained in V because

ple —xo) <e—p(ro) = w(z) = ¢ —x0) + p(xo) <e.

The assertion 3 follows from definitions.

4. Because 7p is finer than w®, the identity map Id: (X,7p) — (X, w®)
is continuous, implying the (P, u)-continuity of pold for any ¢ € (X, w®)’, i.e.,
(X, w*)* C (X, P).

Conversely, if ¢ is a (P,u)-continuous linear functional, then the set V =
{z € X : ¢(z) < e} is a w*-neighborhood of 0 € X and (V) C (—o0;¢) for every
e > 0, proving the (w®, 7,)-continuity of ¢ at 0, and by the linearity of ¢, on the
whole of X. O

As in the symmetric case the closed convex sets are the same for the topologies
7p and w®.

Proposition 2.4.34. Let (X, P) be an asymmetric locally convex space and Y a
conver subset of X.

Then'Y is w*-closed if and only if it is Tp-closed.

Proof. Because 7p is finer than w®, it follows that any (not necessarily convex)
w%-closed subset of X is also 7p-closed.

Suppose now that the convex set Y is 7p but not w*-closed. If z¢ is a point
in w*-clY \ Y, then, applying Theorem 2.2.9 to the sets {xo} and Y we get a
functional ¢ € X” such that

p(x0) < infe(Y).
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If m = infe(Y), then V = {2 € X : p(x —x9) < 271 (m — p(x9))} is a we-
neighborhood of zy. Because

m+ p(x

ola) = pla — o) + (o) < T I <

for every z € V, it follows that V N'Y = {), in contradiction to zp € w*-clY. 0O
The proposition has the following corollary.

Corollary 2.4.35. Let (X, P) be an asymmetric locally convex space. Then for every
subset Z of X the following equality holds:

w*-cl co(Y) = mp-cl co(Y) .

Proof. By the definition of the closed convex hull and the preceding proposition
we have the equalities

w®-cl co(Y) = m{Y 1Y C X, Y convex and w”-closed}

= m{Y 1Y C X, Y convex and Tp-closed }
= 7p-clco(Y) . O

Remark 2.4.36. We can define the asymmetric polar of a subset W of the dual X°
of an asymmetric locally convex space (X, P) by

Wo={zxeX : YoeW, p(x)<1}.

Since, for ¢ € X°, a set of the form {z € X : ¢(x) < 1} is not necessarily
Tp-closed, the set W, need not be 7p-closed. Therefore an asymmetric analog of
the bipolar theorem (see [238, Satz WIIL.3.9]), asserting that

(A°)o = cl-co(AU{0}),

for any subset A of a locally convex space (X, @), does not hold in the asymmetric
case.

2.4.7 Asymmetric moduli of rotundity and smoothness

A convex body in a normed space (X, || - ||) is a bounded closed convex set with
nonempty interior. A rooted conver body in a normed space X is a pair (K, z)
where K is a convex body and z is a fixed point in the interior K, called a root
for K. If (K, z) is a rooted convex body, then 0 € int(K — z) = int(K) — z, so that
the Minkowski functional pg . is well defined and it is an asymmetric norm on X
satisfying pr—.(x) > 0 for x # 0. The topology defined by px_. is equivalent to
the norm-topology 7). of X. This follows from the facts that there exists 0 <r < R
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such that B).(0,7) C K —2 C B, j(0,R) and K — z = {z € X : px_.(2x) < 1} is
the closed unit ball of the asymmetric normed space (X, px—).

Starting from this definition one can introduce geometric properties of convex
bodies, as rotundity, local uniform rotundity, smoothness, uniform smoothness,
expressed in terms of Minkowski functionals, by analogy with those from Banach
space geometry (see, for instance, the book by Megginson [149]). This was done
in a series of papers (see [114, 115, 116]) by V. Klee, E. Maluta, C. Zanco and L.
Vesely, mainly in connection with the existence of good tilings of normed spaces.
A tiling of a normed linear space X is a covering 7 of X such that each tile
(member of 7)) is a convex body and no point of X is interior to more than one
tile. In contrast to the genuine theory of tilings in finite-dimensional spaces and
an extensive theory for the plane, few significant examples were known and not
even a rudimentary theory of tilings in infinite-dimensional spaces was built, see
[113]. In the above-mentioned papers substantial progress was made in the study
of tilings in infinite-dimensional Banach spaces. Zanco and Zucchi [240] defined
and studied some properties of the asymmetric moduli of smoothness, quantitative
expressions (in terms of Minkowski functionals) of the rotundity and smoothness
properties of convex bodies.

Some uniform geometric properties for families of convex bodies were defined
in [115]. We shall restrict these properties to a single convex body, a situation that
fits better our needs. A convex body K in a normed space (X ||-||) is called smooth
if for any point y € K (the boundary of K) there exists exactly one hyperplane
Hy={z e X :2*(z) =c}, for some z* € X* and c € R, supporting K at y. That
is 2*(y) = c and z*(z) < ¢ for all x € K. The convex body K is called rotund
if its boundary 0K does not contain nontrivial line segments, or, equivalently, if
d(3(z+y),0K) > 0 (the distance with respect to || - ||) for every pair of distinct
elements z,y € OK. The convex body K is called uniformly rotund if for every
e > 0 there exists () > 0 such that d(}(z + y),0K) > () for every z,y € K
with ||z —y|| > e. It is obvious that one obtains the same notion if we require that
x,y € OK.

A rooted convex body (K, z) is smooth if and only if the Minkowski functional
p = px—. is Gateaux differentiable on X \ {z}. This means that for any point
z € X \ {z} there exists a continuous linear functional p’(z;-) € X* such that, for
every h € X,

i P&+ th) = p(2)

— ol (e
lim ; =p'(z;h) . (2.4.35)

With a rooted smooth convex body (K, z) one can associate two duality
mappings from 0K to X* defined for y € K as follows:

¢ J(k ) (y) = the unique functional * € X* such that ||z*|| =1 and H, —z =
{x € X : 2*(x) = ¢}, for some ¢ € R, and
. J(1 .y(y) = the unique functional 2* € X* such that H, —z = {z € X :

) =1).

a,:*
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If K = Bx (the closed unit ball of (X, | -|)) and z = 0, then J = J! is
the ordinary duality mapping, a very important notion in the geometry of Banach
spaces and its applications to nonlinear operator theory, see, for instance, the book
by Cioranescu [36]. Also, it is clear that Jk ,, = Jk ., for every 21,22 € int K|
so that the duality mapping Jg ., does not depend on the root z, consequently it
can be denoted simply by Jx.

A normed space (X, || - ||) is called uniformly smooth if the norm is uniformly
Fréchet differentiable on the unit sphere Sx. This means that, putting f(z) =
|||, = € X, for every € > 0 there exists § = §(¢) > 0 such that for every z € Sx
and every h € X with ||h]] <§

[f(+h) = f(z) = f'(@)h] <elln]l

where f/'(z) € X* denotes the Fréchet derivative of f at . The modulus of smooth-
ness of the space X is defined for 7 > 0 by

1
px(@) =swp{y (o yl + o=yl =2 o€ S ol =7} . (2430

The uniform smoothness of X can be characterized by the condition

lim px(7) —0,

T\0 T
see, e.g., [149]. Another characterization can be done in terms of the duality map-
ping J, namely, the space X is uniformly smooth if and only if the duality mapping
J :Sx — Sx~ is norm-to-norm continuous (see [36]).

Starting from this property one can define the uniform smoothness of a rooted
convex body (K, z) by asking that the duality mapping Jg . : 0K — Sx- is
norm-to-norm continuous (see [115]). The norm-to-norm continuity of the duality
mapping Jx . is equivalent to the norm-to-norm continuity of the duality mapping
J }(,z , so that one obtains the same notion of uniform smoothness by working with
the duality mapping Ji , .

A normed space (X, || - ||) is called uniformly rotund (uniformly convex by
some authors) if for every e > 0 there exists § = §(¢) > 0 such that ||z + y|| >
2(1 ) for every x,y € Sx with ||z —y|| <e.

This property admits also quantitative characterizations in terms of some
moduli. We mention two of them.

Clarkson’s modulus of uniform rotundity éx : [0;2] — [0; 1] defined by

1
ox(g) :inf{l — 2Hsr:—&—y|| cx,y € Sx, |z —y| > 5}
(2.4.37)

_ 1
:1nf{1—2|x+y||1$7y€SX7 IIx—y|=€} :
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Gurarii’s modulus of uniform rotundity vx : [0;2] — [0; 1] defined by

7x(e) = inf{ max (1 — [tz + (1= t)yl) s 2,y € Sx, v —yll =<} . (24.38)

One has dx < 7x, and a 2-dimensional example given in [240] shows that the
inequality can be strict. Also it is unknown whether the condition || — y|| =€ in
the definition of Gurarii’s modulus can be replaced by the condition ||z — y| > e,
as in the definition of Clarkson’s modulus. The uniform rotundity of the space X
can be characterized in the following way:

X is uniformly rotund <= Ve € (0;2], 6x(e) >0 < Ve € (0;2], vx(e) > 0.

The characteristic of convexity corresponding to the moduli dx and yx are
€% = sup{e € [0;2] : dx(e) = 0} = {e € [0;2] : vx(¢) = 0}. In terms of this
characteristic of convexity the uniform rotundity of X is characterized by the
condition €} = 0 and the rotundity by the condition §x(2) = vx(2) = 1. Other
geometric properties of the normed space X, as, for instance, the uniform non-
squareness can also be expressed in terms of these moduli.

The analogs of these moduli (Gurarii’s variant in the case of uniform rotun-
dity) and their relevance for the smoothness and rotundity properties of rooted
convex bodies were given in the paper by Zanco and Zucchi [240].

The modulus of smoothness of a rooted convex body (K, z), p(kz) : [0;00) —
[0; 1) can be defined by replacing the norm in (2.4.36) by the Minkowski functional:

1

2(;0K—z(x +y) +pr—z(z—1y)) —1:

v €K —2),y € X, pr—:(y) = T} :

Pk, (T) = Sup{ (2.4.39)

For the sake of simplicity suppose z = 0 and put px = p(k,0)- The modulus
of smoothness is a continuous convex function such that px (7) < Ag 7, where

A =sup{pr(—y) 1y € K} =sup{p,nr(y):y € K},

could be taken as a possible measure of eccentricity of K with respect to 0. By
analogy with the normed case, the asymmetric norm pg is called K-uniformly
Fréchet differentiable if (2.4.35) holds uniformly with respect to h € K and = €
OK. One shows ([240, Th. 4.2]) that the following are equivalent:

e the rooted convex body (K, z) is uniformly smooth;

e the Minkowski functional pg . is K-uniformly Fréchet differentiable on 0K

e lim;< o (p(x,»)(7)/7) = 0 for every z € int K.

The definition of the modulus of uniform rotundity is more involved and

needs to consider the existence of diametral points in K. The Minkowski diameter
(M-diameter) of a rooted convex body (K, z) is defined by

diamps (K, z) = sup{px—.(x —y) : z,y € K} . (2.4.40)
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A pair of points x,y € K is called M-diametral if

diamy (K, z) = max{px—.(x — y),px—-(y — z)}.

The problem of the existence of diametral points of convex bodies with respect
to the norm was studied by Garkavi [98] in connection with some minimax and
maximin problems. The center of the largest ball (whose radius is denoted by k)
contained in a convex body K is called an H-center for K, while the center of
the smallest ball containing K is called a Chebyshev center of K. Both centers
could not exist, and if they exist they need not be unique. If zy is an H-center
for K, then the set A (z0) = {y € K : ||2° — y|| = rx} is called the critical set
of the H-center zo. Garkavi, loc. cit., proved that a Banach space X is reflexive if
and only if every convex body in X has an H-center. Also, the space X is finite
dimensional if and only if for any convex body K in X and any H-center xy of K
the set Ag (zg) of critical points is nonempty.

By a compactness argument it follows that if X is finite dimensional, then
every rooted convex body admits M-diametral points. In the case of M-diametral
points the authors show in [240] that, for every p € [1; 00), the space £, contains a
rooted convex body (K,0) whose M-diameter is not attained. The general prob-
lem of the validity of Garkavi’s results for M-diameters remains open, with the
conjecture that the existence of M-diametral points for every rooted convex body
is equivalent to the finite dimensionality of X. For a rooted convex body (K, z) in
a normed space let

Ag,)(e) = inf{tlél[g?i(l —pr—(te+(1—1t)y):z,yc K-z, pg_.(x—y) > 6} .
’ (2.4.41)
If (K,z) has diametral points, then Ak .) is defined on [0;diamys (K, 2)]
with values in [0; 1] and, if (K, 2) does not have diametral points, then A .y is
defined on [0; diamys (K, z)) with values in [0;1).
Based on this notion, one defines the modulus of uniform rotundity vk, .) of
a rooted convex body (K, z) by the conditions:
® Y(K,z) (e) = Ak .2 (e), for0<e < diamy(K,z),
L] Y(K,z) (diamM(K, Z)) = A(K,z) (diamM(K, Z)), if dim X = 2,

and

® Y(k,z)(diamys (K, 2)) = inf {V(Ym(Kfz),o)(diamM(Y N (K —2),0)):
Y is a 2-dimensional subspace of X }, in general.

The last formula is justified by the fact that a similar result holds for both
moduli of uniform rotundity dx and 7yx.

One shows that the function 7 .) is continuous on some interval [0;3),
where the number 5 > 0 depends on the geometric properties of the convex body
K, expressed in terms of the so-called directional M-diameters of K. Also the
convex body K is rotund if and only if inf{~y(x .)(diam (K, 2)) : z € int K} = 1},
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and is uniformly rotund if and only if E(()K,Z) = 0 for every z € int K, where
5?}(,2) = sup{e € [0;diamas (K, 2)) : Y(k,z)(€) = 0} is the characteristic of convex-
ity corresponding to the asymmetric modulus 7k .)-

If a Banach space X contains a rooted convex body (K,0) with 6(()K70) < 2,
then X is superreflexive. Recall that a Banach space X is called superreflexive if it
admits an equivalent uniformly rotund renorming (it is known that any uniformly
rotund Banach space is reflexive).

If 0 € int K, then one defines the polar set of K by K™ = {z* € X* : Vy €
K, xz*(y) < 1}. If Bx is the unit ball of a normed space (X, || - ||), then B% is
the unit ball of the dual space. Based on Corollary 2.2.4 from the next section, it
follows that this relation is also true in the asymmetric case: By, = By. The well-
known duality relation between uniform smoothness (US) and uniform rotundity
(UR) holds in this case too:

e the convex body K is UR <= the polar set K™ is US.

Remark 2.4.37. The results presented above stand in a normed space. It would be
of interest to study these properties in an asymmetric normed space, and to see
their significance for the properties of the corresponding asymmetric normed space.
For instance, is there any connection between the asymmetric uniform rotundity
and the reflexivity of the asymmetric normed space (as defined in Subsection
2.4.5), like in the case of Banach spaces?

The approximation properties of subsets of a Banach space heavily depend
on the geometric properties of the underlying space, see, for instance, the survey
[42]. Tt would be interesting to see to what extent can these properties be extended
to asymmetric normed spaces?

2.5 Applications to best approximation

The aim of this section is to study best approximation in asymmetric normed
spaces. Due to the asymmetry of the norm, two kind of distances from a point to
a set have to be considered, exemplified on Ascoli’s formula for the distance to
a closed hyperplane. Some characterization and duality results for best approx-
imation by elements in closed convex sets and by elements in sets with convex
bounded complement are proved.

As it is known, the natural framework for treating the problem of best approx-
imation is that of normed spaces, see the books by Singer [222, 223], so that it is
very natural to consider the corresponding problem in asymmetric normed spaces.
Some problems of best approximation with respect to an asymmetric norm, includ-
ing approximation in spaces of continuous or integrable functions, were considered
by Duffin and Karlovitz [70]. Dunham [71] treated the problem of best approxima-
tion by elements of a finite-dimensional subspace of an asymmetric normed normed
space and proved existence results, uniqueness results (guaranteed by the rotun-
dity of the asymmetric norm), and found some conditions ensuring the continuity
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of the metric projection. Pfankuche-Winkler [176] considered the best approxi-
mation problem in some asymmetric normed spaces of Orlicz type. De Blasi and
Myjak [59] proved some generic existence results for the problem of best approxi-
mation with respect to an asymmetric norm in a Banach space. Similar problems
were considered by Li and Ni [146] and Ni [167].

As it is well known, any closed convex subset of a Hilbert space is Cheby-
shev. A famous problem in best approximation theory is that of the convexity of
Chebyshev sets: must any Chebyshev subset of a Hilbert space be convex? There
are a lot of results in this direction as presented, for instance, in the survey paper
by Balaganskii and Vlasov [20], but the general problem is still unsolved. In some
of the papers dealing with this problem one works with asymmetric norms as, for
instance, in Alimov [12].

2.5.1 Characterizations of nearest points in convex sets and duality

As in the normed case, linear functionals are useful in characterizing the nearest
points and for the duality results in best approximation in asymmetric normed
spaces. In the following we shall present some results obtained in the papers [40,
48, 49]. Let (X, p) be an asymmetric normed space, Y a nonempty subset of X
and x € X. Recall that, due to the asymmetry of the norm, we have to consider
two distances from x to Y:

(i) dp(z,Y) =inf{p(y—2z):y €Y} and (i) dp(Y,z) =inf{p(x—y):y€Y}.
(2.5.1)

Observe that d,(Y,z) = dy(x,Y), where p is the norm conjugate to p. Let
also

Py(z) ={y €Y :ply—z) =dp(x,Y)}
and

Py(z)={y €Y :px—y) =dp(Y,2)},

denote the metric projections on Y. An element y in Py () is called a p-nearest
point to x in Y, while an element g in Py (z) is called a p-nearest point to z in Y.

The set Y is called:

o p-proximinal if Py (x) # ) for every z € X

o p-semi-Chebyshev if #Py(z) <1 for every x € X (i.e., every x € X has at
most one p-nearest point in Y),

o p-Chebyshev if #Py(x) = 1 for every x € X (i.e., every z € X has exactly
one p-nearest point in Y).
The corresponding notions for the conjugate norm p are defined similarly.

A consequence of Theorem 2.2.6 is the following characterization of nearest
points.
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Theorem 2.5.1. Let (X,p) be a space with asymmetric norm, Y a subspace of X
and xg a point in X.

1. Let d = dp(z0,Y) > 0. An element yo € Y is a p-nearest point to o in'Y if
and only if there exists a p-bounded linear functional ¢ : X — R such that

1) ely =0, (i) [lelp =1, (iii) ¢(—z0) = p(yo — o) -

2. Let d = dp(z0,Y) > 0. An element y1 €Y is a p-nearest point to x¢ in Y if
and only if there exists a p-bounded linear functional ) : X — R such that

() ¢ly =0, @) ¥l =1, (i) ¥(@0) = plxo — 1) -

Proof. 1. Suppose that yo € Y is such that p(yo — zo) = d = dp(z0,Y) > 0.
By Theorem 2.2.6, there exists ¢ € X]';, llelp = 1, such that ¢y = 0 and
¢(—z0) = d = p(yo — xo).

Conversely, if for yg € Y there exists ¢ € X” satisfying the conditions (i)—(iii),
then for every y € Y,

p(y —20) > p(y — 20) = ¢(Yo — o) = p(yo — 7o) ,

implying p(yo — zo) = dp(20,Y).
The second assertion can be proved in a similar way. g

For a nonempty subset Y of an asymmetric normed space (X, p) put
b
Y=Y ={peX) oy =0}.

A consequence of Eidelheit’s Separation Theorem (Theorem 2.2.8) is the fol-
lowing duality result for best approximation by elements of convex sets in asym-
metric normed spaces. These extend results obtained in the case of normed spaces
by Nikolski [169], Garkavi [96, 97], Singer [221] (see also Singer’s book [222, Ap-
pendix I] and [99]). Some duality results in the asymmetric case were proved also
by Babenko [19]. The case of so-called p-convex sets was considered in [47] and
[37, 38].

Theorem 2.5.2. For a nonempty convex subsetY of a space (X, p) with asymmetric
norm and xog € X, the following duality relations hold:

dp(z0,Y) = sup inf p(y — x0) (2.5.2)
lel,<1¥EY
and
dp(Y,z0) = sup inf p(zo—y). (2.5.3)
lel,<1¥EY

Ifdp(x0,Y) > 0, then there exists o € Xf, s llvolp = 1, such that dp(x,Y) =
inf{po(y —x0) : y € Y}, i.e., the supremum in the right-hand side of the relation
(2.5.2) is attained.

A similar result holds for the second duality relation.
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Proof. We shall prove first the relation (2.5.2) and obtain (2.5.3) as an immediate
consequence. Let ¢ = d,(z0,Y") and denote by s the quantity in the right-hand
side of the relation (2.5.2).

For any ¢ € X]'; with ||¢], <1 we have

VyeY, oy —xo) < ply —20) ,

implying
Yo € XII; with ||, <1, inf{p(y—z0):yeY} <i,

so that s < i. Taking ¢ = 0 in the definition of s it follows that s > 0, so that
s=1=0if7=0.
Suppose now ¢ > 0 and let
Z:={xeX:plx—ux9) <i}.

It follows that Z is nonempty, convex, Tp-open and Z NY = (). By the first
separation theorem (Theorem 2.2.8), there exists ¢ € XZ such that

VzeZVyeY, o(z)<uy).
Putting ¢ = (1/]|¥|p)¥ we have ||¢|, = 1 and
VzeZVyeY, o(z—mxp) < ply—xo). (2.5.4)
Since
sup{p(z — @0) : 2z € Z} = sup{p(w) : p(w) <i} =i, =1,
the inequality (2.5.4) yields
i =sup{p(z —wp): 2 € Z} <inf{p(y —x0) 1y €Y} < s,

so that s = i.
Let us show now that the relation (2.5.3) follows from (2.5.2). Since the
relation (2.5.3) holds for p too, by Proposition 2.1.7.5 we can write

inf p(zo —y) = sup{inf (Y —z0) : ¥ € X5, [l < 1}
= sup{inf(—¢)(zo — V) : —¢p € X}, || — o[, <1}
=sup{infp(zg —Y):p€ Xll; lelp < 1},

showing that the relation (2.5.3) holds too.
Finally, suppose ¢ > 0 and let (p,) be a sequence in the unit ball By of Xz
such that lim, inf{p,(y — x¢) : y € Y} = s or, equivalently,

lirrln (inf ©n (V) — on(z0)) = s. (2.5.5)
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Since the ball BX;E is a w*-compact subset of Bx+ (see Proposition 2.4.2), it follows

that the sequence (p,) contains a subnet (¢; : j € J) which is w*-convergent to
an element ¢y € B X5+ It follows that

Vze X, limy;(z) = o(z).
J

Then, by (2.5.5), lim; inf¢;(Y) = @o(xo) + s. Since, for every y € Y, ¥,(y) >
inf ¢;(Y), by passing to the limit for j € J we get

Vy € Y7 QDO(y) 2> SOO(IO) +s,

so that
s <inf (V) — @o(x0) = inf oo (Y — x0) .
The definition of s implies s = inf (Y — xp).

It remains to show that ||¢o|, = 1. If ||olp < 1, then A = 1/||pol, > 1 and
the functional ¥y = Apg satisfies ||1)o], = 1 and

s >inf ho(Y —x0) = Ainf o (Y — ) = As

a contradiction, since s = i > 0. Observe that s > 0 implies g # 0, so that
lolp > 0 and A is properly defined. O

Based on this duality result one obtains the following characterization of
nearest points.

Theorem 2.5.3. Let (X, p) be a space with asymmetric norm, Y a nonempty subset
of X, x € X, andyo €Y.
If there exists a functional @y € Xg such that

(i) llwolp =1, (ii) wo(yo — ) = p(yo — x), (iii) o(yo) = infpo(Y), (2.5.6)

then yo is a p-nearest point to x in'Y.
Similarly, if for zg € Y, there exists a functional 1y € X; such that

() lvolp =1, (i) vo(x — 20) = p(x — 20),  (jjj) o(20) = supo(Y), (2.5.7)

then zg is a p-nearest point to x in'Y .

Conversely, if Y is convez, d,(x,Y) > 0, an yo is a p-nearest point to = in
Y, then there exists a functional pg € X; satisfying the conditions (1)—(iii) from
above.

Similarly, if zo € Y is a p-nearest point to x in' Y with p(x — z9) > 0, then
there exists a functional Yy € Xg satisfying the conditions (j)—(jjj)-
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Proof. Suppose that ¢y € Xg satisfies the conditions (i)—(iii). Then for every
yey,

P(Yo—) = po(yo—) = ¢o(yo) —wo(x) = inf po(Y)—po(z) < wo(y—2) < ply—z) ,

showing that
plyo —z) =inf{p(y —z) :y €Y} =d,(2,Y) .
If zo € Y and g € Xz are such that the conditions (j)—(jjj) hold, then

p(r—20) = o(z—20) = Y(x) —sup (V) = inf tho(z—Y) < ¢o(z—y) < plr—y),

forally €Y.

Suppose now that Y is convex and yg is a p-nearest point to z in Y, p(yo—z) =
dp(x,Y) > 0. Let g € Xz be the functional whose existence is stated in the second
part of Theorem 2.5.3, i.e., ||¢olp =1 and inf ¢o(Y — z) = dp(2,Y) = p(yo — ).

Then

(Yo — x) = dp(x,Y) = inf oo (Y —2) < 9(yo —z) < p(yo — ) ,

implying ¢o(yo) = inf o (Y) and po(yo — =) = p(yo — ).

If 2y € Y is such that p(x — 20) = dp(Y,z) > 0, then, by the second part of
Theorem 2.5.3, there exists ¢y € X]'; such that |||, = 1, and inf¢yo(z —Y) =
sup{inf (x —Y) : ¢ € X]';, lvlp < 1} = dp(Y,x). Then, by the duality relation
(2.5.7), we have

p(zo — 20) = dp(Y, ) = inf Yoo (x —Y) < oz — 20) < p(z — 20)

implying to(2z — 20) = p(x — 20) and o(x) — ¥(20) = infyo(z —Y) = Yo(x) —
sup ¢ (Y'), so that 1o(20) = sup o (Y). O

When Y is a subspace of a space with asymmetric norm (X, p), one obtains
the following characterization of nearest points. Denote by Y+ = {¢ € Xz Cply =
0} the annihilator of Y in X} .

Corollary 2.5.4. Let Y be a subspace of (X,p), x € X and yo € Y. If there exists
o € Y+ such that

(i) llpolp =1 and (ii") po(yo — =) = p(yo — ) ,

then p(yo — x) = dp(z,Y), i.e., yo is a p-nearest point to x in'Y .

Conversely, if yo € Y is such that p(yo — z) = dp(x,Y) > 0, then there exists
a functional o € Y+ which satisfies the conditions (i’) and (ii’).

Similarly, in order that zg € Y be a p-nearest point to x € X it is sufficient
and, if d,(Y,z) > 0 also necessary, to exist a functional Yo € Y+ such that

(G") Ibolp =1 and  (4j") vo(x — 20) = p(x — 20) -
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Proof. If g € Y satisfies the conditions (i’) and (ii’), then ¢o(yo) = 0 =
inf po(Y), so that, by Theorem 2.5.3, it is a p-nearest point to .

Conversely, if p(yo — x) = dp(x,Y) > 0, then, by the necessity part of the
same theorem, there exists @g € Xf, satisfying the conditions (i)—(iii). By (iii) we
have

V' €Y, wo(y —10) <0 <= WyeY, ¢o(y) <0 <= VyeY, go(y) =0,

showing that ¢g € Y.
The case of a p-nearest point zg is treated similarly. O

Based on Theorem 2.2.13 one can prove the following characterization the-
orem in terms of the extreme points of the unit ball of the dual space XZ. In
the case of a normed space X the result was obtained by Singer [221] when Y is
a subspace of X and by Garkavi [97] for convex sets. The asymmetric case was
treated in [40].

Theorem 2.5.5. Let (X, p) be a space with asymmetric norm, Y a nonempty subset
of X, ze X andyy €Y.
If for every y € Y there is a functional ¢ = ¢, in the unit ball Bz of Xf, such
that
(i) e(yo — ) =p(yo —x) and (i) p(yo —y) <0,
then yo is a p-nearest point to x in'Y.
Conwversely, if Y is convex and yg € Y is such that

p(yO - .’L‘) = dp(x7Y> >0,

then for every y € Y there exists an extreme point ¢ = ¢, of the unit ball BZ of
X]';, satisfying the conditions (i) and (ii) from above.

Similarly, if zo € Y is such that for every y € Y there exists a functional
Y =1y € B; such that

() ¥(x = 20) = p(z —20) and (jj) ¥(y — 20) <0,

then zg s a p-nearest point to x in'Y.

Conversely, if zg € Y is such that p(x — z0) = dp(Y,z) > 0, then for every
y €Y there exists an extreme point 1) = 1y of the unit ball BZ of XZ satisfying
the conditions (j) and (jj).

Proof. Suppose that yo € Y is such that for every y € Y there is a functional
» =y in Xg satisfying the conditions (i) and (ii). Then, for every y € Y,

P(yo —x) = o(yo —x) = e(yo —y) + oy —x) < p(y —x) <ply — ),

showing that p(yo — x) = dp(z,Y).



2.5. Applications to best approximation 177

Suppose now that Y is convex and that yy € Y is a p-nearest point to = in
Y such that dp(z,Y) = p(yo — ) > 0. The equalities

plyo—z) =inf{ply —z) :y € Y} =inf{p(w) :w €Y — x}

show that yo — = is a p-nearest point to 0 in Y — x. For y € Y \ {yo} let Z :=
sp{yo — =,y — x} — the space generated by yo — z and y — z, and let W :=
ZN (Y —x). Since yo — z is a p-nearest point to 0 in W, by Theorem 2.5.3, there
exists ¥y € Zf,, llolp = 1, such that

Yo(yo — ) =p(yo — ) and o(yo — ) = inf (W) .

It follows that

Yo(yo — ) < o(y —x) <= to(yo —y) <0.

The set By, is a w*-compact convex subset of the two-dimensional space Z*,
P
so that, by the Carathéodory and Krein-Milman theorems,

=1

where 1 <r <3, a; >0, >, a; =1, and 1); are extreme points of the set BZE).
The equality ¥o(yo — ) = p(yo — ) and (2.5.8) imply 1i(yo — z) = p(yo — ), i =
1,...,7. Also, since o(yo — y) < 0, at least one of the v;, say 11, must satisfy
Yi(yo —y) < 0.

By Theorem 2.2.13, 71 has a norm preserving extension ¢ € Xz that is an
extreme point of the unit ball Blb,. The functional ¢ satisfies all the requirements
of the theorem.

The case of p-nearest points can be reduced to that of p-nearest points, by
working in the space (X, p), taking into account the equality d,(Y,z) = ds(z,Y),

the fact that ¢ € Xg if and only if —¢ € X]'; and that |[¢|; = || — ¢[p (see
Proposition 2.1.7.5). Also, as it is easily seen, 1) is an extreme point of the unit
ball B% of X; if and only if —¢ is an extreme point of the ball B;. O

2.5.2 The distance to a hyperplane

As it was shown in [48], the well-known formula for the distance to a closed
hyperplane in a normed space (the so-called Arzeld formula) has an analog in
spaces with asymmetric norm. Remark that in this case we have to work with
both of the distances d,, and dj given by (2.2.3).

Proposition 2.5.6. Let (X,p) be a space with asymmetric norm, ¢ € Xf” o #
0, ceR,
H={zeX:px) =c}
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the hyperplane corresponding to ¢ and c, and
Hs={zeX:p(x)<c} and H” ={z e X:¢(z)>c},

the open half-spaces determined by H.

1. We have
dy(zo, H) = plwo) ¢ (2.5.9)
lelp
for every xo € H>, and
U——
p(z0, H) = (2.5.10)
lolp

for every xo € H<.

2. If there exists an element zo € X with p(z9) = 1 such that p(z0) = ||¢lp
then every element in H> has a p-nearest point in H, and every element in
H< has a p-nearest point in H.

3. If there is an element xg € H> having a p-nearest point in H, or there is an
element xy € H< having a p-nearest point in H, then there exists an element
20 € X, p(z0) = 1, such that p(z0) = ||¢lp- It follows that, in this case, every
element in H> has a p-nearest point in H, and every element in H< has a
p-nearest point in H.

Proof. 1. Let zg € H”. Then, for every h € H, ¢(h) = ¢, so that

p(z0) — ¢ = p(xo — h) < [lplp(xo — h) ,
implying
p(zo) — ¢
el

By Proposition 2.1.8.1, there exists a sequence (z,) in X with p(z,) = 1, such
that ¢(z,) = |l¢| and ¢(z,) > 0 for all n € N. Then

dﬁ(x07 H) >

g Plzo) —c
fin = 0 o(2n)

n

belongs to H and
plzo) —c | plzo) —c
©(2n) [l

It follows that ds(zo, H) > (p(x0) — ¢)/||¢l, so that formula (2.5.9) holds.
To prove (2.5.10), observe that for h € H,

dp(xo, H) < p(xo — hy) =

c—p(xy) = p(h —x5) < llelp(h —xp)
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implying )
dy(z), H) > S CON
’ el
If the sequence (z,) is as above then
_ /
h! = ¢ (p(x())zn + ;)

o(2n)
belongs to H and

—plah) _, c— plah)
dy(ah, H) < p(h, —af) = 70 —
P 0 ¢(2n) ]

so that d,(z(, H) > (¢ — ¢(z())/|l¢], and formula (2.5.10) holds too.

2. Let zg € X be such that p(z9) = 1 and ¢(29) = ||¢|. Then, for zg € H>
and z(, € H<, the elements

)

(p(:t?o) —C / c—= 90('736) /
ho :=xg — zg and hgy:= z20+x
¢(20) 0 ¢(20) 0
belong to H,
ho) = P 7€ _ g ) and p(, — )= €7 P00 e
p(l’o - 0) - HQ0| - p(x07 ) an p( n _xO) - ||§0‘ - P(x07 ) .

If an element 2o € H~ has a p-nearest point hg € H then

p(20 — ho) = dy(zo, H) = P&0) —¢ _ @@ —ho)

lel el
It follows that zo = (zo — ho)/p(xo — ho) satisfies the conditions p(zp) = 1 and
©(z0) = ||| If an element x; € H< has a p-nearest point h{ in H, then z{ =
(ht — xp)/p(hi — x() satisfies p(z)) = 1 and (2() = ||¢|- O

Remark that, according to the assertions 2 and 3 of the above proposition, the
hyperplane H generated by a functional ¢ € X, 1'; has some proximinality properties
if and only if the functional ¢ attains its norm on the unit ball of X, a situation
similar to that in normed spaces.

2.5.3 Best approximation by elements of sets
with convex complement

Best approximation by elements of sets with convex complement was considered by
Klee [112], in connection with the still unsolved problem of convexity of Chebyshev
sets in Hilbert space (see the survey [20]). Klee conjectured that if a Hilbert
space contains a non convex Chebyshev set, then it contains a Chebyshev set
whose complement is convex and bounded. The conjecture was solved affirmatively
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by Asplund [16] who proposed the term Klee cavern to designate a set whose
complement is convex and bounded. This term was used by Franchetti and Singer
[81] who proved duality and characterization results for best approximation by
elements of caverns as well as some existence results. In [47] some of these results
were extended to sets with p-convex complement. In the paper [40] it was shown
that the duality result proved by Franchetti and Singer, loc cit., holds in spaces
with asymmetric norm too. The proof is based on the formula for the distance to
a hyperplane, Proposition 2.5.6.

We call a subset Y of (X, p) upper p-bounded if there exists r > 0 and z € X
such that Y C Bp[z,r] or, equivalently, if supp(}Y) < oc.

The duality result is the following.

Theorem 2.5.7. Let (X,p) be a space with asymmetric norm, Z a T,-open, upper
p-bounded convex subset of X andY = X \ Z.
Then for every x € Z the following duality relation holds:

dp(z,Y) =inf{supp(Y) —p(z) : p € X]';, lelp =1} (2.5.11)

Proof. Let d = dy(x,Y) and denote by A the quantity in the right-hand side of
the relation (2.5.11).

For ¢ € Xllj, lelp =1, let ¢ = sup ¢(Z). Because Z is upper p-bounded and
© < p, it follows that c is finite. Also ¢(z) < 1 for every z € Z. Indeed, as the set
Z is Ty-open, for every z € Z there exists r > 0 such that By(z,r) C Z. Choosing
u € X such that ¢(u) = 1, it follows that p(u) > ¢(u) = 1 and z + (r/p(u))u €
By(z,7) C Z, so that

r

c>p <z+ p(u)u) =p(z) +

r

p(u) > p(2) .

Therefore, p(y) = c implies y ¢ Z <= y € Y, ie., the hyperplane
H={2" € X:p(a)=c}is contained in Y.
Taking into account this fact and the formula (2.5.10) we get

c—p(x)

d=dy(z,Y) <dy(z,H) = ol
P

=c— (@) =supp(Y) — p(z) .
Since ¢ € X;, llelp, = 1, was arbitrarily chosen it follows that d < A.

To prove the reverse inequality, observe that y € Y implies Z N {y} =0, so
that, by the first separation theorem (Theorem 2.2.8), there exists ¢ € X]'; such
that

VaeZ, (z) <ey) .
Dividing (if necessary) this inequality by ||¢|,, we can suppose |¢|, = 1, so that

A<supp(Z) — p(z) < ply —z) < ply — =),
for any y € Y, implying A < d. ]
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2.5.4 Optimal points

Garcia Raffi and Sénchez Pérez [95] propose a finer approach to the best approx-
imation problem in asymmetric normed spaces.

Let (X,p) be an asymmetric normed space and p®(x) = max{p(z),p(—x)}
the associated norm on X. A norm pj on X that is equivalent to p® is called a
p-associated norm on X. For Y C X nonempty and = € X a point yo € Py (z) is
called pj-optimal distance point provided that

Po(yo — =) < pyly — ), (2.5.12)

for all y € Py (z). A p°-optimal distance point is called simply an optimal distance
point. The set of all p§-optimal distance points to x in Py (z) is denoted by Oy, ps ()
and that of optimal distance points by Oy (z).

As it is remarked in [95], the size of the set Py (z) of nearest points to z in
Y depends on the set (x) given by (2.4.3).

Proposition 2.5.8. Let (X, p) be an asymmetric normed space, Y C X, z,y € X.
If Py (z) # 0, then

l.ye Py(z) = 0(y)NY C Py(x).

2.0)NY #0 = ply —2) > dp(z,Y).

3. Py(z)=U{8(y)NY :y € Bylz,d]}, whered=d(z,Y).

The paper contains also the following existence results for optimal distance
points.

Theorem 2.5.9. Let (X, p) be an asymmetric normed space, p§ a p-associated norm
on X, Y a nonempty convex subset of X and v € X such that Py (x) # (.

1. If the normed space (X, p§) is strictly convez, then there is at most one pg-
optimal distance point in Py (x).
2. In any of the following cases there is at least one p§-optimal distance point
in Py (z) :
(i) the set Py (x) is locally compact (in particular, if Y is contained in
a finite-dimensional subspace of X), or

(ii) (X,p®) is a reflexive Banach space and 'Y is p°-closed.

2.5.5 Sign-sensitive approximation in spaces of continuous
or integrable functions

As we did mention, asymmetric normed spaces and the notation || - | for an asym-
metric norm were introduced and studied by Krein and Nudelman [129, Ch. IX,
§5] in their book on the moment problem. As an example they considered some
spaces of continuous functions with an asymmetric norm given by a weight func-
tion. Consider a pair ¢ = (¢4, ¢_) of continuous strictly positive functions on an
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interval [a;b] and denote by B(p) the space of all continuous functions on [a; b]
equipped with the norm

| | = max {ﬁ(t) + f(t)} : (2.5.13)

at<h @4 (t) (1)

for f € Cla;b], where fT(t) = max{f(¢),0} and f~(¢) = max{—f(¢),0}. (It
follows that f = f* — f~ and |f| = fT + f~.)

The asymmetric norm (2.5.13) is topologically equivalent to the usual sup-
norm on Cfa;b] (and coincides with it for ¢4 = ¢_ = 1), so that the dual of
B(y) agrees with the dual of C[a;b], that is with the space of all functions with
bounded variation on [a; b] with the total variation norm. The authors give in [129)
the expression of the asymmetric norm of continuous linear functionals in terms
of (¢+,¢—) and study some extremal problems in this space.

Later Dolzhenko and Sevastyanov [67, 69] (see also the survey [68]) considered
some best approximation problems in spaces of continuous functions on an interval
A = [a; b] and studied the existence and uniqueness (finite-dimensional Chebyshev
subspaces) and gave characterizations of the best approximation (alternance and
Kolmogorov type criteria). They consider a pair w = (w4, w—_) of nonnegative
functions and the asymmetric norm

£l = sup{luws () FF(t) —w_(t)f (1) : t € A} (2.5.14)

Asymmetric norms on spaces of integrable functions are defined analogously:

b
1f 15w = / lwy (1) FF(t) —w_(t) f~(t)|Pdt (2.5.15)

for 1 < p < oc.

The study of sign-sensitive approximation is considerably more complicated
than the usual approximation (in the sup-norm or in LP-norms) and requires a
fine analysis, based on the properties of weight functions. This analysis is done
in several papers, mainly by Russian and Ukrainian authors. Among these we
mention Dolzhenko and Sevastyanov with the papers quoted above, Sevastyanov
[217], Babenko [17, 18], Kozko [125, 126, 127, 128], Ramazanov [180, 181, 182, 183],
Simonov [219], Simonov and Simonova [220], and the references quoted in these
papers.
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2.6 Spaces of semi-Lipschitz functions

One of the most important classes of asymmetric normed spaces is that of semi-
Lipschitz functions on a quasi-metric space. This section is concerned with their
study, with emphasis on various completeness results and applications to best
approximation in quasi-metric spaces.

The properties of the spaces of semi-Lipschitz functions were studied by
Romaguera and Sanchis [204, 206] and Romaguera, Sanchez-Alvarez and Sanchis
[198]. The paper by Mustata [160] is concerned with the behavior of the extreme
points of the unit ball in spaces of semi-Lipschitz functions.

A good presentation of properties of spaces of Lipschitz functions on metric
spaces is given in the book by Weaver [236].

2.6.1 Semi-Lipschitz functions — definition and the extension
property

Let (X, p) be a metric space and (Y, ] - ||) a normed space. A function f: X - Y

is called Lipschitz if there exists L > 0 such that

1f (@) = F(W)ll < Lp(z,y) (26.1)
for all z,y € X. A number L > 0 satisfying (2.6.1) is called a Lipschitz constant for
f. The space of all Lipschitz functions from X to Y is denoted by Lip, (X,Y),
respectively by Lip,(X) when Y = (R, |- [).

The formula

[ £ll,- = sup {

defines a norm on the space Lip, . (X,Y), that is (Lipp’H_H(X, Y), |- ||p7”.”> is

a normed space which is complete, provided Y is a Banach space, see [236]. The
number || f[|,, . is the smallest Lipschitz constant for f.

Suppose now that (X, p) is a quasi-metric space, (Y, ¢) an asymmetric normed
space. A function f : X — R is called semi-Lipschitz provided there exists a
number L > 0 such that

1f () = F)

o(7) cx,y € X, pla,y) > 0} (2.6.2)

q(f(z) = f(y)) < Lp(z,y), (2.6.3)

for all z,y € X. A number L > 0 for which (2.6.3) holds is called a semi-Lipschitz
constant for f and we say that f is L-semi-Lipschitz. We denote by SLip(X,Y)
(SLip,, 4(X,Y’) if more precision is needed) the set of all semi-Lipschitz functions
from X to Y.

In particular, if Y is the space (R,u), u(a) = o™, (see Example 1.1.3), the
condition (2.6.3)is equivalent to

f(x) = fly) < Lp(z,y), (2.6.4)
for all z, € X. In this case one uses the notation SLip,(X) = SLip, (X, R).
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A function f : X — Y is called <, g-monotone if ¢(f(z)— f(y)) = 0 whenever
p(xz,y) = 0. In particular, a function f : X — R is <, ,-monotone, called <,-
monotone, if and only if f(x) < f(y) whenever p(z,y) = 0.

Obviously, a semi-Lipschitz function is <, ;-monotone. Since the topology 7,
is Ty if and only if p(z,y) =0 <= x =y, (Proposition 1.1.8) it follows that any
function on a T} quasi-metric space is < p,q-Inonotone.

Remark 2.6.1. It is clear that for o, 8 € R,
a<p = a-pF<0 <= ula—-p)=(a-pB)"T=0.
If p is an asymmetric seminorm on a vector space X, then
r<py = plx—y)=0
defines an order relation on X. Similarly, in a quasi-semimetric space (X, p)
r<,y <= p(z,y) =0

also defines an order relation.

Taking into account these order relations, the <, ;,-monotonicity can be ex-
pressed by the condition

r<,y = f(z) <q [(y),
justifying the term monotonicity.

Suppose now that (X, p) is a quasi-metric space and (Y, ¢) an asymmetric
normed space. For an arbitrary function f: X — Y put

s = { 1)~ 1)

17 p(x,y)

cx,y € X, pla,y) > 0} , (2.6.5)

and || f|, = || flp,u when Y is (R, u).

Proposition 2.6.2. Let (X, p) be a quasi-metric space and (Y,q) an asymmetric
normed space.

L. The set SLip, ,(X,Y’) is a cone in the linear space Lip . ,-(X,Y) of all Lip-
schitz functions from the metric space (X, p°) to the normed space (Y, q®)
and || fllps.qs < | flp.q for all f € SLippyq(X,Y).

2. If f is semi-Lipschitz, then | f|,q is the smallest semi-Lipschitz constant
for f.

3. A function f : X — Y is semi-Lipschitz if and only if f is <, ,-monotone
and || f]p.q < oo
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Proof. 1.1t is clear that f+g, af € SLip, ,(X,Y) for all f,g € SLip, ,(X,Y’) and
a > 0.

If f € SLip, ,(X,Y), then
q(f(x) = f(y)) < Lp(x,y) < Lp*(x,y), z,y € X,

implying
¢*(f(x) = f(y)) < Lp*(x,y) ,

for all x,y € X, so that f € Lip,. ,«(X,Y) a st < | flp.q-
2. The inequality ¢(f(z) — f(y))/p(z,y) < ||flp,q implies f(z) — f(y) <
| flp p(x,y) for all z,y € X with p(x,y) > 0. Since a semi-Lipschitz function is

<p.g-monotone, p(z,y) = 0 implies q(f(z) — f(y)) = 0 = |[[f]pqp(z,y). Conse-
quently, || f|,q is & semi-Lipschitz constant for f.

Suppose that L is a semi-Lipschitz constant for f. Then

q(f(x) = f(y)/p(z,y) < L,

whenever p(x,y) > 0, so that | f|,q < L, showing that |/f|,, is the smallest
semi-Lipschitz constant for f.

The above reasonings show also the validity of 3. 0

The following example shows that the inequality from Proposition 2.6.2.1
can be strict.

Example 2.6.3. On a three point set set X = {1, z2, 23} consider the quasi-metric
p(z1,22) = 1, p(2,21) = 2, p(1,23) = p(x3,21) = 2, p(22,73) = p(¥3,22) = 2,
and the function f : X — R given by f(x1) = 1, f(z2) = f(xs) = 2. Then
p°(zi, ;) =2 for i # j and

1flp.11 = maX{ f(ii()xi’i(;j) 11<d,j<3,i #J’}} =
1 xX;) — X .. . .
>, = max{ f(pszxi,];g)J) 1<4,5<3,1 ;éj}} = I flps,1-

The following proposition puts in evidence some useful semi-Lipschitz func-
tions.

Proposition 2.6.4. Let (X, p) be a quasi-metric space, y € X andY C X nonempty.

1. The functions p(-,y) : X = R and d(-,Y) : X — R are semi-Lipschitz with
semi-Lipschitz constant 1.

2. For fized a € X, the functions f(x) = p(a,x0) — pla,z) and g(z) = p(z,a) —
p(wo,a) belong to SLip, (X) and || f|y llgl, < 1.
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Proof. 1. The inequality

p(z,y) < p(z,2') + p(a’,y) , (2.6.6)

valid for z,2’ € X, shows that the function p(-,y) is semi-Lipschitz. Since the
inequality (2.6.6) holds for all y € Y and fixed z,2’, passing to infimum with
respect to y € Y one obtains d(z,Y) < p(z,2’) + d(2',Y), which means that the
function d(-,Y") is semi-Lipschitz, too.

The assertions from 2 follow from 1. O

An important result in the study of Lipschitz functions on metric spaces
is the extension of Lipschitz functions, usually known as Kirszbraun’s extension
theorem, see, for instance, the book [237].

In the case of semi-Lipschitz functions a similar result was proved by Mustata
[158] (see also [157, 164]). The extension problem for semi-Lipschitz functions
on quasi-metric spaces was considered also by Matouskovd [148]. The paper [87]
discusses the existence of an extension of an asymmetric norm defined on a cone
K to an asymmetric norm defined on the generated linear space X = K — K.

Proposition 2.6.5. Let (X, p) be a quasi-metric space, Y a nonempty subset of X
and f Y — R an L-semi-Lipschitz function.

1. The functions F,G defined for x € X by

F(z) =inf{f(y) + Lp(z,y) 1y € Y} (2.6.7)
and

G(z) =sup{f(y) — Lp(y',x) 1y € Y} (2.6.8)

are L-semi-Lipschitz extensions of f.

2. Any other L-semi-Lipschitz extension H of f satisfies the inequalities
G<H<ZF. (2.6.9)

Proof. 1. Let y,y’ € Y and z € X. The inequalities f(y') — f(y) < Lp(y',y) <
Loy, z)+ L p(x,y) imply

fW)—Lp,z) < fly)+ Lp(z,y) .

Passing to supremum with respect to 3’ € Y and to infimum with respect to
y € Y, it follows that G, F' are well defined and G < F.

Let x € Y. Then f(z) < f(y)+ L p(x, y) for every y € Y, implies f(x) < F(z).
Similarly, f(y') — L p(y’,z) < f(z) implies G(z) < f(x). Taking y = « in (2.6.7)
and ' = x in (2.6.8), it follows that F(z) < f(z) and G(z) > f(z), so that
G(z) = f(z) = F(z) for every x € Y.
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To conclude, we have to show that the functions F, G are semi-Lipschitz. Let
z,x’ € X. The inequalities

F(x) < f(y) + Lp(z,y) < f(y) + Lp(z,z") + Lp(x',y) ,

valid for all y € Y, yield F(z) < F(a') + L p(x,2’), showing that F is semi-
Lipschitz.
Similar reasonings show that G is semi-Lipschitz too.

2. Let H be an L-semi-Lipschitz extension of f and x € X. Since

H(x) < H(y) + Lp(z,y) = f(y) + Lp(z,y) ,

for every y € Y, passing to infimum with respect to y € Y one obtains H(z) <
Similarly f(y') — H(x) = H(y') — H(xz) < L p(y/, z,) implies
f)=Lp(y,z) < H(x),

for every y’ € Y. Passing to supremum with respect to y’ € Y one obtains G(z) <
H(x). O

The following corollary shows the existence of norm-preserving extensions of
semi-Lipschitz functions.

Corollary 2.6.6. Let X,Y and f be as in Proposition 2.6.5 and

1£1p = sup{u(f(y) = FW))/p(y,9) sy 0" €Y, p(y,y') > 0},
and let F,G be given by (2.6.7) and (2.6.8) for L = ||f|,. Then

1. The functions F and G are semi-Lipschitz norm-preserving extensions of f,
that is
(i) Fly =Gly = f and (i) [|[Fl, = |G|, = |If]5 -

2. Any other semi-Lipschitz norm-preserving extension H of f satisfies the in-
equalities
G<H<ZF.

2.6.2 Properties of the cone of semi-Lipschitz functions — linearity

In the case of real-valued Lipschitz functions on a metric space (X, p) the function
| -] : Lip(X,R) — R given by

1£llp = sup { f<ﬂ;>(x ;)@)

is only a seminorm on Lip(X,R) because || f||, = 0 for any constant function. To
obtain a norm one can proceed in two ways:

ra,y € X, p(z,y) >0},
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e one takes the quotient space of Lip(X,R) with respect to the subspace of
constant functions, or
e one fixes a point o € X and one considers the subspace

Lipy (X, R) = {f € Lip(X,R) : f(z0) = 0}

with the induced norm.

We shall follow the second way. A metric space with an a priori fixed point
xo is called a pointed metric space. If, in addition, X is a vector space then one
takes usually x¢ = 0, the null element of X.

For a pointed quasi-metric space (X, p, zo) and an asymmetric normed space
(Y, q) let
SLip) ,(X,Y) = {f € SLip, ,(X,Y) : f(z0) =0} . (2.6.10)

In the case Y = (R, u) one uses the notation SLipg(X).
The following proposition contains some simple remarks concerning the re-

lations between p- and p-semi-Lipschitz functions, obtained in [215] and in [206]
in the case Y = R.

Proposition 2.6.7. Let (X, p) be a quasi-metric space, (Y, q) an asymmetric normed
space and f : X —'Y a function.

L. The function f belongs to SLip, ,(X,Y’) (resp. to SLipg’q(X7 Y)) if and only
if —f belongs to SLip, ,(X,Y) (resp. to SLip%q(X7 Y)). Also the following
equality holds,

1flog =1l = floq -

The correspondence f — — f is an isometric isomorphism between the normed
cones

(SLipp,q(X7Y)7 ” : |P7Q) and (SLipﬁ,q(va)v ” : |ﬁ#]) ’
respectively between

(SLipy,q(X,Y), [l 1pq)  and  (SLipgo(X,Y), 1| - |pq) -

2. The sets SLip, ,(X,Y) N SLip, ,(X,Y) and SLip) ,(X,Y) N SLipj ,(X,Y)
are linear spaces.

A problem discussed in [206] and [215] is: under what conditions is the cone
SLip, o(X) a linear space?
We mention also the following result from [215] and [206] (the case Y = R).

Theorem 2.6.8. Let (X,p) be a quasi-metric space and (Y,q) an asymmetric normed
space. The following are equivalent.

.0 - .0
L. SLip, ,(X,Y) = SLip, ,(X,Y).
2. SLipqu(X7 Y) is a linear space.
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3. SLip%q(X7 Y) is a linear space.
4. SLip) ,(X,Y) C SLip) ,(X,Y).
5. SLip, ,(X,Y) C SLip) ,(X,Y).
Similar equivalence results hold for the spaces SLip,, ,(X, Y) and SLip, (X, Y).

Proof. Observe that SLipgq(X,Y) is a linear space if and only if (SLipqu(X,Y),Jr)
is a group and similarly for SLip%q(X, Y).

1 = 2. By Proposition 2.6.2, SLip%q(X7 Y)= SLip%q(X, Y)n SLip%q(X7 Y)
is a linear space.

2= 3. Since f € SLipj ,(X,Y) <= —fSLip) ,(X,Y)and SLip) ,(X,Y)is
a linear space, it follows that f = —(—f) € SLip%q(X, Y) < —f SLip%q(X7 Y).

O3 = 4. Follows from f Oe SLipj ,(X,Y) = —f € SLipj ,(X,Y) and —f €
SLip; ,(X,Y) <= f €SLip, ,(X,Y).

The proof of 4 = 5 is similar to that of the above implication, and 5 = 4
follows from the equality p = p.

The implication 5 = 1 follows from the equivalence 4 <= 5. O

Remark 2.6.9. The equality SLip}°, (X,Y’) = SLip;°(X,Y’) does not depend on
the point zo, in the sense that if SLip}°, (X,Y’) = SLip;’, (X, Y’) for some z, € X,
then SLip,' (X,Y) = SLip7' (X,Y") for any other point 71 € X.

Indeed, the correspondence f +~ f — f(zo) applies SLip;’ (X,Y) onto
SLip7%, (X, Y’) and preserves the Lipschitz constants.
In the case Y = R one obtains the following condition on the metric p.

Proposition 2.6.10 ([206]). Let (X, p, o) be a pointed quasi-metric space. If
SLip)(X) = SLipp(X),
then the topology 1, is Th and there exist 3,5 > 0 such that

plw,w0) < Bp(ao,x) and  plwe,) < F'p(w,a0) | (26.11)
forallx € X.

Proof. Let a,b € X be such that p(a,b) = 0. By Proposition 2.6.4, the func-
tion f(x) = p(z,a) — p(xo,a), © € X, is p-semi-Lipschitz, and so belongs to
SLip27q(X) = SLip%(X), so that there exists A > 0 such that p(z,a) — p(y,a) =
f@) = fy) < Ap(y,x), for all z,y € X. Taking x = b and y = a one obtains
p(b,a) < Ap(a,b) = 0. Since p is a quasi-metric, p(b, a) = p(a,b) = 0 implies a = b.
By Proposition 1.1.8.3 the topology 7, is T1 (and 7, as well).

The function g(z) = p(z,z0), = € X, belongs to SLipg(X) = SLipg(X)7 S0
there exists 8 > 0 such that p(z,z¢) = f(x) — f(z¢) < Bp(xo,x). The existence of
B’ > 0 satisfying the second inequality is proved similarly. d
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The above results have the following consequences.
Corollary 2.6.11. Let (X, p,xq) be a pointed quasi-metric space.

1. If SLipg(X) = SLipg(X)7 then 7, = 75 and hence the topology T, is metriz-
able.

2. (SLipg(X),+, |-1,) is a topological group if and only if SLipg(X) :SLip%(X)
and T, = Ts.
We mention also the following result.

Proposition 2.6.12. Let (X, p,xo) be a pointed quasi-metric space. The following
assertions are equivalent.

1. SLipg(X) is a vector space and || - |, is a complete norm on it, that is
(SLipg(X)7 | -1,) és a Banach space.
- 0 -0
2. SLip,(X) = SLip;(X) and || - [, = || - [5.

3. (X, p) is a metric space.

Proof. 1 = 2. By Proposition 2.6.8, SLipg(X) = SLipg(X). Since |||, is a norm
on SLipy(X) it follows || [, = || = fl, = [lf,-

2= 3. If SLipg(X) = SLipg(X)7 then, by Proposition 2.6.10, the topology
7, is T7. Consequently, if p is not a metric, then there exists a pair a,b € X such
that p(a,b) > p(b,a) > 0. The function f(z) = p(z,b) — p(xo,b), = € X, is in
SLipg(X) and || f|, <1 (see Proposition 2.6.4). By hypothesis f € SLip%(X). But

(f(a) = £(b)) _ pla,b)

171y = supful (@) = Fw)) oy, ) : ) > 03 2 0 < B

>1,

in contradiction to the hypothesis || f|; = || f],-

3= 1. If (X, p) is a metric space, then SLipg(X) = SLipg(X) = Lipy(X)
— the space of Lipschitz functions vanishing at zq. It is well known that Lip,(X)
is a Banach space with respect to the Lipschitz norm || - ||, = || - |, = || - |5 (see

[236]). 0

Remark 2.6.13. Concerning the validity of Proposition 2.6.12 in the case of spaces
of semi-Lipschitz functions with values in an asymmetric normed space (Y,q),
Sanchez-Alvarez [215] has shown that 2 <= 3 and 3 = 1, but the implication
1 = 3 does not hold in general.

2.6.3 Completeness properties of the spaces of
semi-Lipschitz functions

In order to treat some completeness questions for spaces of semi-Lipschitz func-
tions, one defines an extended quasi-metric on SLip p(X ) by the formula

u((g = f)x) = (9 = )y)

p(z,y) rx,y € X, pla,y) > 0} . (26.12)

do(fr9) = sup{
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For f,g € SLip,(X) put also

So(f,9) = 0,(9,f) and &5(f,9) = 6,(f,9) V,(f.9) -
Because [p(x) V0] V [(—p(x)) V0] = |p(z)],

Sup{l(gf)(fv) —0=DWI L e x play) >o} .

In fact 0, can be considered as an extended quasi-metric on the linear space
SLip,(X) — SLip,(X) generated by SLip,(X) in Lip,(X).

Remark 2.6.14. If the topology 7, is 71 (equivalently, p(z,y) > 0 whenever = # y),
then

So(f,9) = 0p(f,9) -

Indeed
6p(fr9) = SUP{ (lg - f)(pz()yxgg —Hw) 2y € X, x £ y}
Sup{u((fg)([)fv(icygfg)(y)) eyeX. 7éy}

The following example, given by Romaguera and Sanchis [204], shows that
0, could be effectively an extended quasi-metric.

Example 2.6.15. For z,y € R let p(z,y) =z —y if x > y and p(z,y) = 1if x < y,
i.e., (R,p) is the Sorgenfrey line (see Example 1.1.6). The identity mapping id :
R — R is semi-Lipschitz with || id|, = 1, so that 6,(0,id) = 1, but §,(id, 0) = oo
because sup{((y —x) V0)/p(z,y) : x # y} = 0.

Theorem 2.6.16. Let (X, p) be a quasi-metric space.
1. ([204]) The space SLipg(X) is bicomplete with respect to the extended quasi-
metric Op, that is complete with respect to the extended metric 6, = 0, V 5p.

2. ([206]) The extended quasi-metric space (SLipg(X)7 8,) is right K -complete.

Proof. 1. Let (fn) be a d,-Cauchy sequence in SLipg(X). Then

6;87(fnv fnJrk) = 6p(fn7 fn+k) \ 6p(fn+k7 fn)

= { s = )8~ s = 100

cu,v € X, plu,v >0} ,
plu,v) (w2)
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so that for every € > 0 there exists n. € N such that

|(frar = fu) (W) = (fatr — fo) ()]

<e
p(u,v)

— )

(2.6.13)

for all n > n., k € N and all u,v € X with p(u,v) > 0.

Claim 1. For every z € X, (fn(x))nen is a Cauchy sequence in (R, | -|).

Let © # xo be fixed and &’ > 0. If p(x,z9) > 0 let np € N be such that
(2.6.13) holds for € := &'/p(z, z¢). Taking u = z and v = z in (2.6.13) it follows
that

|tk — fu)(@)] < epl@,x0) = €',
for all n > n. and all k € N. If p(xg,z) > 0, then use (2.6.13) with ¢ :=
e'/p(xo,x), u =z and v = x to obtain

|(frtk = fo)(@)] < eplao,2) =€,

for all n > n. and all k € N.
Consequently (fn(z))nen is a Cauchy sequence in (R, |- |) for every z € X,
so that we can define a function f: X — R by f(z) = lim,, f,(z), x € X.

53
To end the proof we have to show that f € SLipg(X) and that f, 2 f.

Claim 11. f € SLip)(X).
Let m € N be such that (2.6.13) holds for e = 1. Then for every z,y € X
with p(x,y) >0 and k € N,

|(fntk = fm)(@) = (Fmtr — Fn ()] < plz,y)
yielding for k — oo,
I(f = fm)(@) = (f = fm) W)] < p(2,9) -
But then
f(x) - f(y) = (f - fm)(x) - (f - fm)(y) + fm(x) - fm(y)
< (L4 [fmlp) plzsy)

for all z,y € X with p(z,y) > 0. Since the pointwise limit of a sequence of <,-
monotone functions is <,-monotone, it follows that f & SLipg(X ).

55
Claim II1. f, 2 f.
For € > 0 let n. € N be chosen according to (2.6.13). Then for every z,y € X
with p(z,y) >0

n > Ne, Vk € N7 |(fn+k - fn)(x) - (fn-‘rk - fn)(y)‘ < p(x7y> )
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which yields for & — oo,

Vn>ne, |(f = fa)(x) = (f = fo) W)l < epla,y) -
It follows that
Vn>mne, 0,(f, fn) <e,
proving Claim III.

2. Let (f,) be a right §,-K-Cauchy sequence in SLipg(X). Then for every € > 0
there exists n. € N such that

Vn >ne, Ve EN, 0,(fniks fn) <€,

that is

u((frrke = fr) (@) = (fasr = fn) (V)
(s, v)
for all n > n., all k € N and all u,v € X with p(u,v) > 0.

<e, (2.6.14)

Claim 1. For every x € X, (fn(x))nen is a Cauchy sequence in (R, |- |).
Let z € X \ {x0} and &’ > 0.

Case 1. p(z,z9) > 0 and p(zg,x) > 0. Take ng such that (2.6.14) holds for
e:=¢'[p*(x,xp). Taking first u = 2, v = 2 and then u = zy, v = x, one obtains
(nsk — fu)(@) < ep(a, 20) < p(,20) = €', respectively

(fnJrk - fn)(l‘) < 6[)(10,58) < €ps(l,7l,0) = 6/ .

Consequently

Yn > ng, ‘fnJrk(x) - fn)(x” <¢ ’

showing that the sequence (f,(x) is | - |-Cauchy.

Case 2.  p(x,2z9) > 0 and p(xg,x) = 0. Reasoning like above, given € > 0 there
exists mo € N such that

n > mo, Vk € N7 fnJrk(x) - fn(x) <e. (2615)

Since the functions f, are <,-monotone, 0 = fy,(zo) < fn(z) for all n € N.
Applying (2.6.14) for ¢ = 1/p(x,20) and v = z, v = =g, it follows that
there exists my € N such that fn,, 1x(z) — fm, () < 1, implying 0 < fi,41(2) <
fmy(x) + 1 for all k& € N. Consequently, the sequence (f,(z)) is bounded, so it
contains a subsequence f,,(x));en converging to some f(z) € R.
Let 79 € N such that n;, > mg and

Vi >, |fn(x)— f(z)| <e. (2.6.16)
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For n > n;, and k € N let n; > n+ k. Then, combining (2.6.15) and (2.6.16), one
obtains

fn(x) - fn-i—k(x)
= fn(x) - fmo (SC) + fmo (SC) - f(SC) + f(x> - fnj (33> + f'ﬂj (33> - fn-i—k(x)
< e . (2.6.17)

The inequalities (2.6.15) and (2.6.17) show that (f,(z)) is a | - |-Cauchy
sequence.

Case 3. p(z,z9) = 0 and p(zg,x) > 0. In this case f,(z) < fn(xo) = 0 and a
reasoning analogous to that made in Case 2 shows that the sequence (f,(z)) is
Cauchy in this case too.

Consequently we can define a function f: X —R by f(x)=lim, f,(z), z€ X.
To end the proof we have to show that f € SLipg(X) and that f, 6—") I

Claim, I1. f € SLip)(X).
Applying (2.6.14) for € = 1, it follows that there exists m; € N such that for
all x,y € X with p(x,y) > 0,

(fm1+k - fml)(x) - (fmlJrk - fml)(y)

Vk € N,
p(x,y)

<1

)

yielding, for kK — oo and after some calculation,

F1< o]y 1.
p(z,y) p(z,y) sl

As a pointwise limit of a sequence of <,-monotone functions, the function f
is <,-monotone, so it belongs to SLipg(X).

Claim TIL. f,, 225 7.
For € > 0 let n. € N such that (2.6.14) holds. Considering n > n. fixed and
letting k — oo, one obtains

u((f = fo)(w) = (f = fn)(v))

<e
p(u, v)

)

for all u,v € X with p(u,v) > 0 and all n > n.. It follows that

5(f, fa) <e,

for all n > n., proving Claim III. g
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Remark 2.6.17. Séanchez-Alvarez [215] studied the completeness of the space
SLip27q(X ,Y), for (X, p) a quasi-metric space and (Y, ¢) an asymmetric normed
space, with respect to the extended quasi-metric

g— @) —(g— )

6p,q(fvg) = sup { q(( p(x y)

cx,y € X, p(x,y) > O} . (2.6.18)

He proved that if the asymmetric normed space (Y, ¢q) is bicomplete, then
SLipqu(X ,Y) is complete with respect to the extended metric

5,87,q(f7 9) = 5p7q(fvg> N 5041(97 f)

([215, Theorem 3.5]).
Assertion 2 from Theorem 2.6.16 was extended to the case when (Y,¢q) is a
finite-dimensional bicomplete asymmetric normed space (Theorem 4.1 in the same

paper).
We mention also the following result from [215].

Proposition 2.6.18. Let (X, p) be a Ty quasi-metric space and (Y,q) a bicomplete
asymmetric normed space. Then the linear space SLip%q(X7 Y)n SLip%q(X7 Y) is
complete with respect to the norm

o = s 700~ 18

I1f o,y

cx,y € X, pla,y) >0} .

Proof. Observe that

q(f(x) = f(y) Va(fly) — f(x
[l = sup { 1V =IO ATOD Dy € X gty > 0
p(z,y)
p(z,y)
p(z,y)
= floa VI = flpa = lf15q >

so that [| - [5 , is the norm associated to the asymmetric norm | - [, given by
(2.6.5).

The proof of the completeness follows the line of the proof of the assertion 1
in Theorem 2.6.16. 0

Remark 2.6.19. If the metric space (X, p) is T, then
SLipj, ,(X,Y) N SLip; 4(X,Y) = Lip (X, ), (Y, ")) ,

and the norm || - |, agrees with the Lipschitz norm || -

pe.q° given by (2.6.2).
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Indeed,
I£lg =sup { T TO) e x a0
= sup{qs(f;sx()xy‘;,(y)) 2y e X, x £ y} = 1fllps.q° -

Doitchinov [62, 63, 64] defined and studied a notion of completeness for quasi-
metric spaces with the aim to obtain a satisfactory theory of completion (see [62]
for the quasi-metric case and [66] for quasi-uniform spaces). A sequence (z,) in
a quasi-metric space (X, p) is called D-Cauchy if there exists another sequence
(yn) such that lim,, », p(yYm,zn) = 0. The quasi-metric space (X, p) is called D-
complete if every D-Cauchy sequence converges. A quasi-metric space (X, p) is
called balanced if for all sequences (zy, ), (yn) such that lim, » p(Ym, zn) = 0 and
for every z,y € X and 1,72 > 0, p(z,z,) < 71 and p(yn,y) < ro for all n €
N, implies p(z,y) < r1 + r2. The concept of balancedness, meaning a kind of
symmetry of a quasi-metric space, was also introduced by Doitchinov in [63], to
develop a satisfactory theory of completion. He proved that a balanced quasi-
metric generates a Hausdorff and completely regular topology, see Proposition
1.1.11 and Subsection 1.2.6.

The following completeness result was proved in [198].

Theorem 2.6.20. Let (X, p) be a Ty quasi-metric space and (Y, q) an asymmetric
normed space. If the asymmetric normed space (Y, q) is biBanach, then the space
SLip27q(X, Y) is balanced and D-complete with respect to the extended quasi-metric
0p.q defined by (2.6.18).

Proof. The metric d,,q is balanced on SLipqu(X7 Y).

Let (fm),(gn) be two sequences in SLipg’q(X7 Y) and f,g € SLipqu(X, Y)
such that

(1) ml'rlzIEoo 6p,q(fmvgn) =0,
(i) Vm €N, 8,q(fms f) < 71, (2.6.19)
(iii) Vn €N, 6p4(9,9n) <72,

for some some numbers r1, 75 > 0.

We have to show that d,4(g, f) < 71+ ra.

Since the metric p is T1, p(z,y) > 0 <= x # y, so that the extended
quasi-metric (2.6.18) is given by

Gpalhnsha) = s a((hs = hﬂ%—y()ha — h)(y))

)

for hy, hy € SLip) ,(X,Y).
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Let z # y be a fixed pair of distinct elements in X . Then, by condition (i) in
(2.6.19), for every € > 0 there exists n. € N such that

q((gn — fm)(w) = (gn — fm)(v)) <e, (2.6.20)

for all m,n > n. and all u,v € X with u # v.
It follows that

a((f = 9)(=) = (f — 9)(y)) (2.6.21)
< Q((f - f%)(x) (f fns)(y)) + ((fns - gn5>($ﬁ‘) - (fng - gns)(y))
+q((gn. — 9)(@) = (gn. — 9)(W) < r1p(x,y) +ep(y, z) + r2p(2,Y) -

The inequality for the middle term in the second row follows from (2.6.20)
and the equality

q((fre = gn)(@) = (fne = 90 )W) = ¢((gn. = Fn) (W) = (gn. = fn)(@)) -

Since € > 0 is arbitrary in (2.6.21), it follows that

q((f=9)(@) = (f =9 W) < a((f = fu)(@) = (f = fn) (W) < r1ip(@,y) +7120(2,9)

for all z,y € X with = # y, that is 6, 4(g, f) <71 + 2.

The metric d,,4 is D-complete on SLipg’q(X, Y).

Suppose that (f,,) is a D-Cauchy sequence in SLipg’q(X7 Y) and let (gm,) be
a sequence in SLipqu(X, Y’) such that

lim 6, 4(9m, fn) =0, (2.6.22)

m,n—o0

that is (gn) is a cosequence for (fy).

Claim 1. For every x € X, (fn(2)) is a Cauchy sequence in (Y, ¢*).
Let © € X, x # xy. For ¢ > 0 let n. € N be chosen according to (2.6.20).
Taking in (2.6.20) first u = x, v = x¢ and then u = xg, v = x, one obtains

q((fro — gm)(x) < ep(z,z0) < ep’(x,x0), respectively

implying
qs((fn - gm)(x) < gps(x’xo) ) (2623)

for all m,n > n.. But then,

C((frn = fm) (@) <@ ((frn — gn) (@) + @*((gn. — fm)(x) < 28p° (w0, 7) |
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for all m,n > n., proving that (f,(z)) is a Cauchy sequence in the Banach space
(Y, ¢*), so it converges to some y € Y.

It follows that we can define a function f : X — Y by f(z) = lim,, f,(z), « €
X. To end the proof we have to show that f € SLipg’q(X7 Y) and f, — f with
respect to the extended quasi-metric d, 4.

Observe that, by (2.6.23), the sequence (g, ()) also converges to f(x) in the
norm q°.
Claim 11. f € SLip) ,(X,Y).

Let ny € N be such that (2.6.20) holds for € = 1. Then, taking into account
(2.6.19).(ii), one gets

q(f(u) = f(v) < a((f = fu) (W) = (f = fui)(v))
+4((frr = 9n) (W) = (frr = gn)(0)) + 4((gn) (1) = (g, )(©))
< (r+ 14 (g lp.g)p(u; v)

for all u,v € X, proving that f € SLip27q(X,Y).

Claim 111.  f,, — f with respect to the extended quasi-metric 0, q.

Given € > 0 let n. be chosen according to (2.6.20) and let x # y in X,
arbitrary, but fixed for the moment.

Let n > ne. Since lim, ¢°(gm (u) — f(u)) = 0 for every u € X, there exists
m > n. such that

¢ (gm(x) f(x)) < ep(x,y) and ¢ (gm(y) — f(y)) < ep(w,y) - (2.6.24)

But then

q((fn = (@) = (fu — HY))
< q((fn = gm)¥) = (fn = 9m)W)) + ¢((gm — (@) = (gm — F)(Y))
< 3ep(w,y),

because, by (2.6.24),
q((gm = )@) = (gm = H)W) < ¢ (gm — (@) = (gm — [)(y))
< ¢ ((gm — (@) (@) + ¢°((gm — [)(2))(y)) < 2ep(z,y) .

Since the points & # y were arbitrarily chosen in X, it follows that 6, 4(f, frn) < 3¢
for all n > n., proving the convergence of the sequence (f,) to f with respect to
the extended quasi-metric 6, 4. O

Let (X,p) be a T asymmetric normed space and Xg its dual. Then Xg is
contained in the cone SLip%(X), where

plr,y) =p(r —y) =ply —z) = pp(,y), v,y € X .
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Indeed
peX, = VeyeX, plz—y) <llplpp(e—y) = |y plz,y) = » € SLipj(X) .
It follows also that ||¢|; < [|¢|p. In fact we have equality:

(x —y))

ol = sup { 4% S sy} = splu(e(e) () < 1 = el

(

It follows that the restriction 6; of the extended quasi-metric J; to Xz is
given by

b — U@ =)@ —y))
6y (e, 1p) = sup{ (@ —y) rx #y}
= sup{u((¢ — ¢)(2)) : X, p(z) < 1} = [v = ¢lp ,

that is it agrees with the extended quasi-metric associated to the extended asym-
metric norm || - |, see (2.1.23) and Proposition 2.1.3.

Theorem 2.6.21 ([198]). If (X, p) is a Ty asymmetric normed space, then the dual

space X; 18 balanced and D-complete with respect to the extended quasi-metric (5; .

Proof. Since Xg C SLipg(X ) and the balancedness is a hereditary property it
follows that X 1'; is balanced with respect to the extended metric 5; .

If (¢y) is a D-Cauchy sequence in (XZ, 5;), then it is D-Cauchy in (SLipg(X), 95),
so that, by Theorem 2.6.20, it converges to some ¢ € SLipg(X). By the proof of
the same theorem, for every € X the sequence (¢, (x)) converges in (R, |- |) to
(x), implying the linearity of the limit ¢. Since ¢ is semi-Lipschitz, there exists
B > 0 such that

p(x) = (@) = ¢(0) < u(p() — ¢(0)) < Bp(z,0) = Bp(z) ,

showing that ¢ € X;. g

2.6.4 Applications to best approximation in quasi-metric spaces

Semi-Lipschitz functions can be used to study some best approximation prob-
lems in quasi-metric spaces. The notions can transposed from asymmetric normed
spaces (see (2.2.3)) to quasi-metric spaces. Let (X, p) be a quasi-metric space. For
Y C X and x € X put

d(z,Y) =inf{p(z,y) :y €Y} and

d(Y, ) = inf{ply,2) y € Y},
see (1.1.22). Consider also the set

Y+ = {f € SLipy(X) : fly =0} .

The following result is the semi-Lipschitz analog of Theorem 2.5.1.
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Proposition 2.6.22. Let (X, p) be a quasi-metric space, Y C X nonempty, xg € X
such that d(xo,Y) > 0 and yo € Y. Then yo is a nearest point to xo in Y if and
only if there exists f € Y+ such that

@) [flp=1 and (i) p(zo,y0) = f(z0) = f(¥o) -

In the case of metric spaces and Lipschitz functions similar results were ob-
tained by Mustata [154, 155], who proved also many results on the characteri-
zation of the approximation properties in a quasi-metric space in terms of the
semi-Lipschitz functions defined on it. Other results on best approximation and
extensions were obtained in [160, 163].

Let (X, |- ]|) be a normed space and X* its dual. For a subspace Y of X put

Y+t ={z"ec X" 2%y =0}

and denote by Ey (y*) the set of all norm-preserving extensions of a continuous
linear functional y* on Y, that is,

Ey(y") ={a" € X" 12"y =y" and [|2"| = [ly"[} -

Phelps [177] proved the following remarkable result relating the approxima-
tion properties of the space Y and the extension properties of the space Y.

Theorem 2.6.23 (Phelps [177]). Let Y be a closed subspace of a normed space X.
Then Y+ is a proximinal subspace of X* and for every x* € X* the following
equality holds:

Pyo(57) = By (e"ly)

Consequently, Y+ is a Chebyshev subspace of X* if and only if every y* € Y*
has a unique norm-preserving extension to the whole of X.

Extensions of this result to spaces of Lipschitz functions on metric spaces and
to spaces of semi-Lipschitz functions on quasi-metric spaces were given by Mustata
[156, 157, 159, 161, 162, 165] (see also the paper [39] containing a survey of vari-
ous situations where a Phelps type result can occur). An iterative approximation
method to find the global minimum of a semi-Lipschitz function is proposed in
[166]. Romaguera and Sanchis give in [205] characterizations of preferences on
separable quasi-metric spaces admitting semi-Lipschitz utility functions, with ap-
plications to theoretical computer science.
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net, 42
D-Cauchy, 95
conet, 95
left U-Cauchy, 77
left K-Cauchy, 77
right U-Cauchy, 77
right K-Cauchy, 58, 77
right S;-Cauchy, 59
subnet, 42
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normed lattice, 114
asymmetric norm, 115
decreasing subset, 115
increasing subset, 115
L-space, 115
M-space, 115

normed space, 3
uniformly rotund (uniformly

convex), 167
uniformly smooth, 167

nowhere dense set, 71

open ball, 3
open mapping theorem, 134

outside precompact set, 60, 78

pairwise open cover, 23, 75
polar, 161
precompact set, 60, 63, 78

proximinal set, 171

quasi-Banach space, 3
quasi-isometry, 92

quasi-metric, 2
conjugate, 2
extended, 2

quasi-metric space, 2
D-complete, 93
p-sequentially complete, 46
left K-complete, 52
Baire’s completeness theorem, 50
balanced (B-), 10
best approximation, 199
bicomplete, 46
completion, 92
left p-complete, 47, 53
left p-sequentially complete, 46
left K-complete, 47, 49
locally symmetric, 55
point-symmetric, 55
right p-complete, 47
right K-complete, 47, 51, 56, 58
Smyth sequentially complete, 46
standard D-completion, 94

Index

the topology, 4
weakly left K-complete, 49
weakly right K-complete, 56

quasi-norm, 3
quasi-normed space, 3

quasi-semimetric, 2
continuity properties, 7, 13
strong, 55

quasi-semimetric space, 2
Ry, 58
To, 7
T, 7
pairwise Hausdorff, 7, 10
compact, 61, 66
countably compact, 66
hereditarily precompact, 68
Lebesgue property, 69
left K-complete, 66
pairwise 7o, 10
pairwise 77, 10
pairwise normal, 13
pairwise regular, 13
precompact, 61, 66
quasi-completion, 97
semimetrizable, 13
separable, 27
sequentially compact, 64, 65

quasi-uniform isomorphism, 35

quasi-uniform space, 30
D-complete, 95
U-complete, 53
cluster complete, 54
cluster sequentially complete, 54
compact, 79, 89, 90
completion, 95
fitting, 96
half-complete, 96
hereditarily precompact, 78, 84
left U-complete, 77
left K-complete, 77, 83
left Smyth K-complete, 77
pairwise 7o, 30
pairwise 711, 30
pairwise T (Hausdorff), 30
point-symmetric, 91
precompact, 79, 88
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quiet, 95

right U-complete, 77

right Smyth K-complete, 77

Smyth complete, 95

Smyth completion, 95

totally bounded, 78, 84
quasi-uniformity, 30

quasi-uniformly continuous function,
30, 35, 91

refinement of a cover, 21

residual set, 71

semi-Lipschitz function, 183
extension (Kirszbraun theorem), 186

semilinear space, 102
separation axioms, 6
separation of convex sets, 129

sequence, 45
D-Cauchy, 93
p®-Cauchy, 45
convergent, 4
left p-Cauchy, 45
left K-Cauchy, 45
right p-Cauchy, 45
right K-Cauchy, 45
weakly left K-Cauchy, 45
weakly right K-Cauchy, 45

series, 48
absolutely convergent, 48
convergent, 48

set of (7, v)-first category, 73

set of (7,v)-second category, 73
set of first Baire category, 71

set of second Baire category, 71
sign-sensitive approximation, 181

Sorgenfrey line, 6

Tikhonov compactness theorem, 23
topological space, 6

To, 6

T1, 6

T> (Hausdorff), 6
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T, 6

T4, 6

completely regular (Tikhonov,
Tsé ,), 6

normal, 6

quasi-regular, 72

regular, 6

topologically bounded set, 35
totally bounded set, 62

Tukey’s separation theorem, 130

uniform boundedness principle, 137
uniformity, 30

upper bounded set, 180

upper topology on R, 5

usc — upper semicontinuous, 7

weak topology, 142
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